CHARACTERIZATIONS OF INVARIANT SUBMANIFOLDS IN
LORENTZIAN p-KENMOTSU MANIFOLDS VIA THE
TACHIBANA OPERATOR

ABSTRACT. In this study, invariant submanifolds of a Lorentzian S-Kenmotsu
manifold have been studied. Invariant submanifolds of Lorentzian S-Kenmotsu
manifolds are discussed by using the Tachibana operator. Some important
characterizations of Lorentzian S-Kenmotsu manifolds have been obtained by
using Tachibana operator under the some special conditions.

1. Introduction

Lorentzian geometry has significant applications, particularly in the fields of
general relativity and theoretical physics. Kenmotsu manifolds constitute an im-
portant class of contact geometry and stand out in differential geometry research
due to their distinct structural properties. f-Kenmotsu manifolds, which are gen-
eralizations of Kenmotsu manifolds, offer a broader class characterized by a certain
structural function, such as a S-function. This structure provides a more flexible
framework compared to classical Kenmotsu manifolds.

The Lorentzian metric introduces a temporal and spatial distinction to mani-
folds, enabling physical interpretations. Hence, Lorentzian S-Kenmotsu manifolds
offer a rich field of study both geometrically and physically. Although various
studies have been conducted on Lorentzian Kenmotsu and S-Kenmotsu structures,
their submanifolds, curvature properties, and applications remain open to further
investigation.

Submanifolds are fundamental structures in differential geometry and have sig-
nificant applications in various mathematical and physical fields. They serve as
crucial tools in understanding the geometric structure of a manifold more effec-
tively. Submanifolds allow for the local analysis of the geometric properties of a
larger manifold, which is especially useful for interpreting complex geometric struc-
tures. Investigating how special structures on a manifold such as contact structures,
complex structures, or Lorentzian metrics project onto submanifolds contributes to
the classification and deeper understanding of the ambient manifold.

In physics, the spatial and temporal subdivisions of the universe are often mod-
eled as submanifolds. For instance, the path traced by a particle is a geodesic
curve, which is a one-dimensional submanifold. In general relativity, submanifolds
are used to represent the distribution of matter and energy within a space-time
manifold.
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In surface modeling and geometric processing (e.g., in 3D graphics), submanifold
structures play a foundational role. Minimal surfaces, in particular, have important
applications in aerodynamics and architecture. Configuration spaces in robotics are
often modeled as manifolds, and the possible motions of a robotic arm are described
as submanifolds within these spaces.

Characterizing invariant submanifolds of manifolds is an important problem.
Invariant submanifolds of (LCS),,— manifolds by S.K. Hui et al. [1], invariant
submanifolds of LP-Sasakian manifolds by V.Venkatesha et al. [2], invariant sub-
manifolds of Kenmotsu manifolds by S.Sular et al. [3], invariant submanifolds of
(k, u) —contact manifolds by M.S. Siddesha et al [4] have been discussed and re-
vealed many important properties of this submanifolds. Similarly, such problems
has been addressed by many other authors ([?],[6],[7],[8],[9],[10],[11]). Similarly,
S.K. Hui et al. studied the pseudoparallel contact submanifolds of Kenmotsu man-
ifolds in [12] and the Chaki-pseudoparallel invariant submanifolds of Sasakian man-
ifolds in [13].

The Tachibana operator is an important tool in differential geometry, particu-
larly in the field of Riemannian geometry. This operator is used to study various
properties of curvature tensors and differential forms. It examines the interaction of
curvature tensors, especially with other tensors such as the metric or Ricci tensors.
It measures the variation of the curvature structure of a manifold under certain
tensors. In other words, the Tachibana operator is a powerful tool for analyzing
the variation and symmetry of tensors on manifolds.

Since Lorentz manifolds represent physical space-time models, tensor operations
such as the Tachibana operator can be used in conjunction with energy-momentum
tensors to produce solutions.

In this study, invariant submanifolds of a Lorentzian S-Kenmotsu Manifold have
been studied. Invariant submanifolds of Lorentzian S-Kenmotsu manifolds are
discussed by using the Tachibana operator. Some important characterizations of
Lorentzian S-Kenmotsu manifolds have been obtained under some special condi-
tions with the help of the Tachibana operator. Given the interesting properties
of Lorentzian manifolds and invariant submanifolds, it is evident that the problem
addressed in the article is highly significant with respect to the Tachibana operator.

