A special class of repeated-root constacyclic codes

Abstract

Let Fy be a finite field with g elements where ¢ be a prime power. Among the classes of con-
stacyclic codes of length 5¢p® over F, we define an equivalence relation such that the classes of
constacyclic codes which have the same structure are viewed to be equivalent. In this paper we
classify the classes of constacyclic codes of length 5¢ and give the explicit generator polynomials of
all the constacyclic codes and their dual codes.
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1 Introduction

Constacyclic codes were first introduced by Berlekamp in 1968 [3]. Repeated-root constacyclic codes
were first introduced by [4] and [17]. In recent decades, Many authors have studied the repeated-root
constacyclic codes. The length of a constacyclic codes is an important metric for a constacyclic codes,
to determine the generator polynomials of all constacyclic codes of arbitrary length over finite fields is
an important problem. Dinh [8, 9, 10, 11] has studied repeated-root constacyclic codes of lengths 2p®,
3p*, 4p® and 6p°. In [7, 5], Chen et al. classify constacyclic codes over F,,. Literature [1, 14, 15, 2] have
investigated the structure of constacyclic codes of different lengths respectively. [16] give the explicit
generator polynomials of all the constacyclic codes of length p;p3p® over F, and their dual codes.

In this paper, We classify the classes of constacyclic codes of length 5/p® over I, into some equivalence
classes and give the explicit generator polynomials for different equivalence classes.

This paper is organized as follows. In Section 2 we give a brief background on constacyclic codes
over finite fields. In Section 3 we give the explicite g-cyclotomic cosets modulo 5¢. In Section 4 we we
determine all the generators of such constacyclic codes by classify the classes of constacyclic codes of
length 5¢.

2 Preliminaries

Let IF, be a g elements finite field where ¢ is a power of a prime number p. Let £ be a generator element
of the cyclic group Fy, i.e., Fy = (£). First we introduce several classical results need in paper. The
reader is referred to [12, 13] for more details on finite fields and cyclotomic polynomials.

Let p be a odd prime, and r be a primitive root of p. Assume that (r +tp)?~* # 1 (mod p?). Then
for any k > 1, r + tp is a primitive root of p*.

Furthermore, let n > 2 and k = ord(a), the multiplicative order of a module n. Let a € T, then
x™ — a is irreducible over Fy if and only iff for very prime divisor d of n, if d|k then d not divides %1,
and if 4 | n, then 4 | (¢ — 1).



Let C be a linear code of length n, for any nonzero element A € F;, We call C is a A-constacyclic if
(co,c1, -+ ,cn—1) € C implies (Acp—1,co,- "+ ,cn_2) € C. We known A-constacyclic code C of length n
over F; one-to-one correspondence the ideal (g(x)) of the quotient ring Fy[x]/(«™ —\), where g(z)|z™— .
And, the dual code of code C'is given by C+ = {z € Fy 2 x-y =0,y € C}, where x-y is the Euclidean
inner product of z and y. If g(z) is generator polynomials of cyclic code C, thent g(x) | 2™ — A, and

™ — A
define h(z) = ———
9(x)
C+ is generated by h(z)* = h(O)’lxdeg(h(m))h(%). If C C Ct, then we called C a self-orthogonal, and

if C = C* then we called C be a self-dual code. We known there exist a self-dual cyclic codes of length
n over F, if and only if 2 divide n and g.

For any positive integer n, let s be a positive integer little than n — 1, that is 0 < s < n — 1, then
the g-cyclotomic coset of s modulo n is defined by

, then h(x) is the parity check polynomial of cyclic code C. Thus the dual code

Cs = {87SQ7' o 7Sqns_1}a

n
where n, is the multiplicative order of ¢ modulo ————, that is ng is the least positive integer such

ged(s,n)
that s¢™ = s (mod n).
If B is a n-th primitive root of unit in some extension field of F,, then for any 0 <t < n,

My(z) = [] (=8
icC

is the minimal polynomial of ' over F,, and

2" —1= HMt(x)

is the irreducible factorization of ™ — 1 over Fy, where ¢ runs over a complete set of g-cyclotomic cosets
modulo n. By study the g-cyclotomic cosets modulo n, we can determine all the A-constacyclic codes
of length n over I,

