


                                 On the concept of multiple summing multlinear operators
                                                     
Abstract: Let  be a -algebra of subsets of completely regular Hausdorff space  and  be a Banach space. For  , we characterize multiple- summing multilinear operators on the product of Banach space  of all -valued totally measurable functions on a set , equipped with the supremum norms in terms of their representing operator valued polymeasures. As, consequences, we obtain some novel characterization of -summing multilinear operator on  in terms of their representing measures and ideal of multilinear mappings.
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1.Introduction
[bookmark: _GoBack]In 1960, the notion of absolutely - summing operators was introduced by A. Pietsch [1] and B. Mitiagin and A. Pelczynski [2]. It is to be a very important tools in general Banach space theory to modern theory. It has important application in harmonic analysis, approximation theory, operator theory, modern Banach space theory and their theory can be applied in a variety of situations. The theory of absolutely summing operator [3] shows that every normalized unconditional basis to  is equivalent to the unit vector basis to  , but for , there is a normalized unconditional basis of  which is not equivalent to the unit vector basis of  . In 1980, A. Pietsch  hinted a multilinear approach to the theory of absolutely summing operator and to the theory of operator ideals. In [13] , J. Lindenstrauss and A. Pelczynski translated Grothendieck,s ideas to an universal language and demonstrate the beauty of the theory and prolificacy of possible applications. Then after many researchers had been interested by the subject and obtain many results, and also non- multilinear approaches have been appeared [4,5,6,7]. The notion of operator ideal to the multilinear and polynomial settings is a observant issues. In the case of the ideal of absolutely summing linear operators, many approaches to the polynomial and multilinear direction ( see [7,8] ). In 2003, recently the notion of multiple summing multilinear operator was introduced [9] but the origin of this notion goes back to [10,11,12] for in  case of investigating linear operators that transform unconditionally convergent series in to absolutely convergent series. In this paper we present a different perspective in the point that these approaches do not follows the essence of the respective linear concepts but this follow the philosophy of the idea of multiple summability, our approach is in their representing operator value measures and operator ideals. A description of this type of approach goes back to the generalization of the ideal of absolutely summing operator begin in 1930, when Littlewood [11] proved his Littlewood,s  inequality asserting that     for every   and  is any positive integer.
After one years [10], Bohnenblust and Hille improved this result from bilinear to multilinear forms by proving, for natural number  there exist constant  such that         for every n-multilinear mapping .
This inequality re-written by Perez-Garcia (2003) [19] as , if  and  is positive integer and  are Banach spaces and  then there exist a constant  such that   for every positive integer  and .
2.Notation and Preliminaries
Throught this paper represent natural number and  and  will stand for Banach spaces over  ,  denote the Banach space of all linear operator. The topological dual of  is represented by  and  denote its closed unit ball and  will stand the probability measures in the Borel set of  with the weak-star topology. We will denote  be the space of all continuous n-linear operator from  in to . And  and  represent their injective and projective tensor product respectively . we reference [14,15] for basic facts, definitions and unexplained notation through this paper.
For  and a finite sequence  we denote 
                                       
A linear operator  is said to be -summing if there exists a constant  such that               for each finite sequence  . we extend this definition to the multilinear settings.
Definition 2.1 Let  , a multilinear operator  is multiple -summing if there exists a constant  such that , for every sequence        ,                        (1)
The multiple -summing norm of  is denoted and define as   and the class  of multiple -summing n- linear operators is a Banach space with the norm . 
If  and  be a Banach space, we denote  for Banach space of all classes of p-Bochner integrable function with respect to the Lebesgue measure on [0,1], from the closed unit interval [0,1] in to  and  be the sequence of Rademacher function. We recall [14,15] , if  and  be a Banach space and , then the Rademacher means,  are define by 
               (2)           where   and  
We recall Khinchin,s and Kahane,s inequalities [14,15]
Khinchin inequality: If  , there are positive constant  such that 
                    for each sequence .                                                                                                              (3)
Kahane’s inequality : If  , there exists a constant  such that 
             