2. PRELIMINARIES

An n-dimensional differentiable manifold  is called Lorentzian S-Kenmotsu
manifold if it admits a (1, 1)-tensor field ¢, a vector field £, a 1-form 1 and Lorentzian
metric g which satisfy the conditions

(1) ¢261 = 91 + n (91)67 g (@175) =1 (@1)7
(2) n(€) =—1, ¢ =0, 7(¢01) =0,
(3) 9(001,9002) = g(01,02) +1(01)n(O2),

for all ©1,045 € x (Q), where x (Q) is the Lie algebra of smooth vector fields on

Q. Also a Lorentzian S-Kenmotsu manifold €2 is satisfying

(4) De,&=B[01 —n(01)€],

(5) (Do) (€2) = Blg (€1,05) — 1 (©1) (8],
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(6) (Do, @) (©2) = By (#01,02) € — 1 (62) 661,

where D denotes the operator of covariant differentiation with respect to the Lorentzian
metric g. Further, on a Lorentzian $-Kenmotsu manifold ) the following relations
hold [14, 15]:

(7) R(01,02)03 = % [9(01,03) 02 — g(0:,03) O1],
(8) R(£,02) 03 = 2 [~g(02,03) £ + 1 (63) O3],

(9) R (01,803 = 5[g(01,03)¢ —n(03)01],
(10) R(©1,02)& =52 [1(02) 01 — 1 (02) ©1],

(11) 0 (R(61,0:)0;) = 829 (1 (62) 1 —1(0:) 61,03),

12 9(Q01,0:) = 5(01,0;) = — (n—1) 2g (01,0,),

(12)

(13) 8(81,6) = —(n—1)5*n(01),
(14) S(&€) = (n-1)p5,
(15)

(16)

15 S (¢01,¢02) = S(01,02) — (n — 1) 7y (01)n(O2),

QO1=—(n—1)B°01, Q¢ =—(n—1)5%,
for any vector fields ©1, 05,03 on Q, where R, S and Q denotes the Riemannian
curvature tensor, Ricci tensor and Ricci operator on Q, respectively.

Let Q be an immersed submanifold of a Lorentzian S-Kenmotsu manifolds 2. Let
L(7TQ) and T (TJ-Q) be the tangent and normal subspaces of Q in Q, respectively.
Gauss and Weingarten formulas for I' (TQ?) and I' (T+Q) are

(17) D@1 Oy =Dg,0s+0 (@1, @2) ,

16

(18) ﬁ@lv =—-Ay0; + Délv,

respectively, for all 01,0, € T'(TQ) and V € T (TJ-Q) , where D and D are the
connections on 2 and I’ (TJ-Q), respectively, o and A are the second fundamental
form and the shape operator of 2. There are related

(19) 9(Av01,02) =g (0(01,02),V).

The covariant derivative of the second fundamental form o is defined as

(20) (Do) (03,03) = D&, (03,03) — o (Do, 02,05) — 7 (62, Do, 03).
Specifically, if Do = 0, § is said to be is parallel [5].

Let R be the Riemann curvature tensor of 2. In this case, the Gauss equation
can be expressed as

R(01,0,)0; (01,02)03 + As0,,0,)02 — Aso,,0,)01

=R
(21) + ( ~@10> (©2,03) — (D®2J) (©1,03),



4 TUGBA MERT AND MEHMET ATGEKEN

for all ©1,02,03 € T'(TQ), where if
(D@10'> (@2,@3) — (D@zd) (@1,@3) = 0,

then it is called curvature-invariant submanifold.
Let 2 be a Riemannian manifold, T is (0, k) —type tensor field and A is (0,2) —type
tensor field. In this case, Tachibana tensor field @ (A, T) is defined as

QA T)(X1,..., X§;01,02) =T ((01 N4 02) X1,..., Xp)
22
(22) o — T (X1, X1, (01 Aa ©3) X),
where,
(23) (@1 Na @2) CH :A<®2,@3)@1 —A(@1,®3) @2,

k>1,X1,Xo, 0 X3,01,05 €T (TQ)

3. CHARACTERIZATIONS OF INVARIANT SUBMANIFOLDS IN LORENTZIAN
B-KENMOTSU MANIFOLDS VIA THE TACHIBANA OPERATOR

Let Q be the immersed submanifold of an n-dimensional Lorentzian S-Kenmotsu
manifold Q. If ¢ (T,,Q) C T, in every x point, the Q is called an invariant subman-
ifold. We note that all of properties of an invariant submanifold inherit the ambient
manifold. From this section of the article, we will assume that the manifold Q is
the invariant submanifold of the Lorentzian S-Kenmotsu manifold Q. So, it is clear
that

