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Abstract

This work explores a robust method for calculating the n-th power of a 2x2 matrix A™ without using
diagonalization techniques. This approach significantly simplifies complex matrix operations.

Firstly, we give here, a single formula for the nth power for any type of 2x2 matrix, that is to say
whether it is diagonalizable or not, whether it has two distinct eigenvalues or not and whether these
eigenvalues are real or not. We also add a second method.
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1 Introduction

In 1992 Kenneth S. Williams (see (1)) gives us a general formula working with the Matrices X =

1—_{;1, Yy — f;;_c;f et Z = A — al, which is

o { () o (2) oz
"t (mA—(n—1)al) ifa=4

In the article (2), they study and determine a general formula for the nth power of 2x2 matrices
using the eigenvalues of A, and give some Excel programming examples.

On the other hand, in paper (6) the authors seek to determine other combinatorial identities
deriving from the power n of a 2x2 matrix.

But the real problem for mathematicians and even computer scientists is determining the exponential
of a matrix (see (3), (4), (5), (10)) since this problem is often found especially in systems of differential
equations of the type X ()’ = AX () (see (7), (8), (9))

Here we give, and this is new, a single formula for the nth power for any type of 2x2 matrix, that is
to say whether it is diagonalizable or not, whether it has two distinct eigenvalues or not and whether
these eigenvalues are real or not. We also add a second method.

The results can be applied to areas such as recurrence relations, differential equations, dynamical
systems, and computer algorithms where powers of small matrices appear frequently.




2 The power of any (diagonalizable or not) matrix 2x2

Theorem 2.1. Let A = < CCL Z ) a 2X2 matrix, sovn > 2 (n € IN)
Zalanlk ZakJrlnlk bialanlk
A’!L — "
cZalanlk S akad” faZalanlk
with a1 and a solutions of |A — aI| = 0.
Proof. We will demonstrate our formula using recurrence.
(2) For n = 2, we will show that we actually have
A2 a’>+bc  bla+d)
o cla+d) d*+be
1 1
aY ooy —aiae b afay™*
A2 — k=0 L ) k=0 L
¢S afal™F S ofdiF—a Y akad=F
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we must therefore show the following 4 equalities
a? +bc = azllc o a’foz;k — a1Qa
d® + be = Zk oallcag § _G’Zk oatay™"
ba+d) = bzk o akay ™k

clatd)=cX,_gakai™"

what does it mean
a> +bc=a(az+a1) — a1z
d®> +bec=a2+aras + a2 —a(az + a1)
b(a+d)=b(az + 1)
cla+d)=c(az+ai)

a1 and ag solutions of |[A — al| =0, so

ar+az=Tr(A)=a+d
arae = |A] = ad — be

So

a(az 4+ ai) —aroe = a(a+d) — (ad — be) = a® + ad — ad + be = a® + be

a3 +oanaz +af —alor+ o) = (a1 +a2)’ —ara2 —a(a2 + a1) =

2+ aras+af —a(ae+ar)=(a+d)? — (ad—bc) —a(a+d) = d* + be

b(az +a1) =b(a+d)

clae +a1)=c(a+d)

hence the result is true for n = 2.
(it) Let's suppose

n—1
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k=0 k=0

(¢it) Let us show that
At =A™ A
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y= b|:(0(1+a2)za10én1k Zak+1n1k:|

:|:Zak+1n1k+za1a Zak+1nlk:|

y:b{o/er Z A Z akan =k
= k=0
and
Koy 1—k Nk n—k
t=—aiaz 3 afad " F 4 d > afaldT
k=0 k=0

z—ZakH n- k+(o¢1+a2—a)Ea'fag_k(aSal—i—az:a—i—d)

k=0

7izak+1nk aia’fa Zak+1nk ZaknJrlk

:—aZala +Zak ntl—k
hence the result.
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Remark 2.1. Let A = ( a
c d

) a 2X2 matrix and a1 and a2 solutions of |A — al| = 0.

