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A recent note on the necessary and sufficient
conditions to matrix summability of infinite series

Abstract In [1], the conditions for ¢ — | D, ;4 |, summability of the series
> an7yn whenever the series Y a, is summable ¢ — | C, 8;d | have already
been obtained. In the present paper the necessary and sufficient conditions for
¢ — | D, ;¢ | summability of the series > a,Y, whenever the series Y a, is
summable ¢ — | C, ;0 |, , where C = (¢p,) and D = (d,,) are two positive
normal matrices, kK > 1, § > 0 and —3(dk + k — 1) + k > 0 are given.
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1 Introduction

Let > a, be an infinite series with its partial sums (s,). Let C' = (cny) be
a normal matrix which means a lower triangular matrix of nonzero diagonal
entries. Then C defines the sequence-to-sequence transformation, mapping the
sequence s = (s,) to Cs = (Cy(s)), where

Cn(s) = Zcmsv7 n=0,1,..
v=0
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Let C' = (cny) be a normal matrix, then two lower semimatrices C = (Cnv)
and C' = (¢,,) are defined as follows:

n
Em,zg Cni, m,v=0,1,..

Coo0 = €00 = €00, Cnv = Cnv — Cp—1p, N = 1,2,..

and
ACy(8) = Cn(s) = Cpoi(8) = D Cnua (1)
v=0

If C is a normal matrix, then ¢’ = (¢,,,) denotes the inverse of C, and C' =
(énv) is a normal matrix and it has two-sided inverse ¢ = (&,,) which is also
normal (see [2]).

Let (¢n) be a sequence of positive numbers. The series 3 a,, is said to be
summable ¢ — | C, ;0 |, k> 1,6 > 0 and f3 is a real number, if 3]

Z PBORTE=1) | €, (5) — Cy 1 (s) |F< o0

For ¢, = n for all values of n, 8 =1 and § = 0, we get |C|; summability

method [4].
Let I, denotes the set of sequence such that I, := { )iy |l’]| < oo}.
Lemma 1 [5]Letk21,p21and%+%:1,% 1%—1 Let

dn = i hanma n=>0

= ihnmum m >0

In order that d € 1, whenever q €l if and only if v € Iy whenever u € Iy

2 Main Result

Recently, studies on the application of absolute summability and absolute
matrix summability to different factored infinite series and some well-known
classes of sequence have been presented. Before giving the main result, let’s
mention about the some of these studies. Bor [6,7], Bor and Agarwal [8,9],
Bor and Mohapatra [10] used the different class of sequences to get theorems
on absolute summability. Karakag [11], Kartal [12], Ozarslan and Sakar [13]
obtained the sufficient conditions for absolute Riesz summability of the infinite
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3

series. Karakag [14], Ozarslan [15-17], Ozarslan and Kartal [18], Ozarslan,
Sakar and Kartal [19] got general theorems on absolute matrix summability
methods. Kartal [20-22], Ozarslan [23-25] used almost increasing, d-quasi-
monotone and quasi power increasing sequences to obtain sufficient conditions
for absolute summability of the infinite series. Shortly before, in [1], Kartal
obtained the conditions for ¢ — | D, 8;0 |, summability of the series )" anvn
whenever the series Y a,, is summable ¢ — | C, 8;6 |. The aim of the present
article is to obtain the necessary and sufficient conditions for ¢ — | D, 3;4 |
summability of the series > a,7y, whenever the series ) a, is summable ¢ —
| C, ;9 |, as in the following.

Theorem 1 Letk>1,6 >0 and —3(6k+k—1)+k > 0. Let C = (¢pny) and
D = (dyny) be two positive normal matrices satisfy

Cnn — Cn41,n = O(Cnncn—i-l,n-l—l) (2)

dwo=1, n=0,1,..