(24) 0(01,£) = 0,0 (¢01,02) = 7 (01,902) = ¢0 (01, O2)

for all ©1,02 € I' (TQ) .
Moreover, for an invariant submanifold 2 of an n-dimensional Lorentzian -
Kenmotsu manifold €2, the following relations hold:

(25) De,§ =B[01—n(01)¢],

(26) R(01,02)¢ = (% [1(01) 02 —1(02) 61],

(27) R(£,01) 02 = 37 [~g(01,02) £ +1(02) ©1],
(28) S(01,6) = —(n—1) 5 (©1),8 (&€ = (n—1) 5%,
(29) Q01 =—(n—1)%01,Q¢ = — (n — 1) 5%

Let us examine the @ (S,0) = 0 case for the invariant submanifold Q of the
n-dimensional Lorentzian S-Kenmotsu manifold 2.

Theorem 1. Let Q be an invariant submanifold of the n-dimensional Lorentzian
B-Kenmotsu manifold Q2. If Q (S,0) =0, Q is a totally geodesic.

Proof. Let us assume that
Q(S,0) (04,05;01,05) =0,
for all ©1,02,04,05 € T'(TQ). In this case, we can write
0 ((©1 A5 ©2)04,05) 4+ 0 (04, (01 As B2)O5) =0,
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and so
(30)
O'(S (@2,@4) @1 — S(@l, @4) @2,@5) +o (64,5(92, @5) @1 — S(@l, @5) @2) =0.

If we choose ©1 = ©5 = ¢ in (30) and using (13),(24), we have
(TL - 1) 520 (94, @2) =0.
Thus, the proof of the theorem is completed. [l

Let us examine the @ (g,0) = 0 case for an invariant submanifold © of the
n-dimensional Lorentzian S-Kenmotsu manifold 2.

Theorem 2. Let (2 be an invariant submanifold of the n-dimensional Lorentzian
B-Kenmotsu manifold Q. If Q (g,0) =0, Q is a totally geodesic.

Proof. Let us assume that
Q(9,0) (04,05;01,02) =0,
for all ©1,02,04,05 € I' (TQ) . In this case, we can write
0 ((01 Ay ©2)04,05) + 0 (04, (01 Ay O2) O5) = 0,

and so
(31)
0(9(02,04) O1 — g(01,04) ©2,05) + 0 (04,9 (02,05)O1 — g(01,05) O2) = 0.

If we choose Oy = ©4 = £ in (31) and taking into account of (1),(2),(24), we
obtain

(o (@1, @5) =0.

This proves our assertion. ([l

Next, we will search the condition @ (g, Dcr) = 0 case for an invariant subman-

ifold © of the n-dimensional Lorentzian S-Kenmotsu manifold €.

Theorem 3. Let Q be an invariant submanifold of the n-dimensional Lorentzian
B-Kenmotsu manifold Q. If Q (g, DO’) =0, Q is a totally geodesic.

Proof. Let us assume that
Q (9. Do) (04,05,05;01,02) = 0,
for all ©1, 05, 03,0,, 05 € I (TQ). This implies that
(D@4a) (01 Ay ©2) O5,03) + (D@N) (05, (01 Ay ©2)O3) =0,

and so
(32)
(De40) (9(©2,05)0; — g(©1,05) @2,@3)4-([)@40) (©5,9(02,03) 01 — g(01,03) ©2) = 0.

If we choose O3 = O5 = ¢ in (32) and making use of (1), (2), we have

(33) — (D@40) (©1,05) —1(61) ([7@40—) (£,05) +1(O3) (D@4a) (€,01) = 0.
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If we use (20) in (33), we get

—Dé40’ (@1, @3) + o (D@4@1) s O3 +o (61, D@4®3)
(34)

+B1(©1) 0 (04,03) — 41 (O3) 0 (04,01) = 0.
If we choose ©3 = £ in (34) and using (1), (24), we obtain

(2 (@4, @1) =0.
Thus, the proof is complete. O
Let us examine the @ (S, ﬁa) = 0 case for an invariant submanifold 2 of the

n-dimensional Lorentzian S-Kenmotsu manifold .
Theorem 4. Let Q be an invariant submanifold of the n-dimensional Lorentzian

B-Kenmotsu manifold Q. If Q (S, DO’) =0, then Q is a totally geodesic.
Proof. Let us assume that
Q (5, Do) (01,05,05:01,02) =0,
for all ©1,02,03,04,05 € T' (TQQ). This expansion give us
(Do.7) (01 A5 ©2) 05,03) + (Do, ) (O5, (€1 As ©3) ©3) = 0,

and so
(Do) (5(62,05) 01 = 5(61,05) ©3,6)
(35)
+ (Do) (85,8 (02,03) 01 — S (1,05) ©) = 0.
If we choose ©3 = ©3 = ¢ in (35) and by means of (28), we have
~(n=1) 81 (65) (Do, (01,€) + (n —1) 8 (Do, ) (65,61)
(36)
+(n—1)8*(01) (De,0) (65,6) = 0.
By using (20) in (36), we get
(n—1) 3% (05) 0 (01,04) + (n— 1) 8% [D§,0 (O5,61)