N Ifar = a2 =, so

. a+d n—1 (n+1)a—(n—1)d nb
A" = ( : ) < 2 i ntya | ¥R > 2 (n € IN)
2

nc

with @ = ¢4 and (a + d)* = 4 (ad — be) ((a — d)* = —4bc)
And
A" =na"PA— (n—1)a"T

2)Ifa; #a2s0Vn >2(n € IN)

An 1 (a—oaz)af —(a—o1)ay b(al —a3)
a1 — az c(af —ay) (a—az)ay —(a—ai1)ay
A" —afl = TR (4 q,0) and A" — of T = L T%2 (A — ay)
a1 — Q2 a1 — (2
n__.mn n—-1__ n-—1
an = (M)A_am (u)l
a1 — 2 a1 — Q2
n_ a1 na—(m—1)a nb
Proof. 1) A" =« ( ne (n+1)a—na

And
(na_(:c_l)a nd+(n+1)ni—n(a+d))
A :an_1< na_(:c_ ve nd+(n+nf)af2na )

o > +0‘n_1< _("8”& f(n(il)a >

A" =na"PA - (n—1)a"1



An — 1 a(al —af) —onaz (of 7 —af™h) ) b(oz{lL —ay)
c(at —ay) (0/1“r — a§+ ) —a(af —ajy)

2.1 Second method:

Let A = ( Z Z € M, (IR) a 2X2 matrix, s0 |A — x| = 2% — Tr (A) = + | A

withTr (A) =a+de IRand |[A| =ad —bc € IR
—= A* - Tr(A)A+|A|T=0
= A?=Tr(A)A—|A|I
VA€ My (IR), 3(r,s) € IR* | A*> = 1A+ sI
A" =r, A+ s, ,Yn €IN

SO An+1 = Tn+1A -+ 8n+1I = T'nA2 + s, A
= rpt1 A+ snp1l =1n (TA+8I) + spnA = (rrn + sn) A+ srpl

—_—
{ Tnt1l = TTn + Sn
Sn+1 = STn
—_—
Trn+l . r 1 Tn
(on)=(0)(%)
e

Tn4l = TTn + STn—1
Sn41 = STn
withry =1,r=7r,s; =0and sy = s.
Remark 2.2.
(Tnysn) € IR?, ¥n € IN*.

Proof. By recurrence:
We have (72, s2) = (r,s) € TR?

s ()= (00) () °
Sn+1 s 0 Sn

First we will solve the second-order linear recurrent sequence with constant coefficients: r,+1 =
rn + STn—1
the characteristic equation is
a:2 =rx+s

P@)=a>—-rz—s=0
which (P) is the same as the characteristic polynomial of A

xTr=

r:l:(r2+4s)% < a1
5 =

Q2
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rn = c1al + coad if a1 # s

and

rn=(cin+c)a"ifar =a =«

211 If aq 7é Q9L

We have
re=ciog +coas =1,7r9 = 616@ JrCQOé% =r
SO,
01 = —r=o2
1 B al(’ra—lojlt)Q) |f al # Qs
2= S(az-a1)
1 _ 17 .
ra=———[r—a2)al” —(r—a)az ] fon £ 0z
1 _ _ _ —
Ty = o [r(a? 1_043 1) — o102 (a? 2_ag 2)}
and
S _ _
Sn = STp_1 = o o [(r —a2)af 2 _ (r—ai1)ay 2]
o S 2 n—2 n—3 n—3
= [r (al —Qy ) —aiaz2 (Oé1 - Qg
a1 — Qg
So

(1 — ) A" = [(r — a2) ot = (r— ) ay A+ s[(r—a2) ay -

Since a; and a» are solutions of the equation 2% = rz + s

— ol =ra1+s a:=ras+sand s = —aia
n __ n—1 n—2 n o __ n—1 n—2
— a1 =ray CFSsay T,y =Ty, C+ Sy

= af —ay =7 (a?fl — agfl) —a1aa (04“2 — 04“2)

== ol —aj = (r—ag)a?_l —(r—ai)ay”

andal t—al t=(r—a)a i —(r—a1)ay?