Cin,r-i-l')/r-&-l D (3)

> iyl =0

v=r+2

Then > anvyn is summable ¢ — | D, 3;0 | whenever Y a, is summable p —
| C, ;0 |, if and only if

—sek+k-1 [ 4 e ‘Av (dAnv’Yv> . i .
Pv F cm} |’7v‘ + Z 67 + dn,v+17v+1‘ + Z dn,v+17v+1‘ € lk’
VU n=v+1 Vv n=v+42

Proof of Theorem 1

Let (I,,) and (U,,) denote C-transform and D-transform of the series " a,, and
> anYn- By (1), we get

Ty = Al, = Z CnoGy  and Yn = AU, = Z Cznvav'YU (4)
v=0 v=0

By the equalities in (4), we obtain a, = Y., _ ¢ &p and Y, = >0 dnoYo 2 p_q Corln-
Since dyo = dpo — _nfl,O =0, we have

n v

[
NE

n n v—2
7 Al 2 : 7 Al 2 : 7 2 :A/
dnv’}/vcvyxv + dnv7U6y7v_1$U—1 + dnv’}/v Cyrxr
v=1 v=1 r=0
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n—1
7 Al 7 Al 7 Al
= dnn’yncnnxn + § (dn’Ufy’Uchv + dn,erl’Y'qulchrl,v) Ty
v=1

n—2 n
+ Zxr Z Cznv')/vé;;r (5)

=0 v=r+2

For 4,,,(Kronecker delta), by using the equality Y j_, & Ckv = Ony, we get

R . Ay 4 ¢
A~ A~ nv v v+1,v
dnvfyvcvv + dn,v+1’77j+1cv+1,v = + dn,UJrl’varl —a A
Cyv vacv—i-l,'u-‘rl

o dn'u’}/v 7 (Eerl,v - Evv)
= - dn,v+1’)”u+17

Coyv CovCo+1,v+1
o dnvr}/'u 7 (Cv+l,v+1 + Cv-i—l,'u - va)
= ——— — dp,p+1Yo+1

Cyy vacv+1,v+1
_ Ay (dpvyv) d (Cov — Cv+1,v)
= —+tadpot1Votl

Cyuv vacv+1,v+1

When we write the above equality in (5), we get

d n—1 A (d n—1 ) o
Yn = nn'Ynxn + Z v( nvaU):I;v_FZdn,U—i_l,yv_i_l (va CqH—l,'u)xv

Cnn Cyu vacv+1,v+1

v=1 v=1

n—2 n

7 Al
+ E T E dnoYoCop
r=0 v=r+2

B(sk+k—1)

Let X, = ¢, * x,. If we define the sequence (h,,) as in the following:

—BOREED Ay (dnoye) | G (cov—Cutr1) n 5
- k v nv v vv —Cu+1,v ~!
P e+ dn,v+1%+1m + Zrzw_g dnr’YrCm> ,1<v<n-2
S B(Sk+k=1) 5
, Ay(dnvye) | 3 (Cvv—=Cvt1.,0) _
hn,u _ v 3 (% + dn,v+1’7v+lﬁ v=n-—1
—B(Sktk-1) -
oy " Sovle v=n
07 v>n

then, we can write y,, = E;’il hnyX,. Here, the necessary and sufficient con-
dition for a series Y a,v, to be summable ¢ — | D, 3;0 | whenever Y a, is
summable ¢ — | C, ;0 | is

Z |yn| < 00  whenever Z \Xn|k < 00 (6)

By Lemma 1, (6) holds if and only if Y o2, [>>7 hm,un|k/ < oo whenever

u, = O(1). Then by (2), (3), we can say that > oo, [|> 07 hm,un|k/ < 00
whenever u, = O(1) if and only if

—(1(6k1:-k—1) d, e ‘Av (a?nv%)

Pu Il + Y

C?) v

[e%S)
c + dn,v+1’7v+1‘ + E ‘dn,v+17v+1‘ S lk’
n=v+1 v n=v+4+2
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holds. This completes the proof of the theorem.

For ¢,, = n for all values of n, 5 =1 and § = 0, the necessary and sufficient

conditions for | D | summability of the series > a,7, whenever the series > a,,
is summable | C' | are obtained.
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