


PRODUCT SUMMABILITY METHOD FOR APPROXIMATION OF LIPSCHITZ FUNCTION


ABSTRACT  
In current  research article, we are  going to prove  a theorem regarding estimation of the degree of approximation of functions belonging Lipschitz class by employing the product summability technique  applied to the Fourier series corresponding to the function. The new result shows a significant insights into the convergence properties  and approximation accuracy of such summation methods within the Lipschitz class. This work underscores the efficacy of product summability techniques in Fourier analysis, revealing their strength in achieving refined approximations and enhancing the theoretical understanding of summability methods in harmonic analysis.
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 INTRODUCTION
In the field of summability theory, one important concept is the degree of approximation. This idea helps us understand how well a partial sum or a transformed version of an infinite series can approximate a function, even when the series doesn’t converge in the usual way. This is especially useful for studying functions in more complex mathematical spaces.
A major area where this concept is applied is Fourier analysis. In this branch of mathematics, we express periodic functions as infinite sums of sine and cosine terms  known as trigonometric series. These series are not just theoretical; they have real-life uses in areas like signal processing, quantum mechanics, and solving differential equations.
But Fourier series don’t always work perfectly. When the function being studied has sharp edges or discontinuities, the standard methods of convergence may not provide a good approximation. This is where the idea of approximation through summability becomes very valuable.

One type of function that often causes problems is found in what's called the Lipschitz class, written as Lip(α). These functions don’t jump around wildly, but they aren’t very smooth either. They have changes that are controlled, but sometimes abrupt. For such functions, traditional summation methods usually fail to give a good, uniform approximation.
To handle this, mathematicians have developed stronger and more reliable methods. One such method is known as product summability. A particularly effective version is the (C,1)(E,q) method, which applies multiple layers of transformation to the series. These techniques improve the convergence behavior of Fourier series and give much better approximations  especially for functions in Lip(α).
These improvements show how combining summability techniques can create powerful tools that go beyond classical methods.

The progress in this area has been strengthened by using ideas from Banach-type summability frameworks. These frameworks are built on the foundational work of Hardy [1] and Banach [2], who introduced broader ways to think about convergence. Instead of looking at whether a series converges in the traditional sense, these frameworks explore how a series behaves under more general forms of limiting processes.
This new perspective allows us to assign meaning to some divergent series, turning them into useful tools for approximation. This shift has led to important developments in summability theory.
Notable contributions includes D.Waterman  [3], who worked on the summability of Fourier series ob  Later, Sahney [4] studied degree of approximation of continuous function and Singh [5] investigated Nörlund methods, each adding to the understanding of approximation.

In recent years, researchers such as Paikray [6], Jati [7], and Misra & Misra [8] have developed new matrix-based summability techniques. These often involve quasi-monotone sequences and other special tools to improve how well Fourier series approximate functions.
Other important work includes that of Nigam and Sharma [12], who studied how product means can enhance approximation results. At the same time, the classical works of Titchmarsh [13] and Zygmund [14] continue to serve as foundational texts in the theory of trigonometric series.
A key influence in modern approximation theory is the research of Qureshi [15], whose work on Lipschitz-type spaces has opened up new directions. Building on this, Rhode[16] have provided further insights by  using Lipschitz  function for better understand the degree of approximation.
Definition1.1. The degree of approximation  of a function  f:R:R  through trigonometric polynomial   of order n is defined by =sup{ |(x)-f(x) |}      (1)                                                                       Definition1.2.  A function  fLip() for 0,if
  =O( for 0< ,t>0 & fLip() if
  =O( for 0≤ ,t>0                        (2)					                                                                                                               
Definition1.3   Let   be infinite series, then    is called Cesaro summable to a  finite number s
If   , a finite number  and written =s(c,1).                  (3)
Definition 1.4. Consider a   series, then  is said to be Euler  summable to  s if     a   definite number and written =s(E,q).                                                                                                      (4)                                                                                                                           
Further,  the (C,1) transform of the (E,q)  define by  = ( )(  when n→∞                                                                  (5)                                                                                                                                   
Then, it is known     is summable to   (C,1)(E,q)  mean  to s.
Definition 1.5.  Let f(t) be a periodic function  of period 2π & integrable in  the Lebesque sense .Then Fourier series f(t) is given by 

 f(t)=+                                                                            (6)
and conjugate Fourier  series    of  (6) is given by
f(t)=                                                                               (7)                                                     	   
Definition1.6.   we denote f(n) = O(g(n)), it means n≥& positive  constant k such that  |f(n)| ≤ kg(n),                                                                                                  (8)          
where big ‘O′ notation represents for an upper limit on the growth of a function.
Example: Let f(n) = n2+5n+2. We can say that f(n) = O(n2). For sufficiently large values of n, the expression n2 +5n+2 is bounded above by cn2 for some constant c. In the context of asymptotic notation, the small ’o’ notation, denoted f(n) = o(g(n)), it is  shows  that f(n) grows strictly slower than g(n) as n → ∞. . 

2.Principal theorem
In this  research paper, we have study the degree of approximation by product mean (C,1)(E,,q) of the Fourier series of a function of class Lip(α)
Theorem2.1   Let f:R R  be a periodic function  of period 2π &  Lebesque integrable

 in (-π,π)  belonging to the Lip() ,then degree of approximation of f by the   (C,1)(E,q) by product mean  of its Fourier series is     =O   for 0< ≤1 & for n=0,1,2,3,….      


3.   Lemma . Before we prove the main theorem ,we shall use the following lemma
Lemma1.   Let   (t)=, 
then   (t)=O(1+n)  for    0<t<
Lemma 2.     (t )=O       for <t<.
4.  Proof of Principal Theorem.
We know that  nth partial sum of  of Fourier series  (6) at a particular point t=x is
(x)=f(x)+ dt.
So  (E,q) mean of  Fourier series (6)  becomes
(E,q)(x)=    
             =f(x)+  dt
Therefore  using above ,we get (C,1)(E,q) mean of  Fourier series (6)
(x)=( )( )(x)
                 =f(x)+
                   = f(x)+(t)     using   Lemma1
 (x)-f(x)=(t) dt
                    =(t)dt                          		 	(1)   
Now      
                                                O
                                            =  O 
                                              =O
                                                =O
=  O               (s                                 	 (2)
Also,       (t)dt        
                                                 =O
                                                 =O
                                                    = O
                                                     = O                           (3)
Combining (1),(2)and(3) ,we get 
 =O   for 0< ≤1 & for n=0,1,2,3,…. .
   
5. RESULT AND DISCUSSION.

 The present study reveals the approximation of Lipschitz functions using the(C,1)(E,q) product summability method applied to their Fourier series. The main result established that if  f be a periodic function  of period 2π &  Lebesque integrable
 in (-π,π) belonging ot the Lip(),then degree of approximation of f by the(C,1)(E,q)byproduct mean  of its Fourier series is    =O   for 0< ≤1.    In the discussion, it is highlights that the product summability method performs better than individual summability techniques, offering faster convergence under certain smoothness conditions. The result generalizes earlier findings and confirms the method's efficiency in approximating periodic functions within a specified Lipschitz class. Furthermore, this approach is valuable in theoretical and applied contexts where precise approximations of functions are required, such as signal processing and numerical analysis. The method's flexibility also allows further extensions to other functional classes and summability combinations.


6. CONCLUSION
This study reveals that the approximation of Lipschitz functions through product summability methods offers a refined and powerful analytical framework that   improves convergence and smoothness in function approximation.  Such methods not only deepen our theoretical understanding but also expand the practical applicability in various fields  such as signal processing, numerical analysis, and data interpolation. Additionally, product summability serves as a valuable tool in bridging the gap between mathematical theory and real-world functional approximation challenges.
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