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Normalized solutions for a quasilinear Schrodinger Choquard equation
with exponential critical growth in R?

Abstracts: In this paper, we are concerned with normalized solutions to the following quasilinear
Schrodinger Choquard equation

—Au —uAu? + = (I, * F(u)) f(u), in R?

with prescribed mass
lul? dz = a?,
R2

where a > 0, A € R, € (0,2), I, denotes the Riesz potential, x denotes the convolution opertor, and
the nonlinearity f has an exponential critical growth in the sense of Trudinger-Moser inequality. Using
Perturbation method and variational methods with Pohozaev manifold, we can avoid the nondifferen-
tiability of the quasilinear term uAu? and prove the existence of normalized solutions with some further
assumption.

Keywords: Normalized solutions; Quasilinear Schrodinger equation; Choquard equation; Exponen-
tial critical growth.

1 Introduction

The following generic quasilinear problems have described several physical situations of the form

100 = A = U (W) AL(Y) + f(16*)Y, i R xR,
¥(0,2) = to(2), in R?,

where [, f are given functions, ¢ denotes the imaginary unit, and v : RT x R? — C is a complex real
function. It is well known that when I(s) = /s, problem (1.1) appears in plasma physics and fluid
mechanics [9,19], also in the theory of Heisenberg ferromagnet and in condensed matter theory [15], and
the dynamic properties are closely linked to [ and f. While, in this article, we focus on the particular
case [(s) = s, that is

(1.1)

i = —A¢ — YA([YP) + f([¢1H)e, in RT xR,
w(oax) = wO(x)a in R2.

A stationary wave solution is a solution of the form v (t,z) = e~ u(x), where A € R is a parameter
and u(z) : R? — R is a time-independent function to be founded. Substitute v (t,z) = e~ **u(z) into
(1.2), we obtain the following stationary equation

— Au—ulu® = u+ f(u), in RZ (1.3)

(1.2)
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For some fixed values of \, a nontrivial solution of (1.3) is obtained as a critical point of the functional
Jy : HY2(R?) — R, which is given by

1 1
Ii(u) = Q/RQ \Vu|2dx—|—/R2 Jul?|Vu|* d — 2/R2 Mu|dz — /R2 F(u) dz,

t
where F(t) = / f(s) ds, the primitive function of f(t), on the natural space
0

H= {u c HM(R?): / lul?|Vul|? dz < +oo},
R2

another important way to find the nontrivial solutions for (1.3) is to search for solutions with prescribed
mass, that is

—Au — ulAu? = u+ f(u), in R2
(1.4)
/ lul? dz = a?,
R2

in this case, A € R is part of the unknown. Moreover, it can be obtained by looking for critical points
of the corresponding energy functional:

1
) = ; /R Vul? do + /R 2| Vul? do — /R Plu) da (1.5)

on the L?-sphere
§(a):{u€H: || d:U:aQ},
R2
which has particular difficulties. To derive the Palais-Smale sequence, one needs new variational meth-
ods, because the derived Palais-Smale sequence may not be bounded; even if the Palais-Smale sequence
is bounded, the weak limit may not be contained in the L2-sphere (even in the radical case). Such
difficulties make the study of normalized solutions for (1.4) much more complicated than (1.3) with
prescribed A € R.
One quasilinear term

V(u) ::/ [ul?|Vu|* da
R2

n (1.5) has put forward a new problem: it is not differentiable in the space H. To overcome this
difficulty, during the last ten years, various arguments have been put forward on standing wave solutions,
while very few results are known about equations of the normalized solutions. Using the minimization
methods [18], Nehari manifold approach [10], change variables [4,12] methods, and perturbation method
in a series of paper [11,13,14], that recovers the differentiability by considering a perturbed functional
on a smaller function space, one can obtain the standing wave soulutions but not normalized solution.
To the best of our knowledge, Houwang Li and Wenming Zou [7] discussed the normalized solutions
for quasilinear problem (1.4) with f(u) = |u[P~2u satisfies p > 4+ 4, and a > 0. when N > 3, Li and
Ye [8] determined that there exists at least one weak solution for nonlinear function is the Choquard
term.
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Motivated by the results above, considering that there are few results on normalized solutions for
the quasilinear Schrodinger equation with exponential critical growth, in this paper, we focus on the
system (1.4) discussed before, where a € (0,1), A € R and f has an exponential critical growth. We
recall that in R?, the natural growth restriction on function f is given by the inequality of Trudinger
and Moser [16,24].

In this paper, we assume that f is a continuous function that satisfies the following conditions:

t
(f1) %gr(l) |{t(|7)’ =0, for some 7 > 2 + %;
(f2) f has vp— exponential critical growth, i.e., there exists 79 > 0 such that
; |f(t)‘ . 07 for Y > Y0,
2
[tl—+oo0 €7t +oo, for 0 <y < 0,

(f3) There exists a constant k > 3 + % such that

0 < KkF(t) <tf(t), for all t € R\{0}, where F(t) = /Ot f(s)ds;

(f1) There exist constants o > 3 + % and p > 0 such that
F(t) > plt|?, for all t € R\{0},
Remark 1.1. A typical example satisfying (f1) — (f4) is
F(t) = pltP=2te® |t)2, for p> 3+ % and all ¢ € R.
The organization of this paper is as follows: in Section 2, we state some preliminary lemmas and
perturbation settings. In Section 3, we use the mountain-pass arguments to construct a bounded (P5S5)

sequence. In Section 4, we prove the existence of critical points for perturbation functional. Section 5
is devoted to the proof of Theorem 5.1.

2 Preliminaries

2.1 Noations

1
o Write |ul, := (/ \u|pdw) " with 1 < p < 0.

R2
e Denote H'2?(R?) := {u € L*(R?) | Du € L*(R?)} as the Sobolev space with the norm

%
] = (/ |Vu]2d:1:+/ |u|2da:> .
R2 R2
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e Use “ =7 and “ — ” respectively to denotes the strong and weak convergence in the related function
space.

e Define B} := {x € R? : |z| > R}.

e Use “C1,C9,C5---" denotes any positive constants (possibly different).

e Denote 0,(1) a real sequence with 0,(1) — 0 as n — +o0.

Next, we will introduce the following Gagliardo-Sobolev inequalitity [1]: for any p > 2,
[ulp < Cp|Vul’luly ", Vu€ HY(R?), (2.1)

where

and the following Gagliardo-Nirenberg-type inequality [7]:

p—2

/ P da < C, (/ 2 da:) <4/ 2| Va2 dw) Y Vue HRA(R?). (2.2)
R2 R2 R2

2.2 Preliminary Lemmas

We start our study recalling that by (f1) — (f3) and f(¢) has critical exponential growth at +o0o with
critical exponential 7o, then fix ¢ > 1+ 5, 7 > 2+ g, for any € > 0 and v > g close to 7o, there exists
a constant C' > 0 which depends on € and p such that

IF()] < elt]” + Ceplt]'™ (e —1) forall t €R, (2.3)
and, it is easy to see that

IF(t)] < elt|™™ + Copft]9(e” — 1) for all t € R. (2.4)
Now, we recall the following version of Trudinger-Moser inequality as stated in [3].

Lemma 2.1. (i) If v > 0 and u € H'?(R?), then
/ (67“2 —1)dz < 4o0.
R2

(i) Moreover, if [Vul3 < 1, |u|3 < M < +o0, and 0 < 7y < 4m, then, there exists a constant C > 0
which depends only on M and vy, such that

/ (67“2 —1)dz < Cy .
R2

And the Hardy-Littlewood-Sobolev inequality, see

Lemma 2.2. Let t,r > 1,0 < o < 2, with + + 252+ 1 =2 f € LI/(R?) and g € L"(R?). Then, there
exists a sharp constant C' which depends on t, o, r, such that

/R2(Io¢ * f)gda: S Ct,a,r|f|t‘g‘r-
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According to Lemma 2.2, we arrive at
/ (I * F(u))F(u)dz
R2

is well-defined if F(u) € Lf(R?) for ¢ > 1 given by
2 2-«

= 2.
t+ 2

This implies that we must require
4
F(u) € Lz (R?).

We also need the following inequality, which will be used in the following Lemmas.
(ef =1 <e*—1, fort>1ands>0.

Lemma 2.3. Assume that {u,} C S(a) is bounded and satisfies

2
limsup |V, |3 € <0, @tajm a2> .
Y

n—oo

Then for v > ~o close to o, the sequence {e1** — 1} is bounded in L'(R2) provided t > 1 close to 1.

Proof. Write
B = limsup ||uy| 3.
n—oo

(2+a)m

Yo

B < %. Without loss of generality, we may assume that

Under the assumptions, we have that § € (0, ) Then we can find some 1 > 0 such that

2+ a)r

, VnéeN.
Yo+ 7

lunll3 <
Since v > o close to 7y, we can write it as v = yo+&. Letting t € (1,14+¢&) with £ € (0, min {ﬁ, 1}) ,

we have
lim sup t[un||3 < limsup(1 4 &) (0 + &)|[uall3 < (0 +70)8 < (24 a)7 < 4.
n—oo

n—oo

Noting that g > 0, and by Lemma2.1, we arrive at

n—oo n—oo

lim Sup/ (e'”“"l2 —1)tdz < lim sup/ (em‘“nﬁ —1)dz
R2 R2

2( lun]| 2
:limsup/ (etwu"l‘ (”"n”> — 1)dx
R2

n—oo

< H-00.
The Lemma is finished. 0
Corollary 2.1. Assume that u, — ug weakly in S(a) and limsup |V (u, — up)|3 < @ — a?. Then
for v > vy close to vy, we have that {67‘“"'2 — 1} is bounded :;IO;(RQ) provided t > 1 close to 1.



UNDER PEER REVI EW

Proof. We just need to prove that when n large enough, for v > 9 and ¢ > 1 close to 1, it still holds

lim sup ty||[u, — uol|3 < 47. (2.5)

n—oo

Let v, = u,, — ug. By choosing w > 0 small enough, there exists some C,, > 0 such that

/ (ev\unIQ — 1idx < / (etv\unIQ —1)dx
R2

R2
:/ (efrlontuol® _ 1)y
RQ

< / (e(1+w)t'y|vn\2+cwt’7‘uo|2 _ 1)d$
R2

— / (e(l—i-w)tﬂvn\z _ 1)(€th’7|u0\2 _ 1)d$ _|_/
R2

@)t onl? g o / Cotrluol® gy _ o
R2

R2
=1+ 1+ 1T+ 1V.

By choosing r > 1 close to 1, according to (2.5), Lemma2.1 and the Holder inequality, there exists
some C' > 0 independent of n such that

Fim [ (il el — 1)
R2

1 1
< Atw)tylonl _ yrge | T / Cotyluol® _ 1)y ¢ r!
<([Le rae)” ([ e ) d
<C,
= / el g < ¢
R2 -
HI::/ eCutrlwl® gy <
R?
where 1’ = 5. Hence, {e7lun> — 1} is bounded in Lf(R2) O

Lemma 2.4. Assume that {u,} C S(a) such that u, — ug weakly in H:AZ(RQ) N S(a) and

2+« 9

lim sup |Vul3 < a“. (2.6)

n—oo

then we arrive at
un|2(e15 = 1) 5 Juf9(e?™l” — 1) in LH(R?)