         	    for each .                                               (4)
Let  be a natural number and  denote multiindex sequence with the index  varying from 1 to  and  be notation of  . Now we define multiple Rademacher for  and  be a Banach space, ,  by defined as 
                  and
              If  ,then .                                                                                                   (5)
A Banach space  is said to be cotype if there exist a constant  such that for each element , we have  and minimum of satisfy this inequality is denote by  and this is called the cotype constant of .
In [16] we have a close relations with the Hilbert-Schmidt multilinear operators that are ;
Theorem 2.2 The class of Hilbert-Schmidt multilinear operators and the class of multiple 2-summing operators are identically isometric.
Theorem 2.3 For a multilinear operator , the followings are equivalents: 
 (a) A is Hilbert-Schmidt multilinear operators.
(b) A is multiple -summing for every .
Let  be the Borel -algebra defined on a set . A function  is a countably additive polymeasure if it is separately countably additive and its  variation is defined as the set function  is given by 
        where the supremum is taken over all the finite  partition  of .
For p-varation, , we define p-variation as the set function  as    where the supremum is taken over all the finite  partition  of .
An elementary integral  can be defined, if  has finite semi variation where  is bounded. Let  are completely regular Hausdorff space and  has a unique representing polymeasure  with finite semi variation in a way that 
               for  where  be a Banach space of totally measurable -value function on  and such that every ,  is a separately  regular countable additive scalar polymeasure and  be the Borel -algebra on . 
An integral representation of the definition of multiple -summing multilinear operator[17] as 
Proposition 2.4 Let  and let  be measure spaces for each , then 
         (6)
for every  and  is completely regular Hausdorff spaces.
Proof: It is sufficient to prove this result for simple function in the form as   where  are measurable and disjoint and , then (6) becomes,
     which is true by using definition (2.1).
Definition 2.5 A subclass  of the class of all n-linear continuous operators between Banach spaces is called an ideal if 
(a) For all Banach spaces  the component  is a linear subspace of .
(b)  if  where all  and  are bounded linear operator and  then the composition  and  defined by .
(c) .
A quasi- norm ideal is a pair , where  is an ideal and   is an ideal quasi- norm ie
   restricted to each component is a quasi-norm.
  
  
As by [18] Let  is a multilinear operator, we denote  for Aron-Berner extension, which in general is not unique. let  be completely regular Hausdorff space and  be its Borel -algebra and  be the complexion under the supremum norm of  the space  of the -simple scalar valued functions. For operator  , we consider its Aron-Berner extension to the product of the bidual  and restrict it to  , Now we  define . Since it is known that  where  be isometric embedding. An isometric isomorphism exist between  and  the Banach space of the polymeasures with bounded semi-variation together with the semi-variation norm. Semi-variation defined on  with value in .
Let  be multilinear operator and it is continuous with respect to norm topology, its linearization  is -summing. In particular, for any , the multilinear form  defined by 
   is multiple -summing for any .
Lemma 2.6 Let  be a Banach space,  and , let , then there exist a directed set  and nets  such that     for every    where  is weak-star topology in  and such that   for every .
Proof : we define a mapping  as  for every Banach space  together with norm  , which is an isometric isomorphism between the Banach space of sequence of vectors of  with same norm and . Besides, also the following isometric embeddings hold;  , since  , there exist a directed set  and a net  such that  and  . let  be such that  , we obtain that
          and for every , 
  complete the proof.
We define the composition of bounded multilinear operators , let  be a natutal numbers and  and  be bounded multilinear operator , the composition   is defined by 
As in [14] Let  be a tensor norm,  be the complexion of the tensor product  and let  be the canonical mapping    and if ,  be bounded multilinear operator, the bounded multilinear operator     defined by 
    is called the multilinear tensor product of multilinear operator  and .
Definition 2.7 Let , A multilinear continuous operator  is called -dominated if and only if there exist  such that for each  then the following true;
                              (7) where     and the -dominated quasi-norm of  is  .
Proposition 2.8 Let  be a multilinear -summing operator and  then  be the associated -linear operator.
3. Characterization, Properties and Results
Let  and  be two Banach space and the space of integral linear operators from  to denoted by  and  is Banach space with integral norm  (see[20]) . A multilinear operator  is said to be integral if there exist a regular -valued Borel measure  of bounded variation on the product of unit ball of   ie  such that
                                        (8)      where   and for all 
The space of integral multilinear operator is denoted by  and it is Banach space with the norm     .
A characterization of - summable sequence due to Maurey [21].
Theorem 3.1 (Maurey) Let  , A sequence  in  is - summable if and only if    , where  is probability measures in the Borel set of  with weak-star topology  ie means . Moreover ,
  
