A note on the necessary and sufficient conditions to matrix

summability of infinite series

ABSTRACT. Earlier works have established the conditions under which the series > a,v, is
¢ — | F,pu; 7 |, summable, provided that the series ) a, is summable by ¢ — | E, u; 7 |. In this
study, we present the necessary and sufficient criteria ensuring ¢—| F, p; 7 | summability of Y a, v,
whenever ) a,, is summable by ¢—| E, ;7 |, where E = (ey,,) and F = (fp,) denote two positive
normal matrices, k > 1, 7 > 0, and the inequality —u(7k + &k — 1) + k > 0 holds.
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1 Introduction

Let Y a, be an infinite series (ISs), and denote its sequence of partial sums by (s,,). Let E = (eny)
be a lower triangular matrix of nonzero diagonal entries (normal matrix). The matrix E defines a

transformation from a sequence s = (s,,) to the sequence E's = (E,(s)), given by
n
E,(s) = Zemsv, n=0,1,..
v=0

Suppose E = (e,,) is a normal matrix. The lower semimatrices £ = (é,,) and E= (énv) are then

introduced as follows:

n
€ny = § eni, m,v=0,1,..
1=v



€00 = €00 = €005, €nv = €ny — énfl,vu n=12,..

and

n

AE,(s) = En(s) = En1(s) = > _ énuvay (1)
v=0

Let E be a normal matrix. Its inverse is represented by E’' = (e}, ). Similarly, E = (é,,) is a
normal matrix that admits a two-sided inverse £’ = (¢/,,), which is again normal (see [1]).
Consider a sequence (¢,) of positive terms. The series ) a, is said to be ¢ — | E, pu;7 |,

summable whenever k > 1, 7 > 0, and p € R, provided that [2]

D TR B (s) = Ena(s) |F< o

n=1
For ¢,, = n for all values of n, p =1 and 7 = 0, we get |E|; summability method [3].
The space [, is defined as [, := {x = (z;): > |xj|k < oo}.
Lemma [4] Lethl,pzland%—l—%:l, %—Fz%:l. Let

o
m=0

o
'Um:zhnmun; m >0
n=0

It follows that j € I, whenever q € Iy, iff v € l; whenever u € [.

2 Main Result

Recently, studies on the application of absolute summability and absolute matrix summability to
different factored ISs and some well-known classes of sequence have been presented. Before giving
the main result, let’s mention about the some of these studies. Bor [5,6], Bor and Agarwal [7,8],
Bor and Mohapatra [9] used the different class of sequences to get theorems on absolute summa-
bility. Karakag [10], Kartal [11], Ozarslan and Sakar [12] established sufficient conditions for the
absolute Riesz summability of the ISs. Karakag [13], Ozarslan [14-16], Ozarslan and Kartal [17],
Ozarslan, Sakar and Kartal [18] got general theorems on absolute matrix summability methods.
Kartal [19, 20], Ozarslan [21,22] used almost increasing, d-quasi-monotone and quasi power in-

creasing sequences to obtain sufficient conditions for absolute summability of the ISs. Recently,



Kartal [23] established the conditions for ¢ — | F, ;7 |, summability of the series ) an7y, under
the assumption that Y a, is ¢ — | E, y;7 | summable, which serves as the main motivation for
this work. The purpose of the present study is to derive the necessary and sufficient conditions for

¢—| F, p; 7 | summability of Y a,,y, whenever ) a,, is ¢—| E, p; T |, summable, as detailed below.

Theorem Let £ > 1,7 > 0 and —pu(rk+k—1)+k > 0. Consider two positive normal matrices
E = (eny) and F = (fny) which satisfy

€nn — En+ln = O(ennen+1,n+1) (2)

fro=1, n=0,1,..