Proof. Setting
hn(«fﬂ) = 6’7‘%"2_1.
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By (2.6) and Lemma 2.5, we have {h,} is a bounded sequence in Lt(R2)2. By up — up in H rlc’il(RQ), we
know that u, — u a.e. in R2. Thus, we obtain h,(z) = elunl"=1 — v~ 3 ¢ in R2. Then, we have

hy = h=e’=1 ip LH(R?). (2.7)

Now we show that
[un|? = |u|?  in It (]R2), (2.8)

where ¢’ = -X5. Then by the embedding H, jﬁl(Rz) < L% (R2) is compact, we have
up = u LI (R?).
Thus, we get (2.8). Together (2.7) with (2.8), we know
| 9(eM1 1 = 1) = |u|?(e?* — 1)in  L'(R?).

Then, the proof is complete.

Corollary 2.2. Assume that (f1) — (f3) hold, let {u,} C S(a)N HTI(;Z(R2) with

2
lim sup |Vuy, |3 < @ram a?.
n—oo

If up — win H:&Z(RQ) and up(z) = u(x) a.e. in R, then

/]R2 (I * F(up)) f(un)pdr — . (I * F(u)) f(u)pdx, asn — oo,

for any ¢ € C§°(R?).
Proof. First, we claim that I, * F(u,) belongs to L>®(R?), indeed, by (2.4), we have
P (un)] < elun| ™ + Kelun|?(e7 " — 1),

Then

| Iy * F(up)| =

/}R LF(un)dx

2 |z —yl>

Ao A,
= / 5 F'(un)dx / 5 F(un)dx
lz—y|<1 ’$ - y| @ lz—y|>1 |IL‘ — y|

= N =
eoyl<t o=yl la—y|<1 |z —y[>~e e—y>1 (2 —y)2

+ K.

+/ Kefun[?(e7 1 — 1)da
lz—y[>1

=1+ 11+ 1IT+1V.
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Choose o € ( by the Holder inequality, we get

a’2+a)

T+1
I: :/ 714&6‘””’ dzx
|

z—y|<1 |£E - y|27o¢

< Age </ | |7V ”dx)
lz—y|<1

< (1.

1

1 ol
———dx
</|z—y|§1 |J? - y|(27a)cr/ >

alm

WKy, |1 (e — 1
II::/ AaKefun[!(e ) o
lz—y|<1

< |z —y[>
1 1
, to 5 t
< CALK, / |un\q‘7t dx / (67‘7”“”‘ — 1)dx
lz—y|<1 lz—y|<1
< (Cs.
Choose 6 — 0T, st : q15 = w# > 2, and t > 1 close to 1, by the Holder inequality, we get
=5 =3
A T4+1 1 2+ T+
117 ::/ %dw < Aue / e / |t |10 dx
e—y>1 (T —Y) e—yl<1 |7 =y lo—y|<1
< 035
1 1
2 / v 2 ¢
1V = K. |up)? (e — 1)de < K. / |t |7 da / (eDwnl® — 1) da
lz—y[>1 lz—y|<1 lz—y|<1
< C4)

where 0/ =2 — 1, t' = This prove the claim.

=g
Hence, for any ¢ € C5°(R?), we have

T _ wn |2
(e F () f ()] < C £ ()] 16] < elun| 16| + Clun|3~ |70 = 1),
Let U= supp¢. Then, by Lemma2.4, we obtain
/ [un|"|P|lde — / |u|"|p|dx, asn — oo,
U U

and

[l =)z = [ ol <1, asn - o
U U

Now, applying a variant of the Lebesgue dominated convergence theorem, we can deduce that

/ (Lo % F(up)) f(up)ddx — / (I *x F(u)) f(u)pdz, asn — oo.
R2 R2

which completes the proof.
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Corollary 2.3. Assume that (f1) — (f3) hold, let {u,} C S(a) N H"2(R2) with

rad

2
lim sup |Vu,|3 < @ra)r a’.
n—oo

If up — w in H-2(R?) and up(z) — u(z) a.c. in R, then

rad

/ (L% Fun)) Flup)de — | (Lo * F(u)) F(u)da,
]R2 RQ
and

/ (Lo * F(uy)) f(un)u, de — (Lo * F(u)) f(u)udz.
R2 R2

Proof. From Corollary2.2, we know
| 1o % F(up)| < C.

By (2.4), we have
2
|F (un)| < elun|™" + Kelun|?(e1 7 —1).

where v > vy, 7 > 2+ %,q > 1+ 5. Hence, we have
(I F () F (un)| < CIF ()] < elun| ™ + Clug| (e — 1),
By the compact embedding H:i(]l@) < LP(R?) for p > 2, we have
u, —u in LP(R?).

Now, applying a variant of the Lesbesgue dominated convergence theorem, we can deduce that

/ (I * F(uy)) F(uy)dz — (I x F(u)) F(u)dx, asn — co.
R2 R?

A similar argument works to show that

/R2 (I * F(up)) f(un)u, doe — (I * F(u)) f(u)udz, asn — oo.

R2
O
2.3 Perturbation setting
In order to recover the differentiability, we define for n € (0, 1],
4@p—”/;mﬁm+nw
0 Jr2
1 2 2 2 1
=— [ |Vulde+ | |ul*|Vu|*de — = [ (lo*F(u))F(u)dx (2.9)
2 R2 R2 2 R2

on the space O := H“Y(R?)(N H“?(R?), for some fixed 6, satisfying 2 < § < 3. Then O is a reflexive
Banach space, and by the Hardy-Littlewood-Sobolev inequality and [7, Lemma A.1], we can know that
I, € C'(0). We will consider I, on the constraint

S(a) = {u €0: . lu?dx = a2} : (2.10)
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Recalling the L?-norm preserved transform [6] H : H"?(R?) x R — R and
H(u, s)(z) = e’u(e’x).

Then, we have

1
I,(H(u,s)) := 262(0_1)8 . \Vul’dx 4 e /R2 ul?|Vu|?dz + §GQS /11%2 |Vu|*dz

- m /RQ (In * F(e’u)) F(eu)dz. (2.11)
We define
Py(u) = ooy (H(n, )
_ 7,2(9;1) /R Vul’de + 4/]&2 2| Vuda + /R Vudz + 2E° /R (I + F(u) F(u)da
(2.12)
- [, o P fw)uda, (2.13)

and P, € C*(0), then we define a manifold
Py(a) :={u € S(a) : Py(u) =0}. (2.14)
We have the following results.

Lemma 2.5. Any critical point u of Iy|s(,) is contained in Py(a).

Proof. By [2, Lemma 3], there exists a A € R such that
! : *
L(u)+A =0 in O (2.15)
On the one hand, using (2.15), we obtain
77/ |Vl dx + 4/ |ul?|Vu|*dx +/ |Vu|?dz + )\/ lu|?dx — 2/ (I * F(u)) f(uw)udx = 0. (2.16)
R2 R2 R2 R2 R2

On the other hand, testing (2.15), we obtain

- «Q
7772 /R2 (Vu|lde — ;)\/I:QQ lul?dx + 21‘ /RQ(IQ * F(u))F (u)dz + % /R?(Ia « F(u)f(u)u = 0. (2.17)

Combining (2.16) and (2.17), we can get P,(u) =0, so u € Py(a). O

Lemma 2.6. The following statements hold: if sup,~; I(un) < +00 for u, € Py(a), then

sup max {77/ |Vun|9dx,/ |un\2]Vun]2dx,/ |Vun|2d:1:} < H00.
TLZl R2 R2 R2

10
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Proof. For any u € P,(a), exists z € R with 55— <z < 1, k >3+ 2, by (f3) we have

Iy(u) = Iy(u) — 2Py (u)
=201 L iwulde s —a2) [ PVl + (55 [ Ve

_ W)ZH/RZ(IQ*F(U))F(U)dahLZ/ (fo# F (u) ) F (u)da

2 R2
1-2(0—-1)z 24+ a)z+1

> (20— /RQ IVl + (1 - 42) /RQ uP(vupdr - (2020 /RZ(Ia « F(u))F(u)da

+ kz /Rz(ja x F'(u))F(u)dx

1-2(60-1 1-2
_ ,7((0)2)/ Vullda + (1 — 4z)/ (2| Vul2dz + ( z)/ Vul?dz
R2 R2 R2
2 1
+ (k:z _ ((“‘)”)> / (L  F(u))F(u)dz
2 R2
As for ﬂ >0,1—4z>0, 1_22Z >0, kz — ((2+0‘2)Z+1) > 0, so the conclusion has finished. O]

3 The minimax approach

In this section, we will prove that I,(#(u, s)) on S(a) x R possesses a kind of mountain-pass geometrical
structure.

Lemma 3.1. For any 0 <n <1 and u € S(a) be arbitrary but fired, the following statements hold:
(i) |[VH(u,s)|2 = 0" and L,(H(u,s)) = 0T as s — —oo;
(i) |VH(u,s)|2 = 400 and I,(H(u,s)) = —oo as s — 400.

Proof. By a straightforward calculation, it follows that

[H(u, s)(x)|*dzx = a?, / |H(u, s)(z)| de = e(g_Q)S/ |u(z)|*dx  for all ¢ > 2,
R? R2 R2

|V7—[(u,s)(m)\2daz:ez‘9/ |Vu(a;)|2dx, / |VH(u, s)(m)\edm:e(%Q)S/ ]Vu(:z:)\odx,
R2 R2 R2 R2

[, ) @) PIVH ) @Pde = | u() Vu(o)Pda.
From the above equal]lfties, fixing ¢ > 2, as s = —o0, it followﬂj that
|H(u, s)]c — 0", |VH(u,s)|3 =0T, |VH(u, 5)|g — 0T, /R? |H (u, s)|*|VH(u, s)|*dz — 0.
By (2.4), we have
|[F(H(u,9))| < e[H(u, ) + Ko H(u, 5)|7(H0F — 1), (3.1)

For all v||H(u, s)||> < (2 + a)7, by Lemma2.1, we have

u,s 2
/ (67|7‘l(“75)|2 B 1) dr — / <€7||H(u,s)||2(lzgu,s§|) _ 1> dx < C.
R2 R?

11
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Hence, using Hardy-Littlewood-Sobolev inequality, Minkowski inequality and the Hélder's inequality,
we deduce that

24«

2t+a
([ ruspean) < ([ Emtu ol e + Koyt e - jtea )
R2 R2

2+a

4(T+1) 4

< (/ e|H(u, s)| e dx)
R2

24a

24a
+ K., </ |H (u, S)’2+ad:c> " (/ e%m(“’S)P — 1da:> B )
RQ

where ¢,t' > 1 satisfying % + ?1' = 1. Then, there exists t > 1 close to 1 such that

ty|[H(u, s)||* < (2 + ),
which implies that

24«

(/ e%m(u,s)P _ 1d$> o <C.
R2

(3.2)
Note that, by (3.2) and the Holder's inequality, we arrive at

/R2 (Lo % F(H(u, 5))) F(H(u, s)de < |F(H(u,s))|_a_[F(H(u,s))|_a_

24«

+a
X 2
< (=MoL + O, )
2Fa 2+a
Thus, we conclude that
, 2
T T+l dgt 42
/ (I * F(H(u,s))) F(H(u, s)dx < (56 > Sl Ly, FCe m Py 4qt,> )
R2 T24a 2+a
And then, we have
I (H(u,5)) > T~ 1>8/ Vulldz + 643/ (2| Vul2da + / Vul?dz
1

_ (2+a)s/ (I * F(e®u))F(e’u)dx

2e
1
> 1 2(0- 1)5/ |V dm—i—e“/ |u|2|Vu]2dm+628/ |Vu|>dz
9 2 2 R2
=1,

2
t' —4—2a)
8|uyi;<t1ﬂ) e )
24«
77,1 ))

"U/| 4qt’
24«

Thus, by 7 > 2+ §,¢ > 1+ 5, we know that

Li(H(u,s)) — 0t as s — —oo,

12
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and
Ija(H(u,s)) = —oc0 as s — +o00.

On the other hand, we define
g9(z) = / (I * F(2))F(2)dz,
R2

by (2.11),
1
I, (H(u, s)) :== 1 e2(0-1)s \Vul®dz + 648/ ul?|Vu|?dx + 623/ |Vu|*dx
0 R2 R2 2 R2
1 S S
~ SoEras /R2 (I * F(e’u)) F(e’u)dz.
Set ;
u
w(t) = g(77):
[lul]
where t = €°. By f(3), we know
w'(t) _ 2k
>
w(t) — t

then, by integral operation, we obtain

u k 3
g(tu) Zg(m)s2 [Juuf %%

Therefore, we have

L,(H(u,s)) < Cse* + Coe?V71% 4 Crets — OgePh=(21a)s
= Lo (H(u,s))

Thus, by 2 < 2(0 — 1) < 4 < 2k — (2+ «), we know that
Lo(H(u,s)) — 0t as s— —oo,

and
I o(H(u,s)) = —oc0 as s — +o0.

Moreover, the inequality below also yields that
L(H(u,s)) = 0" as s— —oo,

I,(H(u,s)) = —o0 as s — 4o00.

To recover the compactness, we shall study I, on the radial space:

Sy(a) == S(a)N Oy, O, :=H? (R*)n H?

rad rad

(R?).

13
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Lemma 3.2. There exists K(a,u) > 0 small enough such that

0 < sup Iy(u) < inf I, (u)
ucA ueB

with
A= {u € S ( / |Vul dx+/ ul?|Vu| dm+/ \Vul|?dz < K(a, ,u)}

and

B= {u € S ( / |Vul d:v+/ ul?|Vu| d:v—l—/ |Vu|*dz = 3K(a, u)}
Moreover, K(a,p) — 0 when p — oo.

Proof. Firstly, for u € A, and v € B, we have the following estimations

g/ \Vu|9da:+/ \u|2\Vu|2dx—i—1/ \Vu|*dx
R2
<max{ } / |Vl dx+/ |u|?|Vul d:n—i—/ ]Vu\de

<K(a, p),

1
’97/ \Vv]edx—k/ |v\2|vv|2dx+/ \Vo[2dz
R2

>m1n{ } / |Vl dx—i—/ v|?| V| dw—i—/ |Vvl? dm

:gmmu»

and

Now, let K(a, ) < % — % Thus, we have

2+a)m
—

[[o]]* = [Vol3 + |vl3 < 3K(a, p) +a® <

Then, similar as Lemmagd.1, we obatin

2
[ o Fo)Fwde < (<hlifhy + Ol )

24« 24«

+1
< el 3Tt + Clo’,

24« 24«

where 7 > 2+ §,¢ > 1+ §. By the Gagliardo-Sobolev inequality(2.1), we have

2qt —2—a 24a

/ (I * F(v))F(v)dz < C|Vu|Z a5 +C|Vul, ¢ a2 .
R2

From (f3), we have (I * F(u))F(u) > 0 for any u € H"*(R), then, we have
1
I,(v) — I(u) > (”/ Vo|da +/ 0] Vo[ 2dz + / ]Vv|2dx)
9 R2 R2 2 R2

14
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( / |Vu]0da:+/ [ul?|Vu|?dz + = / |Vu)? da: —1/ (Io * F(v))F (v)dx
> (o, ) — K(a, p) — O (Kla, 1)) 5 a5 = € (K(a, ) 5= a5
= 2T K0 — € (K, )5 = 0 (K, )+

2qt’ —

t' 2 > 1 and 3 9 >0, fixing

Since 7> 2+ 5,2 <60 <3 and ¢ > 0 with

K(a, 1s) = min @tar  a [3-0|7 @ [3-6|meara
e 3 3 | 0 e ,

and so,

3—10
Iy(v) = Iy(u) > ?OK(G,M) >0,

which shows the desired result. Finally, in order to prove the limit K(a,p) — 0 when pu — oo, fix
up € Sp(a) with 77/ \Vu0|9dx+/ |u0|2|Vu0|2d:c+/ |Vug|?dz < K(a, 1r). Then, (f4) together with
R2 R2 R2

Lemma3.1 ensure that

2
% /]RQ(Ia * Jug|”)ug|”dr < /RQ(IQ x F'(ug))F(up)dx < C‘UOMJE) + Cluo|™ oy

24« 24«

Therefore, we must have C' — co when p — 0o, and so C' — oo when p — co. This limit together with
(3.6) show that K(a,pu) — 0 when p — oo. O

Similar discussion as the last Lemma, we have the following Corollary.