—
n n n—1
An = (al a2)A—a1a2( L -«
a1 — Qg a1 — &
An _ (Ofl ag) A+ (a?_l _ ag_l
a1 — Q2 ap — Q2

212 lfa;=ay=a #0:

sOar =as=a=<
rn = (cin+ c2)
r1:(clJch)a:l,r2:(2cl+cz)a2:r
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T =[(r—a)n+r—2a]a”?

And spi1 = st = sp =s[(r—a)(n—1)+r —2q] a3

= s, =s[(r—a)n—a]a"?
= A" =[r—a)n+r—20a" 2A+s[(r—a)n—ala" %I

a=%fand = o’ =—s

A" =n (g)"fl Atsn—1) (9%2[
A" =na""A—(n—1)a"1

|fa1:a2:0
so A2=0and A" =0 ,Vn > 2.

Remark 2.3. 1) If a1 = ae’® € C\IR, 80 az = @ = ae~** € C\IR and

n—2
"= s(iXTM) {asin (nd) A+ ssin[(n—1)6] [}
2) We can do the same if A = ( i Z ) € M (C).

Conclusion 2.2. We conclude that the final formulas are the same as those given in (1) and (2) if
we distinguish the cases according to whether the eigenvalues are equal or not, except that in our
article we were able to combine all the cases in a single formula, but for the second method it was
done only in the case where the matrix has real coefficients, but this still gives us the credibility that
our formulas and calculations are indeed true.

Competing Interests
As the sole author of this work, | declare that | have no conflict of interest with anyone.

Authors’ Contributions
| am the sole author and contributor to the writing of this article. | have read and approved the
final manuscript.

The type of article
Original Research Article.

References

[1] Williams, K. S. The nth power of a 2x2 matrix (in Notes). Math. Magazine, Vol. 65(5), 336, 1992

[2] Jung Hyeon Ryu and Won Kyu Kim. (2011). A formula on power n of 2x2 Matrices. Far East
Journal of Mathematical Sciences (FJMS). http://dx.doi.org/10.17654/FJMSFeb2015_365_377.
Vol. 96(3). 365-377.2015

[3] Sidje, Roger B., Stewart, Wiliam J. A numerical study of large sparse matrix
exponentials arising in Markov chains. Computational Statistics and Data Analysis, Elsevier.
https://www.sciencedirect.com/science/article/abs/pii/S0167947398000620. Vol. 29(3). 345-—
368. 1999



(4]

(5]

(6]

(7]

(8]

(9]

(10]

Respondek, J. Another Dubious Way to Compute the Exponential of a Matrix. In: Gervasi, O., et
al. Computational Science and lts Applications. Lecture Notes in Computer Science. Springer,
Cham. https://doi.org/10.1007/978-3-030-86653-2_34. 2021

Junghenn, H.D. Matrix Algebra. In: Symbolic Mathematics with Python. Synthesis Lectures
on Mathematics and Statistics. Springer, Cham. https://doi.org/10.1007/978-3-031-90522-3_10.
2025

James Mc Laughlin, Nancy J. Wyshinski. Further combinatorial identities
deriving from the nth power of a 2x2 matrix. Discrete Applied Mathematics.
https://doi.org/10.1016/j.dam.2006.01.003. Vol. 154(8), 1301-1308, 2008

Cleve Moler and Charles Van Loan. Nineteen Dubious Ways to Compute the Exponential of a
Matrix. SIAM Review. DOI: 10.1137/1020098. Vol. 20 (4). 801-836. 1978

Hall, B. The Matrix Exponential. In: Lie Groups, Lie Algebras, and Representations. Graduate
Texts in Mathematics, Springer, Cham. Vol. 222. https://doi.org/10.1007/978-3-319-13467-3_2.
2015

Leonard |. E. The Matrix Exponential. SIAM Review. Vol. 38 (3). Pages: 507 - 512. DOI:
10.1137/S0036144595286488. 1996

Asadi, F. Equations and Linear Algebra. In: Engineering Mathematics with MATLAB and
Simulink. Springer, Cham. doi.org/10.1007/978-3-031-85244-2_3. 2025




	Introduction
	The power of any (diagonalizable or not) matrix 2x2
	Second method:
	If 1=2:
	If 1=2==0:



