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	PART  1: Comments



	
	Reviewer’s comment

Artificial Intelligence (AI) generated or assisted review comments are strictly prohibited during peer review.
	Author’s Feedback (It is mandatory that authors should write his/her feedback here)


	Please write a few sentences regarding the importance of this manuscript for the scientific community. A minimum of 3-4 sentences may be required for this part.


	This manuscript contributes to summability theory and harmonic analysis by giving an explicit big-O degree-of-approximation bound for Fourier series of Lipschitz-class functions via the product mean (C,1)(E,q), thereby clarifying when and how product methods sharpen convergence beyond classical single means. It underscores the efficacy of product summability in Fourier analysis and situates the result within a rigorous framework for transforming and approximating otherwise poorly convergent series. The work also generalizes prior findings on product means and highlights scenarios in which faster convergence can be expected relative to individual summability techniques. Because precise Fourier approximations underpin applications in signal processing, numerical analysis, and related computational disciplines, the result is likely to be useful beyond theory, informing practical approximation strategies and motivating extensions to other function classes and summability combinations.
	

	Is the title of the article suitable?

(If not please suggest an alternative title)


	The current title, “PRODUCT SUMMABILITY METHOD FOR APPROXIMATION OF LIPSCHITZ FUNCTION,” is understandable but not ideal: it should use the plural “Lipschitz functions” and would benefit from naming the mathematical object (Fourier series) and the specific product mean studied. Given the paper’s focus on estimating the degree of approximation for Fourier series of Lipschitz-class functions using the (C,1)(E,q) product summability method, a clearer choice is “Degree of Approximation for Fourier Series of Lipschitz-Class Functions via the Product Mean (C,1)(E,q)”. If you prefer something slightly shorter, consider “Product Summability (C,1)(E,q) for Approximating Fourier Series of Lipschitz-Class Functions” or “Approximating Lipschitz-Class Functions Using (C,1)(E,q) Product Means of Fourier Series”.
	

	Is the abstract of the article comprehensive? Do you suggest the addition (or deletion) of some points in this section? Please write your suggestions here.


	Overall, the abstract identifies the problem area and method but is too generic and misses several specifics that readers and indexers expect. It opens with future-tense, not clear phrasing (“In current research article, we are going to prove…”), this should be replaced with present tense and a direct statement of the main result. It should explicitly state (i) the function class and assumptions (e.g., 2π-periodic, Lebesgue-integrable, f∈Lip(α) with 0<α≤1), (ii) the precise big-O rate obtained for the (C,1)(E,q) product mean (spell out the order as a function of nnn and α\alphaα), (iii) the norm in which the “degree of approximation” is measured (the sup-norm is implied later, but not said here), and (iv) the admissible range of the parameter q. the precise big-O rate obtained for the (C,1)(E,q) product mean (spell out the order as a function of nnn and α\alphaα), (iii) the norm in which the “degree of approximation” is measured (the sup-norm is implied later, but not said here), and (iv) the admissible range of the parameter q. Beyond stating the method’s efficacy, add one concrete comparison, e.g., “improves upon the corresponding bounds for the individual Cesàro (C,1) and Euler (E,q) means” or “recovers [named] results as corollaries”, since this contrast is claimed elsewhere but not summarized in the abstract. 
A compact revision that addresses the above could read: We establish an explicit big-O degree-of-approximation bound for the Fourier series of 2π-periodic, Lebesgue-integrable functions in Lip(α) (0<α≤1) under the product summability method (C,1)(E,q). The result specifies the norm used and the admissible parameter range, yielding a rate that sharpens what is obtainable by the individual Cesàro and Euler means and subsumes several earlier theorems as special cases. This clarifies when product summability achieves faster convergence for Lipschitz-class data and strengthens its role in harmonic analysis and Fourier approximation.
	

	Is the manuscript scientifically, correct? Please write here.
	the idea is standard and could be correct, but the manuscript must be revised to (i) state the theorem with all hypotheses and the exact O(⋅) rate (norm, constants, and explicit dependence on nnn and α\alphaα); (ii) give complete, rigorous lemmas and a proof with defined kernels and justified estimates; (iii) precisely define (C,1), (E,q), and their product, including the admissible range of qqq; and (iv) fix notation and references. Only then can its scientific correctness be assessed confidently.
	

	Are the references sufficient and recent? If you have suggestions of additional references, please mention them in the review form.
	Short answer: not sufficient nor recent. The bibliography leans heavily on pre-2010 sources and classics (Titchmarsh 1939; Zygmund 1959), includes duplications and incomplete items (e.g., “McFadden, L. On two summability methods” with no year; several entries missing journal/volume/pages), and has spelling/metadata errors (e.g., “Titchmarch” for Titchmarsh; “Warerman” for Waterman; “Rhode” for B. E. Rhoades). I recommend: (i) correcting and completing all entries to a single style; (ii) consolidating the duplicated reference sections; and (iii) adding recent, closely related works on degree of approximation via product means—especially (C,1)(E,q)—and modern Hausdorff-matrix generalizations.
	

	Is the language/English quality of the article suitable for scholarly communications?


	No, the English needs major editing before it’s suitable for scholarly communication. The title has agreement and capitalization problems (“Lipschitz function” should be plural and the overall casing standardized). The abstract uses awkward, non-scholarly phrasing and future-tense narration (“In current research article, we are going to prove…”), which should be rewritten in clear present tense with precise claims. Keywords contain duplication and punctuation errors (“Cesaro mean, mean, Euler Mean mean”) and need normalization (e.g., “Cesàro mean; Euler mean; product summability”). Throughout, there are frequent grammar, spacing, and word-choice issues (“includes” vs. “include,” “ob” truncated, inconsistent “Lebesque/Lebesgue”), plus many incomplete or fragmentary sentences in theorem and lemma statements that impede readability. I recommend a thorough language edit by a fluent technical editor: convert to precise present tense; fix agreement and articles; standardize mathematical terminology and accents (e.g., Cesàro); remove redundancy; and recast long, informal sentences into concise, formal prose.


	

	Optional/General comments


	Overall, the topic is appropriate and potentially useful, but the manuscript needs substantial polishing before it is publishable. The highest priorities are to (i) state the main theorem precisely (full hypotheses, norm, explicit big-O rate, admissible range of qqq), (ii) supply complete, checkable proofs with all kernels/lemmas defined and justified, and (iii) standardize notation and terminology (e.g., Cesàro with diacritics, consistent 2π-periodicity, uniform use of Lip(α), and Big-O formatting). Clarity would be improved by a short motivation paragraph situating the (C,1)(E,q) product mean among existing results, a succinct comparison stating exactly what is new relative to single means and prior product-means work, and, if feasible, a small illustrative example or table summarizing the obtained rates versus benchmarks. The references should be corrected to a single style, completed (journal/volume/pages), de-duplicated, and augmented with recent closely related literature; the English should be edited for scholarly tone, tense, and grammar. Finally, a brief concluding section that interprets the bound, notes limitations/assumptions, and outlines natural extensions (other function classes or product means) would help readers understand the contribution and its scope.
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	Are there ethical issues in this manuscript? 


	No
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