3 Explicit cyclotomic cosets modulo 5/

It is a well-known result that when n is an odd prime with ged(n,p) = 1, then all the ¢ cyclotomic

o(0)

cosets modulo n are Cy = {0} and Cy, = {¢*,g%q,--- ,g¥q™ 1}, forany 1 < k < e = =2 where ¢ is
m

Euler’s phi-function, Z; = (g), and m = ord,,(q) is the multiplicative order of ¢ in Z.
Let n = ¢ be a odd prime. In this section, we provide all the g-cyclotomic cosets modulo 5¢ so that
we can give the factorization of 2°¢ — 1 over F,. First notice that if f = ord,(q), then we have that

(1) If g =1 (mod 5) then ords:(q) = f, .

(2) If g =4 (mod 5) and f even then ordse(q) = f.

(3) If g =4 (mod 5) and f odd then ords.(q) = 2f.

(4) If g=2o0r ¢ =3 (mod 5) and 4 | f then ordsi(q) = f, .

(5) If g=2o0r ¢q=3 (mod 5) and 2 | f but 41 f then ordse(q) = 2f.
(6) If g=2or ¢ =3 (mod 5) and f odd then ords.(q) = 4f.



-1 _

We claim that we can find a primitive root of unity » modulo ¢ satisfies gcd(TT, £) =1. To see
that, we let 71 to be any primitive root of unity modulo ¢. If ¢2 { rffl — 1, we let 7 = r1. Otherwise, we
set r = r1 +/£, and it is easy to prove that r satisfies the above condition. Assume that g = r+ (1 —r)¢4,
then we have that

Fr-1=0r+0-rHt-1=r"1-1 (mod¢?).
gf—l —1 r@—l -1
Therefore gcd(T,E) = gcd(Tl) = 1. For r + tp is a primitive root of p”, it follows
immediately that g is a primitive root of unity modulo £ for all t > 1, and g = 1 (mod 5).

Lemma 1. (1) When ¢ =1 (mod 5), the q cyclotomic cosets modulo 5¢ can be written as Cy = {0},
Cp = {€}, Cop = {20}, C_p = {4}, C_op = {20}, and Copx = {ag".ag"q, - ,agkq’~'} for
a€e R={1,2,-1,-25} ande—1>k > 0.

(2) When f is even and ¢ =4 (mod 5), we can write all g-cyclotomic cosets modulo 5¢ as Cy = {0},
Cy = {& Zq}, Cyp = {2€7 2[(]}7 Cgk/ = {gk ’gk q,- - ’gk' qf—l}’ Cng, = {ng 72976 q, - 72916 qf—l}
for2e —1 >k >0, and Csgo = {5g*,5g%q, -+ ,59%¢/ =1} fore —1 >k > 0.

(3) When f is odd and ¢ = 4 (mod 5), we can write all g-cyclotomic cosets modulo 5¢ as Cy = {0},
Co = {t,lq}, Ca = {20,2(q}, Cor = {g",g%q,-- ,g"* 7'}, Cogr = {29",29%q,- - ,29"¢*/ 1},
and Cs,. = {5g%,5g"q, - - ,59kqu_1} fore—1>k>0.

(4) When 4 | f and ¢ = 2,3 (mod 5), we can write all g-cyclotomic cosets modulo 5¢ as Cy =
{0}, Cv = {,4q,4¢* 0g*}, Cpr = {gr, 9" q,--- , 9" ¢/} for de =1 > K > 0, and Cspx =
{59",5¢%q, -~ ,5g"¢/ 7"} fore 1>k > 0.

(5) When 2| f but 41 f and ¢ = 2 or 3 (mod 5), we can write all q-cyclotomic cosets modulo 5¢
as Co = {0}, Cr = {£,4q,04°,1¢%}, Cpr = {gr,g" ¢,--- ;9" >’ 7'} for 2¢ =1 > k' > 0, and
Csgr = {59",59%q, -+ ,5g*q/ 7'} fore—1>k > 0.

