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2x2 Matrix: Calculation of the n-th Power

Abstract

This work explores a robust method for calculating the n-th power of a 2x2 matrix A™ without using
diagonalization techniques. This approach significantly simplifies complex matrix operations.

Firstly, we give here, a single formula for the nth power for any type of 2x2 matrix, that is to say
whether it is diagonalizable or not, whether it has two distinct eigenvalues or not and whether these
eigenvalues are real or not. We also add a second method.

Keywords: Eigenvalue, The nth power of matrices, The second-order linear recurrent sequence, The
characteristic polynomial
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1 Introduction

A—BI
a—p

In 1992 Kenneth S. Williams (see (?)) gives us a general formula working with the Matrices X =
Y = 4=l et 7 = A— al, which is

ﬁ7
n [ A=—pBI
An=4 ¢ (wﬁ
a” " (nA

)+ 5m (4220) ifa s
! —(n—=1)al) ifa=p

In the article (?), they study and determine a general formula for the nth power of 2x2 matrices
using the eigenvalues of A, and give some Excel programming examples.

Here we give, and this is new, a single formula for the nth power for any type of 2x2 matrix, that is
to say whether it is diagonalizable or not, whether it has two distinct eigenvalues or not and whether
these eigenvalues are real or not. We also add a second method.
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2 The power of any (diagonalizable or not) matrix 2x2

Theorem 2.1. Let A = < CCL Z > a 2X2 matrix, sovn > 2 (n € IN)
Zalanlk Zak+1n1k bzak n—1—k
A= .
Czalanlk Zal _azaknlk
k=0

with i and ax solutions of |A — aI| = 0.

Proof. We will demonstrate our formula using recurrence.
(i) For n = 2, we will show that we actually have

2 - a® +bc  bla+d)
o cla+d) d*>+be

1 1
1- 1-
aY afal ™ —aan b afal™*
2 _ k=0 k=0
A= Lok 1k 2k ok Lk ik
¢ aray > atay " —a )y atay
= k=0 k=0

we must therefore show the following 4 equalities
a® +bc= aZ}C ooy —aras
d?+be=3"2_ Oa’fag F—aY_,akayF
b(a+ d) _bzk oakay™*

clatd)=cX, oabai™"

what does it mean
a? +bc=a(az+a1) — a1z
d?> 4+ bec= a3 +aras +a? —a(az + a1)
bla+d)=b(as+a1)
cla+d)=claz+ar)

a1 and agz solutions of |[A — al| =0, so

artaz=Tr(A)=a+d
arae = |A] = ad — be

So

a(az +a1) —araz = a(a+d) — (ad — be) = a® + ad — ad + be = a® + be
a% + ai1a —|—C¥% — a(ag + al) = (ozl +a2)2 — 10 — a(ag + 011) =

a3 +aiaz+af —a(as+ai) = (a+d)? — (ad —bc) —a(a+d) = d* + be
b(az+a1) =b(a+d)

clag+a1) =c(a+d)

hence the result is true for n = 2.

(73) Let's suppose

n—1
Z O[10677. 1-k _ Z ak+1 n—1—=k b Z allcag—l—k
A" = k=0
—1
n—1—k Nk on— &Sk on—1-k
CZaloc > afay " —a ) atog
k=0 k=0