(37) —0(De,05,01) — 0 (05, De,01)]

+(n—1) 27 (01) [Dg,0 (05,£) — 0 (De,Os,&) — 0 (05, De,§)] -
If we choose ©5 = £ in (37) and using (1), (24), (28), we obtain
—2(n—1)p%0(04,01) = 0.
Thus, the proof of the theorem is completed. O
Let us examine the @) (g, R- 0) = 0 case for an invariant submanifold € of the
n-dimensional Lorentzian S-Kenmotsu manifold €.

Theorem 5. Let Q be an invariant submanifold of the n-dimensional Lorentzian
B-Kenmotsu manifold Q. If Q <g, R- 0) =0, then Q is a totally geodesic.
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Proof. Let us assume that
Q (9.7t ) (04,05,05,04;61,02) =0,
for all ©1,09,03,04,05,06 € I' (T?), which implies that
((61,02)-7) (011, ©5)©3,05)

+ (R (@1, @2) 'O') (@3, (@4 /\g @5) @6) = 0,
that is,
(1:2(@1, ©2) 'U) (9(05,03) 04 — g(04,03) O5,65)
(38)
+ (R (01,02) - C’) (©3,9(05,06) 04 — g (04,06) O5) = 0.

If we choose ©3 = ©4 = Og = ¢ in (38) and using (1), (2), we have

(39) (7(61,02)0) (1(05)€ +05,6) = 0.
If we use (10) and (24) in (39), we obtain
(40) —B%0 (05,7(01) Oy — 1 (02)O;) = 0.
If we choose ©1 = £ in (40) and by means of (2),(24) , we get
o (05,05) =0.
Thus, the proof is completed. O

Now, we will consider the condition @ (S, R- 0) = 0 for an invariant submanifold

Q of the n-dimensional Lorentzian S-Kenmotsu manifold Q.

Theorem 6. Let Q be an invariant submanifold of the n-dimensional Lorentzian
B-Kenmotsu manifold Q. If Q (S, R a) =0, Q is a totally geodesic.

Proof. The proof of the theorem can be done in a similar way to the proof of the
previous theorem. O

Lemma 1. On an n-dimensional Lorentzian B-Kenmotsu manifold, the Wi -curvature
tensor satisfies the following relations:

(41) Wi (©1,0,)03 = R(O©1,0,) 03 + (niil) [S (©2,03) 01 — 5 (61,03) 0],

(42) Wi (£,02) 03 = —32g(02,03) £ + 2% (03) O + %5 (02,03)¢,

(43)  Wi(01,€) 05 = B2 (01,04)€ — 26%1(85) 1 — — 5 (01,04)¢,

(44) W1 (01,02) ¢ =252 (01) Oz — n(02) 4],

(45) 1 (W1 (01,02)03) = 26°g (1 (02) ©1 — 1 (01) ©2,03).
Let us examine the Q (g,W1-0) = 0 case for an invariant submanifold Q of the
n-dimensional Lorentzian [3-Kenmotsu manifold €.
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Theorem 7. Let (2 be an invariant submanifold of the n-dimensional Lorentzian
B-Kenmotsu manifold Q0. If Q (g, W1 - o) =0, then Q is a totally geodesic.

Proof. We suppose that
Q (g, W1 -0)(04,05,03,06;01,02) =0,
for all ©1,09,03,04,05,06 € T' (T). This means that
(W1 (01,02) - 0) ((04 Ny O5) O3,054)

+ (W1 (01,02) - 0) (03, (04 Ay O5) Og) = 0,
and
) (W1(©1,02)-0)(9(05,03) 04 — g (O4,03) O35, O%)
(46
+ (W1 (01,02) -0) (03,9 (05,06) ©4 — g(04,06) O5) = 0.

If we choose O3 = ©4 = O = £ in (46) and using (2), we have

(47) (W1(©1,02) - 0) (1(O5) €+ O5,£) = 0.
Substituting (24) and (44) in (47), we obtain
(48) —26%0 (05,71 (01) ©2 —1(02) ©1) = 0.
If we choose ©1 = £ in (48) and by virtue of (2),(24), we get
o (05,05) =0.
Thus, the proof is completed. O

Finally, let us examine the @ (S,W; - o) = 0 for an invariant submanifold 2 of
the n-dimensional Lorentzian S-Kenmotsu manifold 2.