(6) When f is odd and q = 2,3 (mod 5), we can write all g-cyclotomic cosets modulo 5¢ as Cy = {0},
CZ = {€7£(I7£q2aéq3}7 Cyg’c = {gk7gkq7"' 7gkq4f71}7 and C5gk = {5gk559kQa 75gkqf71} fO’f’
e—1>k>0.

Proof. The methods for proving the above six cases are more or less the same, and we will take the
second case as an example. First since ¢ = 1 (mod 5) is a fixed primitive root of unity modulo I, it
is easy to verify that Co, Cy, Cop, Cpw, Cypir for 2e — 1 > k' >0 and Cspr fore —1 > k > 0 are
g-cyclotomic cosets modulo 5¢. We will then show that all these cosets are distinct.

Assume that ay, as, k1, ko and j satisfy the definitions in (2), if a1 g** = asg*2¢’, Since ged(ay, 5¢) =
ged(ayght, 50) = ged(azg*?q?,5¢) = ged(as, 5), therefore we have that a; = as or a; # as, but in both
cases a; and ag are not equal to 5. We split the proof into two subcases.

Subcase 1. a; = ay. In this case, we have g"¥* %2 = ¢/ (mod ¢) and g**=*2)f = 1 (mod /), thus

14
o) | (k1 — ko) f, 4'0;) | (k1 — k2), this shows that k; = k.
Subcase 2. a; # ay and none of them is equal to 5, we have that a1a2_1 = gh2~k1gJ (mod 5¢), but
notice that ajay ' = 42 (mod 5) and g"*~*1¢/ = 41 (mod 5), It’s a contradiction. Thus given that
the ¢g-cyclotomic are all distinct, we simply show that they are all g-cyclotomic cosets to complete the
proof. Note that

2e—1 2e—1 e—1
|Col+1Ce|+]Cael+ Y 1C w1+ > |Cogrr |+ |Csgr| = 5+2ef+2ef+ef = 5(ef+1) = 5(p()+1) = 5L.
k'=0 k’=0 k=0



Thus the conclusion holds. O

It is a classical result that the g-cyclotomic cosets modulo n is related to the irreducible factorization
of 2" — 1 over F,. Explicitly, Let F' be an extension field of F; and « be a primitive nth root of unity
in F, then the minimal polynomial of a® over F, is

1€Cly

and
2" —1=]] M)

gives the factorization of the irreducible factorization ™ — 1 over F,, where s runs over a complete set
of representatives from distinct g-cyclotomic coset modulo n.

Theorem 1. The exact irreducible expression for z°° — 1 over F, can be given as follows

(1) Lzzt Rd: ){1, 2,3,4,5}, then 2% —1 = By(x) By(x) Byy(x) Bsg(2) Byg() [l.cr i;é Bogr(x) forq=1
mod 5).

(2) 2 — 1 = Bo(2)Be(2)Bae() [T5—g By () Bogir (2) [T5Z Bsge () for 2| f and ¢ =4 (mod 5).

g
(8) 25 —1 = By(z)Be(x)Bae(x) [T5—¢ Byr () Bogr () Bsgr (x) for 24 f and ¢ = 4 (mod 5).

(4) 2% — 1= By(z)Be(2) [T1—o Bw () ¢4 Bsgr(z) for 4| f and ¢ =2 or 3 (mod 5).

(5) 2 — 1 = Bo(2)Be(2) [To—o Byw (@) [Tx_o Bsgr (x) for 2| f but 41 f and ¢ =2 or 3 (mod 5).

(6) 2% — 1 = By(x)Be(x) [Ti_g B+ (x)Bsge (z) for 24 f and ¢ =2 or 3 (mod 5) .

4 Generator polynomials of constacyclic codes of length 5/p°
with their dual codes

In this section, we will determine the generator polynomials and their dual codes for all constacyclic
codes of length 5¢p® on F,, where ¢ is a power of p, £ is an odd prime number different from odd prime
numbers p, and s is a positive integer.

