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ENHANCED METHOD TO CONSTRUCT MULTIPLE ODD MAGIC SQUARES 


Abstract
An enhanced technique of constructing multiple odd magic square matrices is proposed in this work. A specific rule of establishing improved odd magic to magic squares derived from the odd algebraic Latin squares is studied and programmed here. Magic squares are practically important from the properties of their equality in the sum of rows, columns and diagonals. An  odd magic square is an array containing the positive integers from 1 to , arranged so that each of the rows, columns, and the two principal diagonals have the same sum. 
Key words: Latin squares, magic squares, pivot element, vertical and horizontal pivot elements, OMS, elliptic curves.
1 Introduction
A magic square is a square array of numbers in which each row, column or diagonal of numbers has the same sum. Adding each row, each column or each diagonal of numbers in a magic square will give the same sum. This same sum is called the magic constant. Further, an odd magic square (OMS) is an arrangement of having the same odd number of rows and columns. As such in the example given below, 15 is the magic number. Now, one can work this out just by knowing that the square uses the numbers from 1 to 9, where   [8]. 
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Fig 1. First Normal 3×3 Magic Square
Also, the two numbers that are opposite each other across the centre number will add up to the same number [1]. So, in the square above, 8 + 2 = 10, 6 + 4 = 10, 1 + 9 = 10 and 3 + 7 = 10. This is because 5 is the pivot element.
The order of a magic square tells us how many rows or columns it has. So, a square with 3 rows and columns is of order 3, and a square with 4 rows and columns is of order 4 and so on.
The numbers in the magic square are special. But why are they called magic? It seems that from ancient times they were believed to be connected with the supernatural and magical world. The earliest record of magic squares is from China about 2200 BC [6] and is called Lo-Shu. The Chinese were especially fond of patterns; hence it is not surprising that the first record (ancient but of unknown origin) of the magic square appeared there. There was a legend according to which the magic square was supposedly brought to man by a divine turtle from the River Lo in the days of the legendary Emperor Yii. The emperor who saw this magic square was reputed to be a hydraulic engineer [2]. 
There are number of magic squares, it may be even or odd. But in our work, we take up odd magic squares (OMS); odd magic square means the number of rows and columns in the arrangement are odd as in Fig. 1. Once an odd magic square is constructed, then a number of odd magic squares can be constructed.
2   Preliminaries
The working model of the proposed Odd Magic to Magic Square Matrices involve the following steps.
(i) Construction of Basic Latin Square (BLS).
(ii) Choose the first column of the BLS and fill up the middle or pivot column of the new matrix.
(iii) Fill up the remaining elements accordingly as vertical or horizontal.
 2.1   Basic Latin Square
Let us consider a 3×3 odd Latin square with the elements of  [10]. 
Representing the above in algebraic form of Latin Square, we have
	
Fig. 2(a). Algebraic form of Latin Square
	
	
Fig. 2(b). Latin Square 3×3

	
	which can be written as
	


In all cases the Latin letters are seen once in each row and column. Here, the sums of all columns are equal but are not equal to the sum of the diagonals i.e. , where  ≠ ≠⋯ ≠and so on. Then the ultimate normal magic square of 3×3 as in Figure 1 is
Fig. 2(c). Normal Magic Square 3×3
The only thing we must remember is to imagine that the matrix has a wrap-around, i.e., if we move off one edge of the magic square, we re-enter on the other side. Thus, in Figure 2(c), from the number 1 we move up or right (with wrap-around) to the bottom right corner to place a 2. Then we move again (with wrap-around) to the middle left to insert the 3. Then we cannot move up or right from here, so we move down to the bottom left, and place the 4. If we continue in this manner, we can acquire the first odd magic square as in Figure 2(c) of order 3×3. It’s that simple. By doing so we will ensure that every square gets filled [5].
2.2   Construction of Odd Magic Squares (OMS) 
A normal magic square contains the integers from 1 to  [4], [7]. An odd magic square is defined as the magic square where the number of columns as well as the number of rows in a matrix becomes odd, i.e. 3, 5, 7, etc. Number of columns as well as number of rows. The working principle of the magic square construction is discussed stepwise [3]. The following three steps of odd ordered magic squares are discussed as
(i)	Consecutive natural numbers 1 to n2 in n rows and n columns are inserted. Find out the values of the pivot element  and the magic sum, .
(ii)	Arrange the  matrix in Basic Latin Square to get the column sums equal.
(iii)	Select the row associated with P, assign this row as main diagonal elements (keeping the pivot element in the middle cell) in ascending or descending order and arrange the other (column) elements in an orderly manner to get the desired magic square.
As a consequence of the above steps, the Basic Latin Square of a 5×5 matrix is constructed as in Figure 3.