(¢it) Let us show that
At =A™ A
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n n
0 35 atay =5 aftlag b3 afay
An+1 _ k=0 k=0
N N kon—k oy 1-k & k
¢ > ajal” afalt = —a 3 afal”
k=0 k=0 k=0
We have A" = A" A =
oy -k k1 -k =g 1—k
a ajoy” Za* 5 by afay
— k=0 k=0 A
N oy 1—k N kon—k oy 1—k
n— n— n—I1l—
¢S akag S akap* — oS akag
k=0 k=0 k=0
An+1: €T Y
t
2" 1—k "2 e -k =S 1—k
xr=a" ) afay —a ) a;ay +cb2a1a§
k=0 k=0
oy 1-k "~ & 1—k k 1-k
y=ba Y afay™ " —b 3 o lal T R 1 db Z ajag”
k=0 k=0 k=0
"ok n—1—k & ko, k 1—k
z=ac Y, atay” "4 Y aja —caZalag
k=0 k=0
oy 1—k Nk k 1—k
n—I1— n—
t=bc a1 Qy +d ) afog QZOHO‘Q
k=0 k=0
n—1
z = (a? +cb)z abap=t7F —aZakH"lk
k=0
S ktl n—1—k
y=bl(a+d) 3 aja Za+ 5
_ n n—
Z—CZk:oalaz
S 1—k Nk K
n—1— n—
= (bc—da) Y ajas +d > afap
k=0 E=0
_—
1
k 1—k k1 1—k
36:[@(0414'042)—&1&2]201043 aZa* 5
k 1k k1 1-k
y=b |(r+an) 'S afag it - abtiag |
— k _n—k
z=cy 0a1a2
n
_ k _n—1—k k _n—k
t=—aiaz Z atal +d > atal
k=0 k=0
because a1 + a2 = a +d, a1z = ad — be, a (a1 + a2) — aras = a® + cb
n— n
Zalaz F—aiaz ) afaytF by atay”
An+1f k=0 k=0
B Nk k e -k & k
n— n n—
¢y ajal atal —a ) ajag
E=0 k=0 k=0
because

1
z=[a(a1+a2) —araz] Y afal”
k=0

n—1

n—
1—

n—1

_azak+l n—1-k

k _n—1—k k _n—1—k k+1n1k
—afar+a2) S afal T —aias S afal a5 ol
k=0 k=0
ok o1k ok o1k —~ k_n-l-k k1, n—1—k
n— n— n— n
=aa1 Y, ajag +aaz Y afag —ajaz Z atal —a Z ay
k=0 k=0 k=0
ok ok —~ k_n—1—k
=aal +a Z atal " —aias Y afay”
k=0 k=0
ok o1k
n—
x—aZalaz —oiae Y, atal ;

k=0
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y= b|:(a1+a2)za1an1k Zak+1n1k:|
— |:Zak+1 n—1—k Zlala Zak+l nlk:|
k=0
k n
y:b{a?Jr Zalagf =b> akap="
k=0 k=0

and

n—1 n

1— -

t=—aia2 > ala" k+d§ a’fa; k
k=0 k=0

= — Z a’“’l n- k—l—(al + a2 —a) Ea'fag_k (as a1 + a2 =a+d)

k=0

7izak+1nk aia’fa;’k Z k+1nk+zak ntl—k
k=0

:—aZala +Zak ntl—k
hence the result.

b

Remark 2.1. Let A = ( a
c d

) a 2X2 matrix and a1 and «a» solutions of |A — al| = 0.

N Ifar = a2 =, so

. a+d n—1 (n+1)a—(n—1)d nb
A :( : ) < z wbiotacna | 9022 (1€ IN)

with @ = 224 and (a + d)* = 4 (ad — be) ((a — d)* = —4bc)
And
A" =na"PA— (n—1)a"T

2)Ifa; #a2s0Vn >2(n € IN)

An 1 (a—oaz)af —(a—o1)ay b(al —az)
a1 — as clat —ay) (a—az2)as —(a—oa1)af
A" —apl = LT (4 a,0) and A" — of T = S22 (A — ay)
a1 — Q2 a1 — (2
n___.mn n—-1 __ n-—1
A= (u)A_am(u>l
a1 — Qo a1 — a2
n_ a1 na—(m—-1)a nb
Proof. 1) A" =« ( ne (n+1)a—na
And
A" — gt na—(n—1)«a nb
- nc nd+ (n+1)a—n(a+d)
n_ naf na—mn—-1)a nb
At =a ( nc nd+ (n+1)a — 2na
n_ a1 na—n—-1a« nb
At =a ( nc nd+ (1—n)a
n _ n—1 na nb n—1 —(n—l)a 0
At =a (nc nd>+a ( 0 —-n—-1a

A" =na"PA— (n—1)a"1
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An — 1 a(al —af) —oaz (of ' —af ™) ) b(oz{lL —a3)
c(at —ay) (0/1“r — a§+ ) —a(af —ajy)