Obviously, The class number of constacyclic codes of length n over F, are ¢ — 1. However, in these
classes, in the sense that the algebraic structures are the same, many of them are equivalent. For
A, o € Fy, they are called n-equivalent if one of the four statements in the following lemma holds.

The following facts are taken from [5]. Let I, be a finite fields, then for any A, u € Fy, Al e (em)
if and only if (A™'u)? = 1, where d = Wi_l) Furthermore, they are equivalent to there exists
an element a € Fgx such that "\ = p, that is A and p are n-equivalent in Fy. From Fg-algebra

isomorphism point of view, this is equivalent to there exists an a € I} such that
Pa : B[ X]/(X™ — p) = Fg[X]/(X" = X),  f(X) = f(aX)

is an Fg-algebra isomorphism. In particular, the n-equivalence classes number in Fy is ged(n, g —1).
Based on the facts above, the value of d = ged(5€p®, ¢ — 1) has four cases, that is

d=1, 5¢, 5, L.



4.1 For the case of d=1
For d = ged(q — 1,56p®) = 1, we have the following theorem.

Theorem 2. Let d = ged(q — 1,50p°) = 1, then for any A € [y, there is a unique w € Fy such that

a®P )\ = 1. This shows that A-constacyclic codes C of length 5(p°® over F, are equivalent to the cyclic
codes. In this context, the explicit irreducible factorization of z°P" — X\ over F, can be expressed in the
following form

(1) When 2|f and ¢ =4 (mod 5), we have
2" — X\ = Boyy(wz)?” By(wz)? H 2gk’ (wa)?” H §5gk (wz)P",

Therefore, for A-constacyclic codes C' we have that

e—1
C= <§2g(wx) 1 By(wz)® By(wz)* H ng/(wx)”k" H §5gk (wx)p’“>,
k=0

and for the dual codes of C'

ct+t = <§0(w71x) 1B o(w™tz)P 5752§_2g(w71x)p3753
2e—1 N )
X H B_gk/(w_lx)pk ¥ B _ggr (W7 Lyyp HB sgr (W ') _”k>,
k=0

where 0 < e1,€9,€3, Ty, Vi, P < p° for any k € {0,1,--- ,e — 1} and K € {0,1,---,2e —1}.
(2) When 2¢ f and g =4 (mod 5), we have

e—1
[ D Ege(wx)psﬁg(wx)ps Eo(wx)ps H Egk (wz)P B\ng' (wz)P” §5gk (wz)P
k=0

Therefore, for A-constacyclic codes C' we have that

e—1
C= <§0(wx)81Eg(wx)gzﬁgg(wx)a?’ H Egk- (wx)T"B\ng (wx)”’“ﬁg,gk (wx)”"> ,
k=0

and for dual codes of C, we have

ct = <§0(w_loc)ps_‘€1E,g(w_las)ps_5"‘§,24(1U_195)ps_53
e—1
X H B_ (wilx)ps*T’“B_ng (wilx)pt”’“B_@k (wlx)psp"‘> ,
k=0
where p* > €1,€9,€3, Tk, Vi, P > 0 and k € {0,1,--- ;e — 1}.

(8) When 4| f and g=2 or 3 (mod 5) , we have

4 —1
25" — X\ = By(wz)? By(wz)? H Egk/ (wz)P” H §5gk (wz)?



Therefore, for A-constacyclic codes C' we have that

4e—1 e—1
C = <§0(w:c)51§g(wx)€2 H Egk/ (wx)™x’ H §5gk (wa:)”’“>,
k k=0

and for dual codes of C', we have

CJ‘_<§0(w1x) —1B_, D H B_ g (W™ Lgyp HB_5g wx)P V’“>,

where p* > 1,69, Ty, vk > 0, for k € {0,1,--- ,4e — 1} and k € {0,1,--- ,e — 1}.
(4) When 2| f but 41 f and ¢ =2 or 3 (mod 5), we have

5" _ \ = Bo(wz)?" By(wz)?” H Egkr (wz)P” H §5gk (wx)P
k/:O —

Therefore, for A-constacyclic codes C' we have that

C= <Bo(wx) ' By(wz) H B g (W) HB5‘J wx) >

and for the dual codes of C'