Fig. 3. Algebraic form of Latin Square
Once the algebraic form of Latin Square is constructed in n2, then the arrangement of the first magic square is simple. In the above Figure 3,  is the pivot element. Representing the pivot element in the middle cell of the 5×5 matrix, we have,
	
	
	
	
	

	
	
	
	
	

	
	
	
	
	

	
	
	
	
	

	
	
	
	
	


Fig. 4. Pivot element in the middle cell.
Select the column containing  and insert it in the middle column of the 5×5 matrix as performed in Figure 4. Then, we can set up as  in the third column i.e. the pivot column.
Again, selecting the column containing  and arrange it as Similarly, for the columns containing , and  we can arrange them as ,  and . Finally, we obtain a 5 × 5 magic square as 
	
	
	
	
	

	
	
	
	
	

	
	
	
	
	

	
	
	
	
	

	
	
	
	
	


Fig. 5. Algebraic Magic Square of 5×5
It can be simplified with a numerical example of a 5×5 magic square with the integers 1, 2, 3, ⋯, 25 as follows:

Fig. 6. Basic Latin Square of 5×5
Now,  i.e.  = 13 [9] represents the pivot element keeping row in the diagonal of the 5×5 matrix, we have,
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Fig. 7. Magic Square of 5×5
The constant sum in every row, column and diagonal in the above odd magic square is 65 and it is called the magic constant or magic sum [11]. And this is called the vertical method since the elements in the cells are filled up with vertical wrappings.
3   Our contributions
The first so formed magic square is termed as Base-Magic Square and it is denoted by MS1 as in Section 2.2. The working model of the odd magic to magic square construction is discussed stepwise. The first column of MS1 becomes the pivot column of the second magic square which is denoted by MS2 [14].
The following is the algorithm of odd magic to magic square matrices:
(i)	Consecutive natural numbers 1 to n2 in n rows and n columns are inserted. Find out the values of the pivot element  and the magic sum, .
(ii)	Arrange the  matrix in Basic Latin Square to get the column sums equal.
(iii)	Select the row associated with P, assign this row as main diagonal elements (keeping the pivot element in the middle cell) in ascending or descending order and arrange the other (column) elements in an orderly manner to get the desired magic square.
(iv)	Assign the first magic square so constructed as MS1 and the elements of MS1 as  matrix similar to the previous Basic Latin Square.
(v)	Insert the first column of MS1 as the pivot column in MS2 and the elements of MS1 in the cells of   will replace the diagonal cells of MS2 as and the row elements  on the right of the pivot element of MS1 will replace the lower diagonal cells of MS2 as .
(vi)	Repeat step (iii) till all the vacant cells of MS2 are filled up as performed in the Basic Latin Square.
(vii) 	Insert the first column of the previous magic square, the moment at which the vertical method fails to produce magic square, in the horizontal pivot row. Arrange each element accordingly with the horizontal method. And check magic squares produced or not.
3.1   Construction of OMS by Vertical Method
As a consequence of the algorithm in Section-3, the Odd Magic to Magic Square of 5×5 matrix is constructed as in Figure 7.
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Fig. 8.  Basic Latin Square of 5×5
The above Basic Latin Square of 5×5 is arranged as in Figure 9(a).
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Fig. 9(a).  First generated MS51 of 5×5
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Fig. 9(b).  Second generated (MS52 of 5×5)
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Then the MS52 of 5×5 can be transformed into the following Figure 9(c) of the third generated MS53 of 5×5.




Fig. 9(c).  Third generated (MS53 of 5×5)
So, continuing as the above algorithm, we get the following square matrix which is not a magic.