2.1 Second method:

Let A = ( Z Z € M, (IR) a 2X2 matrix, so |A — x| = 2% — Tr (A) = + | A

withTr (A) =a+de IRand |[A| =ad —bc € IR
= A* - Tr(A)A+|A|T=0
= A?=Tr(A)A- AT
VA€ My (IR), 3(r,s) € IR* | A*> = 1A+ sI
A" =r, A+ s, ,Yn €IN

SO An+1 = Tn+1A -+ 8n+1I = TnA2 + s, A
= rpt1 A+ snt1l =rn (TA+8I) + $nA = (rrn + sn) A+ srnl

—
{ Tnt1l = TTn + Sn
Sn+1 = STn
—_—
Trn+t1 . r 1 Tn
(n)=(a)(%)
—

Tn4l = TTn + STn—1
Sn41 = STn
withry =1 ,r=7r,s; =0and sy = s.
Remark 2.2.
(Tnysn) € IR?, ¥n € IN".

Proof. By recurrence:
We have (72, s2) = (r,s) € TR?

s ()= () () °
Sn+1 s 0 Sn

First we will solve the second-order linear recurrent sequence with constant coefficients: r,+1 =
rn + STn—1
the characteristic equation is
a:2 =rx+s

Px)=2>—-rz—s=0
which (P) is the same as the characteristic polynomial of A

xTr=

r:l:(r2+4s)% < a1
5 =

Q2
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(0417 042) ec?

rn = c1al + coad if a1 # s

and

rn=(cn+c)a"ifar =a =«

211 If aq 7é Q9L

We have
re=ciog +coas =1,7r9 = C1Cl% JrCQOé% =r
SO,
cl = —Tr=a2
1 B al(’ra—lojla2) |f al # Qs
2= S(az—a1)
= [r—az)al "~ (r - an)ad ] s £
a1 — 2
1 _ _ _ —
Ty = o [r(a? 1 —al 1) — o102 (a? 2_ag 2)}
and
S _ _
Sn = STp_1 = Pom— [(r —a2)af 2 _ (r—ai)ay 2]
o S 2 n—2 n—3 n—3
= [r (al — Qy ) —aiaz2 (Oé1 — Qg
a1 — Qg
So

(1 — ) A" = [(r — a2) ot = (r— ) ay A+ s[(r—a2) ay -

Since a; and a» are solutions of the equation z* = rz + s

— al=ra1+s a:=ras+sand s = —aia
n __ n—1 n—2 n o __ n—1 n—2
— ay =ra; FSsay T,y =Ty C+ Sy

= af —ay =r (o{“1 - ag“l) — a1 (CM;“Q — 04“2)

== ol —aj = (r—ag)a?_l —(r—ai)agy”

anda t—al t=(r—a)al i —(r—a1)ay?

—
n n n—1
An = (al a2)A—a1a2( L -«
a1 — Qg a1 — &
An _ (Ofl ag) A+ (a?_l _ ag_l
a1 — Q2 ap — Q2

212 lfa;=ay=a #0:

sOar =as=a=*<
rn = (cin+ c2)
r1:(clJch)a:l,r2:(2cl+cz)a2:r

r—a
a=sz
Co = 2a—r
2 — )

since A = 0)

T
i~

=

If a1 = Q2
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T =[(r—a)n+r—2a]a™?

And sp41 = st = sp =s[(r—a)(n—1)+r —2q] a3

= s, =s[(r—a)n—aoa"?
= A" =[(r—a)n+r—2a]a" ?A+s[(r—a)n—ala" I
a=%fand = o’ =—s

e en () A (5

A" =na""A— (n—1)a"1

far=a=0
soA2=0and A" =0 ,V¥n > 2.

Remark 2.3. 1) If a1 = ae’® € C\IR, s0 a2 = @ = ae~** € C\IR and

n _ YOl {asin(nd) A+ ssin[(n—1)0] 1}

2) We can do the same if A = a b € M, (C).
c d

Conclusion 2.2. We conclude that the final formulas are the same as those given in ? and ? if we
distinguish the cases according to whether the eigenvalues are equal or not, except that in our article
we were able to combine all the cases in a single formula, but for the second method it was done
only in the case where the matrix has real coefficients, but this still gives us the credibility that our
formulas and calculations are indeed true.
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