Theorem 8. Let Q2 be an invariant submanifold of the n-dimensional Lorentzian
B-Kenmotsu manifold Q. If Q (S, W1 -0) =0, then Q is a totally geodesic.

Proof. Let us assume that
Q (S, W1-0)(04,05,03,06;01,02) =0,
for all ©1,02,03,04,05,0s € T' (TQ) . In this case, we can write
(W1 (01,03) - 0) ((©4 As O5) O3,04)

+ (W1 (@1, @2) . 0') (@3, (@4 /\S @5) @6) = 0,
and
(W1 (©1,02) - 0) (5(05,03) ©4 — S (O4,03) O5, O6)
(49)
+ (Wl (@1, @2) . 0') (@3, S (@5, @6) O,—S (@4, @6) @5) =0.
If we choose ©1 = ©4 = O = ¢ in (49), we have

50) (W1 (£, 02) - 0) (5(05,03)&,£) — 5 (£,03) (W1 (£, 02) - 0) (05,)
50

+5(05,8) (W1 (&§,02) - 0) (03,8) — 5 (£,£) (W1 (£,02) - 0) (O3,05) = 0.
Taking O3 = ¢ in (50), we obtain

(51) 5(£,€) 0 (05, W1 (£,02)§) =0.
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By substituting (28) and (44) into (51), we have
g (@5, @2) =0.
Thus, the proof is completed. O

4. EXAMPLE OF LORENTZIAN S-KENMOTSU MANIFOLDS

Example 1. Let Q = {(t17t27t3) S R3| t3 > O} be a 3-dimensional manifold. The
vector fields

0
— pta
51_6 at27
0 0
— ot _ _
b2 =ev <8t1 + atQ)’
0
53 _ﬂaitg,

are linearly independent at each point of 2, where 8 is a real constant. Let g be the
Lorentzian metric defined by

g(glaé-Q) = 9(51353) = 9(52753) = 0)

9(&1,6) = g(2,62) = —g(&,&) = 1.
Let n be the 1-form defined by
n(X1) =g(X1,8)
for any X1 € x (Q) and ¢ be the (1,1)-tensor field defined by
¢ (&) ==&, 0 (&) =—&,0(&3) =0.
Now using the linearity of ¢ and g, we have
(&) = —1,¢% (X1) = X1 +n(X1) &,

and

9 (X1, 0X2) = g (X1, X2) +1(X1) n(X2),
for all X1,Xs € x (). Let D be the Levi-Civita connection with respect to the
Lorentzian metric g. Then we have

[€1,&2] = 0,[&1, &3] = —BE1, [§2, &3] = —BEe.

By virtue of Kozsul’s formula, we have

D¢, &1 = — P63, D¢ & =0, D¢, &3 = — B¢,
Dﬁzgl = 07 D€2£2 = _B§37 D§2§3 = _ﬂé-Qa
Désgl = 07 D£3£2 = Ov D§3£3 =0.
Now for
X1 =X{& + X764+ XPg
and

52537
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we have
Dx,§ :DX11§1+X352+X§§3§3
(52 — _A[Xl6 + X36]
and
(53) BIXy—n(X1) €] = B [X{& + X{& +2X7&],

where X1, X% and X3 are scalars.
Now using (52), (53) , we have

26 [X1& + Xi& + X7&] = 0.
Since X1& + X326 + X&3 # 0, therefore we have
6=0.

Hence it can be easily see that the structure (Q, ¢, &, 1, 9g) is a Lorentzian 5-Kenmotsu
manifold [16].

5. CONCLUSION

In this study, invariant submanifolds of a Lorentzian S-Kenmotsu Manifold have
been studied. Invariant submanifolds of Lorentzian A-Kenmotsu manifolds are
discussed by using the Tachibana operator. Some important characterizations of
Lorentzian S-Kenmotsu manifolds have been obtained under some special condi-
tions with the help of the Tachibana operator.

Lorentzian geometry has significant applications, particularly in the fields of
general relativity and theoretical physics. Submanifolds are fundamental structures
in differential geometry and have significant applications in various mathematical
and physical fields. The Tachibana operator is an important tool in differential
geometry, particularly in the field of Riemannian geometry. This operator is used
to study various properties of curvature tensors and differential forms.

Given the interesting properties of Lorentzian manifolds and invariant subman-
ifolds, it is evident that the problem addressed in the article is highly significant
with respect to the Tachibana operator.
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