2e—1

CJ_ = <§0(’UJ11') ng €2 H B k’ w 1’ H B_5g w 1’ Vk>,

where p* > 1,69, Ty, vk > 0, for k € {0,1,---,2¢ — 1} and k € {0,1,--- ,e — 1}.
(5) When f is odd and ¢ =2 or 3 (mod 5), we have

e—1
50" _ \ = Bo(wz)?" By(wz)?” H Egk (wx)p5§5gk (wz)P".
k=0

Therefore, for A-constacyclic codes C' we have that
e—1
C= <Bo(wx)slBg(wx)52 H Bk (wx)™ By i (wx)l”“> ,
k=0

and for dual codes of C', we have

e—1
ct = <§0(w11‘) 1B p(w™ )P e H E_gk(wflx)psf'rké gk (W™ Lg)P” ”k>,
k=0
where p* > €1,e9, Tk, vk > 0, for k € {0,1,--- ;e —1}.

Proof. The conclusion follows from Lemma 1 and Theorem 1 directly.



4.2 Analysis

To discuss the other cases, we first prove a more general result.

Let p is a prime number, ¢ = p*, and F, be a ¢ elements finite field. Assume that n = p*p7* - - - p&*
be the prime factorization of n and p*---pS | ¢—1,ie,¢; <wp,(¢g—1) for 1 <i<s.

It is trivial to verify that

F: = (€) = (e Pe U<§pf1 e |- U (epitpeyept (ot s =)

For A\ € (€Py'Pe)¢IP" | where pytpss —1 > j > 0, there is an element w € F; such that
w"\ = &P°. Note that we can write j as j = y - p* - - - ps, where v; = min{e;,vp,(4)}. Then we have
that

n _ ¢jp° pyt-pSe y-p;tpe® \p° j-p° gpit ert pytpee p°
e (e I Vi
q 1
Let 6 = €71 7% be a pyt -+ pYs-th primitive root of unity, then
—vq es—vg e1—vq es—vg e —vy es—vg

e Pyt ps e Py P e Py -pS V1 Us _1\p€
& = gjp (rgiy_l)p .(1571/_5)17 ...(fgiy_(;pl P —1yp
(mpfl‘l vl .. C§ vs gu) ( “1..,p§s7vs _ 5£y)pc . (xpil—vl,,_p:sﬂ:s N 6p”1’1...p;{s,1£y)pc

g—1
vl

. i
For 0 <¢<pj'---pls —1, §¢Y = §y R , therefore

) -1
ord(6'¢Y) = y - q ——
ged(q — 1y +i- W)
and ) 1
q— q -
————— =gcd(qg—1 i ——).
ord(0%&Y) ged(g =1,y + Pyl )
For each p; | p7*~ " -+ - p%~"¢, we have that v; = v, (j) and v; < e;, hence p; { y. Since v; < ¢; <
vp, (q—1), pi | i Mlvs , therefore p; t y+i- ilvs and p; | _Hq% Moreover if 4 | p{* ~"t - .. pgs Vs,
V258 Y ENCAT Vg
pytops

—v1 es—vUg

then 4 | pi* ---p% | ¢ — 1. Thus, each aPrt Pt — ¢¥6° is irreducible over F,.
Based on the discussion above, we get the explicit factorization of ™ — A over F,.

€, €1

Theorem 3. Let ¢ = p* where p is a prime, Fy be a g elements finite field. Assume thatn = p°p{* - - - pse
be the prime factorization of n and pi*---p%* | ¢ — 1, ie., e; < vp,(¢g—1) for s > ¢ > 1. For any
A € [y, there is an element w € Fy such that w"\ = E9°P° | where piteeopS — 1> 37 >0. If we write j
as j=y-pi*---pls, where v; = min{vy, (j),e;}. Then

" — )\ = (xpil v apSsTUs w_pilfmwpzs—vsgy)pe(xp?fvl,_,pzb»fvs . w_pilfvl peT v56€y)
(mpfl’l v1, pgs vs w_pfl‘l vl .Ap§s=vs 6p’1’1...pzs_1£y>pe