5 Vet =0

v=r+2

Frri1vria D . (3)

The series Y apyn is ¢ — | F, ;7 | summable whenever )" a, is ¢ — | E, ;7 |, summable, if and

only if
BTV = ‘A” (fm%ﬂ ; |7
QS,U k o |’yvl + Z i fn,erl’Verl) + Z fn,v+1’yv+1’ €l
Coy ne—vt1 Cov n=v+2

3 Proof of the theorem

Consider the sequences (I,,) and (U,,) representing the E-transform of 3 a,, and the F-transform

of 3" anvyn. Then, according to (1), we have

T, = AI, = i oy and yp, =AU, = i fm,av%. (4)

v=0 v=0

On the basis of the equalities in (4), we obtain a, = Y. _, &z, and yp, = Y o, Froyo S0 el x.

r=0 “vr
Since an = an - .f'rl—l,O =0, we have

n v
Yn = Z fAnv’YU Z é;;rxr
r=0

v=1

n n n v—2
2 : P A/ } : P Al 2 : P } :A/
= fnv’}/veyvmu + fnvvvevaflmvfl + fnv'}/v em«xr
v=1 v=1 v=1 r=0
n—1
P ~f } : P ~f P A/
= fnn’Ynennxn + (fnv’)/vem; + fn,v+1’7v+1ey+1’v) Ty

v=1

2
Zxr Z fnv’Yvé;w (5)

=0 v=r+4+2

n— n
T



For 6, (Kronecker delta), with the help of the equality Y _, €/, €k = Ony, we get

A NG A N fnvr}/v r év-i—l,'u
fnv'yvem; + fn,v+1’7v+ley+17v = ~ + fn,v—&-l’)/v-&-l (_ ~ )
[S) evvev+1,v+1
o Jno Yo A (év—i-l,'u — Eyy)
- - fn,’u—&-l’Yv-&-l
Cyv emjeerl,erl
o fnv"}/v 7 (ev+1,v+1 + ev+1,v - 61)1))
= - fn,v-&-l'Yv-&-l
Cyv evvev+1,'u+1
_ Av(fnv’)/v) P (evv - 6v+1,v)
= —+ fn,v+17v+17~
Cvv evvev-‘rl,v-i-l

Substituting this equality into (5), we obtain

fnv7v (evv €v+1 v)
Ty + § fn v+17v+175€v
€yv 61)v61)+1 v+1

v=1
+ Z Ty Z fnva'u [
r=0 v=r+2
n(rk+k—1)
Let X, =¢, *  a,. Consider the sequence (hy,) defined by:
—pu(rhtk—1)

¢v k (Av(fnu’yv) + fn,v+17u+1 (vo—€ut1.0) + Z:}:@J,-Q fnr’)/réq/ﬂu> 9 1 S v S n—2

€y €vvCytl,vfl

“p(rk+k—1) A
Ay (frvrw) £ (evv—€vt1,0)
k v \JnvYv VU v41,0 — _ 1
ho . = Pv ( evo + frot1 Y041 evoCutiiotl vV="n
nv 7;L(Tk+k 1) »
JnvYu —
v Com v n
07 v>n

It follows that

o
Yn = Z h‘TL’UX’U'
v=1

A necessary and sufficient condition for the series > a,7v, to be ¢ —| F, u; 7 | summable, assuming

that " ay is ¢ — | E, u; 7 |, summable, is

Z |yn| < oo whenever Z X, < . (6)

According to the Lemma, (6) is valid iff > o2, [>°07 hm,un|k/ < oo whenever u,, = O(1). It then

follows from (2) and (3) that this inequality holds if and only if

—p(rhtk—1) f it ‘Av (fnu'yv)‘ R i R
¢'U * = | | + Z —_— + fn,erl’varl) + Z fn,v+17v+1’ S lk’
n=v+1 Cvv n=v+2

is satisfied. This completes the proof of Theorem.
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Conclusion

This paper derives the necessary and sufficient criteria for the ¢ — | F, u; 7 | summability of the

series ) a7y in the case where ) a, is summable ¢ — | E, pu; 7 |,.. In particular, if ¢,, = n for all

n, =1, and 7 = 0, the corresponding conditions describe | F' | summability of > a,,~y, whenever

> a, is summable | E |,. Moreover, the results presented here may encourage further exploration

of related problems under other summability methods.
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