Corollary 3.1. For K(a,p) > 0 given in (3.6), there holds that I,(u) > 0, for all u € S,(a) with
77/ |Vu9dw+/ |u]2|Vu]2da:+/ |Vu|*dz < K(a, 1). Moreover,
R2 R2 R2

K
=inf {In(u) :u € Sp(a)and 77/ V|’ da +/ ul?|Vul|*dx —l—/ |Vul|*dz = w} > 0.
R2 R2 R2 3

Proof. By Lemmagd.1 and the Gagliardo-Nirenberg-type inequality, we have

1 1
I(u) = 77/ \Vul|®dz +/ lul?|Vu|?dz + / |Vu|*dx — / (I * F(u))F(u)dx
0 R2 R2 2 R2 2 R2
27—«
1
> 77/ \Vul®dx —I—/ lul?|Vul>da + / |Vu|?dx — C </ \u|2\Vu|2d:U>
0 R2 R2 2 R2 R2

2qt'—2—a
at’
_¢ </ m?yw?m) ,
RQ

where 222 > 1 and 29t~ 2t, 2 > 1. For any u € 0A(K(a, i), a),

OA(K(a, 1), a) = {UES / |Vu]9da:+/ | |Vu]2dx+/ Vul2dz = K(a, u)}

15
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For a smaller 0 < p < K(a, ), we can get

2T—«
1
inf I,(u) > 77/ \Vu|’dz —I—/ |ul?|Vu|?dz + / \Vu|?dz — C </ ]u|2]Vu|2d:U>
dA(pa) 0 Jr2 R2 2 Jr2 R2
2qt/—2—a
9 9 at’

-C |ul*|Vu|“dz ,

R2

1
> ’7/ |Vu]9dx+/ |Vu|2dx+C’/ uf?|Vu|2da
0 Jre 2 Jr2 R2
> Cp >0,
for K(a,p) > 0 small enough. the proof is completed. O

In what follows, we fix uy € S.(a) and apply Lemma 3.1, Lemma 3.2 and Corollary 3.1 to get
two numbers s; = s1(ug,a,p) < 0, and sy = sa(up,a, ) > 0, the functions wy, = H(ug,s1) and
ug,, = H(uo, s2) satisfy

Ki
77/ \Vu17uledx+/ |u17M]2|Vu1,M|2dx+/ |Vu1,u|2da:< (a, 1) with  Ip(ui,) >0,
R2 RQ RQ 3

and

77/ |V'U/2“u‘9d$+/ |z, Vuz,, de—l—/ \Vus |de > 3K(a, ) with  L(uz,) < 0.
R? R2 R2

Now, following the idea from Jeanjean [6], we fix the following mountain pass level given by

Yu(a) := inf max Iy (h(t)),

where

I = {heC(0,1],5(a)) : 77/RQ Vh(0)d + /R [R(O)*IVA(0)*dx + /R [Vh(0)Pde < K(Z’ 9,

I,(h(1)) < 0}.

From Corollary 3.1, there exists tg € (0,1) such that

imax Iy(h(t)) = Iy(h(to)) = I}" > 0,

where ];* was given in Corollary 3.1. Then we obtain that
)= I >0

Lemma 3.3. There holds lim,_, 4 v,(a) = 0.

Proof. In what follows, we set the path ho(t) = H(up, (1 —t)s1 +ts2) € I'. Then, by (f1),

Yu(a) < max I, (ho(t))

T t€o,1]
1
< max { 2 yVho(t)y9dx+/ yVho(t)y2dx+/ |ho (1) 2|V ho(t)|*dx
tef0,1] (0 Jr2 2 Jr2 R?

16
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2
= [ a0l It |

1
= max 777“20_2/ ]Vu0|9dx+r2/ |Vuo\2dx+r4/ luo|?| Vuo|*dx:
t€[0,1] 0 R2 2 R2 R2

%
—r20(2+°‘)/ (Lo * |uol?) \uol"dw}
2 2

= max go(r),
tmﬂ%U

where 7 := e(17Ds1+t52 Cage 1. If 0 < r < 1, we have

11
go(7) <r’max< =, =1 77/ |Vu0|9dx+/ |Vu0|2dx+/ |u0|2|Vu0|2d:U
9 2 R2 R2 R2

12
B T20(2+a)/ (I, * |ug|?) |uo|” dx
2 R2

=r? (77/ ]Vu0|9dx+/ ]VuOIde—i-/ ]uOIZ\Vu()de>
R? R? R?

MQ
. T2U(2+a)/ (-[a * |U0‘U) |uO|0d$
2 R?

= g1(r).

It is not difficult to check that g; has a unique critical point 7 on (0, +00), which is a global maximum
point at positive level.

4 <77/ |Vu0|9dx+/ |Vu0|2dx+/ |u0|2|Vu0]2d:1:>
~ R2 R2 R2

- >0,
220 = (2+ a)) Jgo (Ja * [uol”) |uo|7dz

and so,

1 20—4—«
Yula) <C <) —0, as pu— +oo.
I

Case 2. If r > 1, we have

go(r) <yt (n/ Vu0|9dx+/ |Vu02d:v+/ |u0]2|Vu0|2da:>
R2 R2 R2

2
— Mrz"_(2+o‘)/ (Lo * |uol|?) |up|? dx.
2 R2

Discussed as before, we have

1)\ 20—-6—«a
Yula) <C <> —0, as pu— +oo.
1
Hence,
2 2
1\ 20—4—«a 1)\ 20-6—«
Yula) <min< C <> ,C () —0, as p— +oo,
[ 7
for some C' > 0 (possibly different) that do not depend on u > 0. O

17
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To find a Palais-Smale sequence, we consider an auxilary functional

I)(s,u) = I,(H(u,s)) = I,(h(t)) : R x S.(a) = R. (3.7)

Notice that ffn is of class C'!, by the symmetric critical point principle [17], a Palais-Smale sequence for
I |rx S,(a) 18 also a Palais-Smale sequence for I;|gy g(q)- Denoting the closed sublevel set by

Iy ={u € S(a) : I(u) <c},
we also define

op(a) ;= inf max I,(h(t)),

her, te(0.1]
where
= {fi= (1n8) € CO0 LR S (@) [ 9500 do+ [ 1BOPIVEOFde+ [ [950)Fda
< 1 (500)) <0.9(0) = 09(1) = 0.,

Obviously, it holds that o, (a) = v.(a).