A multilinear operator  is integral if and only if its linearization  is continuous for the topology and  is an integral operator and  . we recall the following result from[18] which we used later; 
Theorem 3.2 let  be  a multiple -summing multilinear operator then its Aron-Berner extension .
Theorem 3.3 Let , A multilinear operator  is multiple -summing if and only if its Aron-Berner extension  is multiple -summing and moreover .
Theorem 3.4 Let  and  and  be such that  then  is multiple r-summing and  .
Let  be completely regular Hausdorff space and  be Banach space of -value measurable functions on a set  and  be -algebra of subset of .  We can prove the following; 
Proposition 3.5 Let  be a multilinear operator and let  be its representing polymeasures. Then the followings  are equivalent: 
(a)  is multiple -summing,
(b) .
(c)  is integral.
(d)  then all norms coincide, ie 
    
Proof : (a)  it is follows from theorem 3.3 because that if  is a measurable space and  is a partition of  then the sequence  such that  , and the equivalence between (b) and (c) follows from [22,4.2] and (c) is a consequence of [23,2.9] and lastly  (d)  is true from lemma 2.6 .
Theorem 3.6 Let  and   are Banach spaces  and  and  then  is integral and  . 
Proof :  since ,the linear factorization theorem for -summing operator [17] the existence of completely regular Hausdorff space  and -summing operators   such that   where  are isometric inclusions  . now we consider  and applying result 3.4 and proposition 3.5, we get that  is integral. Complete the proof.
Theorem 3.7 Let  , and the diagram of bounded linear operator  and  then ,
(a)  if  are -summing then   is -summing and .
(b) if  is  -summing then   is -summing and 
Proof : (a) since by domination theorem, there exist regular Borel probabilities  on   and  on  such that for each  and  ,
         
 
Using Fubni’s theorem gives us that for each  ,
  (9)
Since, Let   ,
         
We use (9), we get 
                                           (10)
For  we define   by   then   ,   and 
        (11)
Since  and  are probabilities measure , and from (10) & (11) we get,
  
By using definition of -summing operators, we get desired result and hence complete the proof.
(b) since  is -summing  and let  , .
 We have, 
 
                                               
We take ,  and let us define   by 
                          , 
Then by simple calculas,   , and thus 
 
                                                                 
                                                             
This implies, 
 
Hence we get ,
 
Using definition of -summing  and their norm, we get results .
Theorem 3.9 let  be measurable space and  ,  
be Banach space . consider  with their representing
 polymeasure  , then is multiple -summing  iff  
and  .
Proof : First we suppose  is multiple -summing   and  partion  of  , for every  with , we have ,
Therefore, 
                                                                                 
For the converse,it is enough to check for sequences in  . let 
  , there exist  partion  of  and constant  such that 
  
We claim  if and only if , where  is the operator defined  by  
    Now let suppose that  and consider  ,
 for each, we choose,  and let  , where  is the 
evaluation in   ,then  and 
          
For the converse, suppose  and choose  clearly  and we get, 
 
Also so, let  , then, ,
          
                                 
                  . Hence complete the proof.
Theorem 3.9 let  and  be bounded 
multilinear operators,  a tensor norm,  be the 
multilinear tensor product and  then  is -summing  if and only if
  and  are -summing  and .
Proof : since therem3.7 it is sufficient to prove only the direct implication, so suppose that 
  is -summing  , let  then by definition,
 
Using the definition of the multilinear tensor product of multilinear operators and tensor 
norm  , we get,
              
Further, it is easy to observe that,
 , and thus ,
          
Since  are non-null and -summing  , then
    , hence
 . complete the proof.
Theorem 3.10 Let  and  then  and .
Proof : since  is symmetric multilinear operator associated with  and  , 
            we have, 
 
We set  and  for  , we get 
 
                                                          
                                               .
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