	3
	23
	18
	13
	8
	65

	9
	4
	24
	19
	14
	70

	15
	10
	5
	25
	20
	75

	16
	11
	6
	1
	21
	55

	22
	17
	12
	7
	2
	60

	65
	65
	65
	65
	65
	15


Fig. 9(d).  Not a MS (5×5)
Fig. 9(d) is not a magic because 2nd, 3rd, 4th, 5th rows and one diagonal don’t sum up to 65. Changing the algorithm of the previous magic square Fig. 9(c) ones and the 1st column into rows and arranging accordingly, we get several Magic Squares. Next apply the Horizontal Method in Fig. 9(c).
3.2 Construction of OMS by horizontal method
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The horizontal method is applied only when the vertical method is no longer producing magic squares. The algorithm starts its implementation from the 5×5 magic square since 3×3 produce only one magic square. We take the third generated OMS and fill up the remaining cells as the working principle as follows:





Now, all the elements in first column of the OMS Fig. 9(c) [18  24  5  6  12] are inserted as the middle row elements in the following square matrix: 
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Then, the middle row elements which include 5 i.e. [5  19  8  22  11] will be distributed diagonally as indicated 
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Furthermore, the other columns which include 6, 12, 18, 24 will be transformed into respective rows. The following figures reflect the activities:  
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Fig. 9(e).  Fourth generated (MS54 of 5×5)		Fig. 9(f). Fifth generated (MS55 of 5×5)
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                                        Fig. 9(i).  Eighth generated (MS56 of 5×5)     
The use of the steps of Section 3 yields that there will be  generated OMS from the n ordered BLS [14]. The remaining magic squares may not have the same pivot element   because the so-called pivot element has been wrapped around to multiply a number of odd magic squares from the first one. 
By the above horizontal method, we conclude that there are 5 several magic squares in 5 × 5 square matrix.                      
4 Comparison 
In Section 5, we have constructed a program by which one is free to generate several Odd Magic Squares. One interesting question is how many Odd Magic Squares we can generate from the normal Odd Magic Squares of order n. In Section 2, only 1(one) Magic Square is possible from a 3×3 matrix and similarly in Section 3, we could generate only 3 Odd Magic Squares from 5×5 Odd Magic Squares. Let us see the expectation of a number of OMS from 7×7 OMS.   
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Fig. 10(a). Basic Latin Square of 7×7
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Fig. 10(b). First generated (MS71 of 7×7)


Figure 10(b) is the first generated Odd Magic Square of 7×7 order. Then assuming Fig. 10(b) as the 



Latin Square matrix we proceed as follows:
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Fig. 10(c).  Second generated (MS72 of 7×7)
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Fig. 10(d). Third generated (MS73 of 7×7)


Still, we are able to score 3 magic squares. From the third generated 7×7 magic square we can generate two more magic squares:
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Fig. 10(e). Fourth generated (MS74 of 7×7)
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Fig. 10(f). Fifth generated (MS75 of 7×7)


Further, if we proceed with the same programme, it is not possible to get another magic square different from what we have already acquired. Hence, we could generate only 5 magic squares from the 7×7 odd magic square with the vertical method. Here, MS75 represents the fifth odd magic square generated from the 7×7 odd magic square matrix. Continuing the process of horizontal method from Fig. 10(f), we could generate another 7 OMS.



5   OMS from the FORTRAN Programming 
Following the same protocol that we have performed in Section 3, a Programme of Odd Magic to Magic Square Matrices can be constituted in FORTRAN and run that. Then, anyone can execute the programme.
The total number of OMS for 7×7 yields 5 + 7 = 12 = 2 × (7 - 1) OMS by inducing the programme.
That is, for n ordered OMS include n – 2 OMS from the vertical method and n number of OMS,
n - 2 + n = 2n – 2 = 2(n - 1). 
Thus, we can construct 2(n - 1) odd magic squares from an n ordered natural number square matrix.
Several magic squares generated by this programme from an n ordered odd magic squares will be helpful to find the points of inflection on elliptic curves so that the decryption technique of a message may become a complex one [15]. This programme has different behaviour in 3×3 and its multiples (3×3) × (3×3), etc which are deviated from the normal pattern [16].
6   Conclusions
A programme in FORTRAN could be initiated in this improved version. In the previous paper [14], it was concluded that with the vertical method, only  several odd magic squares from n odd ordered square matrices could be generated. It is interesting to observe that the new technique could generate  number of odd magic squares from n odd ordered square matrices. But it is not surprising to see the different behaviour in 3 ordered matrices and its multiples which are not obeying the above pattern.
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