The same discussed as in [7, Lemma 3.6], taking a minimizing sequence {h, = (0,3,)} C I';, with
Bn > 0 a.e.in R?, there exists a Palais-Smale sequence {(s,,w,)} C R x S,(a) for }nlkxgr(a) at level
on(a). Let u, = H(wny, sn), we have

— Aty — up AuZ + Mty = (Iy * F(un))F(un) + 0,(1),  in OF, (3.8)
I(up) = oy(a) =yu(a), as n — 4oo,
with the additional property that
|sn| + disto(wn, Bn([0,1])) — 0, as n — oo,
Moreover, for some sequence {\,} C R, and

2(60 —1
Pyl =20 >/RQ ]Vunledx—i—AL/RQ ]unIQ\Vunde—i—/RQ]Vunlzdx

+ 2+« /R?(Ia x F(up))F(up)dx — /RQ(IQ s F(up)) f (un )undz

—0, as n— +4oo. (3.9)

From Lemma 2.6, we know that {u,} is bounded in O,, and so, the number ), must satisfy the equality
below

1

A = — {—17/ |Vun|9d:1: — 4/ |t |2 Vg | da —/ |V, |*dz +/ (I * F(un))f(un)undx}+on(1).
a R2 R2 R2 R2

Lemma 3.4. There holds

lim sup/ (Lo * F(up))F (up)dz <
R2 k

n——+o0o _3_%

Yu(a).

18



UNDER PEER REVI EW

Proof. Using the fact that I(u,) = vyu(a) + on(1) and P,(uy) = 0,(1), it follows that
20
n

4
ra / Vun|’dz + (6 + a) / |un ||V |*dx + tta / |V, |2dx — / (I, % F(up))F (up)dzx
0 R2 R2 2 R2 R2
= 2+ a)ula) +on(1).
Moreover, by I(uyn) = yu(a) 4+ on(1), we have

: ; s /Rz(la * F(Un))F(Un)diE + (6 + Oé)’y#(a) + On(l)

6 6
0 +O‘/ |vun|9da:+(6+a)/ |un|2]Vun]2dx++a/ IV, 2da
0 R2 R2 2 R2

2(0 4
zn(ﬂ‘)/ \Vun\ed:c+(6+a)/ \un\QIVunIde—i—M/ R
0 R2 R2 2 R2

_ /RQ(IQ & F(un)) f (n)tnda + (2 + @)yu(a) + on(1).

As k>34 5,2 <6 <3 and (f3), we have that

4
lim su I * F(up))F(up)de < —————<vu(a).
s [ (o Fl) e < (@

Lemma 3.5. The sequence {u,} satisfies
k—1-%
lim sup (77/ |Vun|9d$—|—/ |un\2|Vun|2dx+/ Vunde> <O(———2)yu(a).
n——+oo R2 R2 R2 k: - 3 - 5
Hence, there exists p* > 0 such that
2
lim sup (n/ |Vun|0dac+/ un|2|Vun|2d:B+/ |Vun|2da:> < (Cha —a?® for Vu>pt.
n—r+o00 R2 R2 R2 70
Proof. Since I)(un) = vu(a) + 0,(1), we have
lim sup/ (In * F(up))F (up)dx + 27y,(a) + on(1)
n—+oo JR2
2
= 17/ |V, |?de + 2/ |t |? |V, | 2da +/ |V, |*dx
0 R2 R2 R2
2
> — <77/ |Vun|6dx+/ |un|2|Vun|2d:L"—|—/ |Vun|2dx>.
0 R2 R2 R2
Therefore, by Lemma 3.4, we have
k—1-%
lim sup <77/ |Vun|9dx+/ |un|2|Vun|2da:+/ Vunde> <O(———2)yu(a).
n—-+oo R2 R2 R2 k - 3 - 5
By Lemma 3.3, we can directly obtain the second inequality, the prove is complete. O
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Lemma 3.6. Fiz p > p*, where u* is given in Lemma 3.5. Then, {\,} is a bounded sequence with

80(k—1—-%)+2(2+ )
ey )

limsup |\, | <
n——+00

and
2
liminf A, > ra liminf [ (Iy * F(uy))F(uy,)dz.

n——4o00 2a2 n—+too R2

Proof. From Lemma 2.6 and Lemma 3.5, we know that {u,} is bounded in O,, and the boundedness
of {uy,} yields that {\,} is bounded, indeed

)\n]un@:—n/ |Vun|0d:z—4/ |un|2|Vun|2da:—/ |Vun|2d1‘+/ (Lo * F(up)) f (up)updx 4+ op(1),
R2 R2 R2 R2

2

as for |u,|3 = a?, we have

)\na2:77/ ]Vun]‘gdxél/ \un2|Vun|2dx/ ]Vun]2d1:+/ (I, % F(up)) f (up)updx + o, (1).
R2 R2 R2 R2

(3.10)
Hence,

Anla? gn/2 Vun9d$+4/2 |un\2|Vun|2da:+/2 ]Vun]2d1:+/2(1a*F(un))f(un)undx+on(1).
R R R R

The limit (3.9) together with Lemma 3.4 and Lemma 3.5 ensure that the sequence {/ (I * F(un))f(un)unda:}
R

2
is bounded, because

n—-+00

2
< lim sup [4 (n/ ]Vunled:c—k/ |un|2]Vun]2dx—l—/ \Vun\de> + +a/ (Ia*F(un))F(un)daz}
R2 R2 2 R2

n—+o0o
80(k —1—2)+2(2+a)
< Yula)-
k—3-9

lim sup /RQ(Ia « F(up)) f(up)undz

which concludes that {\,,} is a bounded sequence with

80(k—1—-9)4+22+«
(g ) o

limsup |\, | <
n——+o0o

In order to proof the second equality, the equality (3.10) together with the limit (3.9) lead to

a2:—77/ |Vun|9dac—4/ ]un|2\Vun\2d:r—/ |Vun|2dx+/ (Lo * F(up)) f (up)updx
R2 R2 R2 R2

+ on(1)
4/ |un|2|Vun|2dm - / |Vun|2da: + / (I * F(up)) f (un)upde
R2 R2 R2
+ op(1)
2
_ +O‘/ (L % F () F(un)dz + op(1),
2 R2
showing the desired result. O
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For fixed n € (0, 1] and Yu > p*, from Lemma 3.5, we can conclude that

2
lim sup |Vu, |3 < ChaLugs a’.
n—+00 0

According to Corollary 2.3, we deduce that

lim (Lo % F(up)) f(upn)upde = / (In * F(up)) f(un)upde

n—-4o00 R2 R2

and
i [ (L% F(un)) F () dz = / (Lo # F(uy))F(u)da,

n—+00 Jp2 R2
where u, — u, in H} ’2(R2). The last limit implies that u, # 0, because otherwise, by Corollary 2.3

and the limit equation (3.9), we have

lim (I * F(up))F(up)dz = lim (Lo * F(upn)) f (up)updx = 0,

n—-+4oo R2 n—-+4oo R2

and by Lemma 3.6, we derive that

2
liminf A\, > +a

n——+0oo a2

/ (L + F(un)) F(up)dz = 0.
R2

Thus, we have A, > 0. Since {u,} is bounded in H}*(R2). Corollary 2.3 together with (f1) and (f2)
and the following equality

/\n\un]%:—n/ |Vun|9dx—4/ ]un|2|Vun|2d$—/ |Vun|2dx+/ (I, * F(un)) f (up)updx
R2 R2 R2 R2

+ on(1),

leads to
Apa? = —77/ |V, |?dx — 4/ |t ||V |2 dz — / |V, [*dz + 0,(1).
R2 R2 R2

From this, one has

0 > —liminf \,a”® = lim sup(—\,)a?

n—+oo n—+00

= lim sup <n/ |Vun|6d1‘+4/ |un|2Vun2dx+/ |Vun|2d:n>
n—+00 R2 R2 R2

> lim inf <n/ |Vun|9da:+4/ |un|2|Vun|2dx—|—/ |Vun|2d:n>
n—-+0oo R2 R2 R2

>0,

then, we obtain that
0 2 2 2
77/ |V, dx—|—4/ [t || V| da:+/ |Vu,|“dz — 0,
R2 R2 R2
and this is impossible, because v, (a) > 0.
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4  Critical points of I,|g(

The above analysis ensure that the weak limit u of {u,} is nontrivial. Moreover, the equality

+ o

2
liminf A, > ——=liminf [ (o * F'(un))F(uy)dx
n—+00 a“ n—+oo Jp2

ensures that

9
lim inf \, — =2
n—-+oo 2&2

/RQ(IQ ¥ F(uy))F(uy)da > 0.

From this, going up to subsequence, still denoted by {\,}, we can assume that
An = Ay >0, as n— +oo.

Since {uy,} is bounded, we have

I,;(un) + AMup — 0 in O
Then, from [7, Lemma A.2], we have
L (up) + Ajuy = 0, (4.1)

testing (4.1) with = - Vu,, and u,, we obtain P, (u,) = 0. It follows that

Pafun) + [ U Flwn) e = 25 [l Flun) F(un)do
— Pp(uy) + /R2 (In * F(up)) f (un)upde — 2+a /Rz(ja * F(up))F(uy)d.

Then using the weak lower semicontinuous property, see [5, Lemma 4.3], there must be

-1 —1
772(0)/ ]Vunledx%nz(e)/ \Vu,|?de, (4.2)
9 R2 0 R2
/ |Vt Pl %/ g 2|Vt 2, (4.3)
R2 R2
/ |V, |?de — / |V, |2dz. (4.4)
R2 R2

That gives I (uy,) = limy,— 4o I;(un) = vu(a). Moreover, from (4.2)—(4.4), we obtain

/

I () [un) = T () [u). (4.5)

Thus combining (4.5) with (4.1), there holds A,|us|3 — Ayuyl3. Since A, > 0, the last limit implies
that u, — u, in O, implying that |u,|3 = a?.
Based on the above preliminary works, we conclude that

Theorem 4.1. For any fized n € (0, 1], there exists a u, € O, \ {0} and a A\, € R such that
I'n(uy) + My = 0,

Iy(uy) = yu(a),  Py(uy) =0,

|u,7|§ =a’.

22



UNDER PEER REVI EW

5 Proof of Theorem 5.1

By Theorem 4.1, we can take

N — 07T, 177/71 (tn,) = Agptiy, =0, and I, (uy,) = d*(a) := liII(l)+ Yu(a) € (0, +00),
Nn—

for u,, € S.(a) with |u,,|3 = a?, then Lemma 3.6 implies that ),, < 0. Now Theorem 4.1 gives that
there exists v # 0,v € Hifd(R2) N L*®(R?), and g € R such that

’

I'(v) = Xv=0, Iv)=d(a), and |v]3=a’

That is, v is a nontrivial radial solution of (1.4).
Our main result is as follows:

Theorem 5.1. Assume that f satisfies (f1) — (f1). If a® < (24;7?)”7 then there ezists u* = p*(a) > 0

such that problem (1.4) admits a couple of normalized soluition (uq, \a) € H*?(R?) xR of weak solution,
Uq 18 a radially symmetric function, and N\, < 0 for all p > p*.
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