Now we turn to the case that p$* ---pS t ¢ — 1. Notice that ged(p$* ---pSe,q) = 1, thus there is a

least positive integer m satisfy ¢™ = 1(modpS* - - - pS=), i.e., p* -+ - pS= | ¢™ — 1. By Lifting-the-exponent
Lemma, when m' is the smallest positive integer with py - ps | ¢™ — 1, then m = m’p‘f1 R

where d; = max{e; — v,,(¢™ —1),0}. For any \ € F* 5, we get the explicit irreducible factorization of
— A over Iy, we first consider that over Fym. Let Fy.. = (¢) = (CPY PR U (CP e Y Pt
<<p§1 -p%s ><pe (pSt---ps ,1).



For any A € Fy C ..., there is a w € Fy.. such that w"\ = ¢7P° | where pit--pés —1>4>0. By
the above conclusion, we have over Fym

e1—vy es—vs G171 pes s e1—vy es—vs Yl..ps Vs

a" =N = (zh P L C

e]—vp es—vg e]—vp es— vbépl .“p;)s_lgy)pe’

(Pt s R SRR
gives the explicit irreducible factorization of ™ — A. Therefore, any irreducible factor of 2™ — A over F,
has the form

€] —
—w P

sevy”"

€1—v1 es—Vg €1 =Yl  ,€s— Vs j e €1—v1 es—vg €e1—v1 eb vg

R —w Pt Pe L O R — Pt
(x w 5'¢ ) (x w

€1 —v1 es—vg —1,€e1—-v1, Es vg z;—1 e

- (xP Py —w : 5t §y~q B L

5‘11549)

€1-v1, Cs Vs

where z; is the smallest positive integer satisfy w=9""Pr' - Pe 7" 5007 cy-a™ — =P) 5ievy,
Now we use the above result to discuss the left three cases of constacyclic codes of length 5¢p®.

4.3 For the case of d = 5/
For d = ged(q — 1,5€p®) = 5¢, we have the following theorem.

Theorem 4. Let d = ged(q — 1,5(p%) = 5¢, then F; = (£) = (£°°) U (£2)€P" U -+ U (€29)¢P D Let
A € Fy, then there exists w € F; such that wPP X\ = €9P° where 50 —1 > j > 0. Then j can be written
as j =y -5V, where vy = min{vs(j), 1}, va = min{wv,(4), 1}. Furthermore, we have

xwps ) = (xslfulzlva B w_517u1£17v2§y)ps (x517'01£17v2 B a_517'01£17112 5§y)ps

@ TT STT e a

Moreover, for A-constacyclic codes C' we have that

C _ <(I51—1y1£1—v2 B a751—v1£1—v2£y)€1 (x51—v151—v2 _ a751_“1£1_v25£y)62

5lmvigt—v2 —51TVLLITY2 C5V1EV2 —] sy \egug o
(m —a ) EY)Esrievz

and for dual codes of C', we have
1—vq pl—vg 1—vy pl—vg s_ 1—vy pl—wvg 1—vypl—vg 1, _ s_
CJ_ _ <($5 4 . CL5 4 € y)p EI(ZEE) £ o a5 l 5 1§ y)p €2

517'016171)2 5171}1[17112 1—5Y1gv2 S _grvq v
.. (J} —a ) £ y)p sviev2
where 0 < €1,€9, -+ ,Epv1pv2 < P°.

4.4 For the case of d =5

Remember that f = ordy(q) is the multiplicative order of ¢ in Z}, hence ¢/ = 1(mod £). Since 5 | (¢—1),
thus f is the least positive integer satisfy ¢/ = 1 (mod 5¢). Obviously there exist a primitive element

f_ _
¢ in F, satisfy £ = ¢4 = (tratta’ T Then

F; = () = () U(€)er U u ()"



and

= (0) = (P U(CHCPT U U (B

q—1), we have that £ | (14q+- - -+¢/~1). Therefore &5 = ¢(3(+at+a'™") ¢ (¢5¢),
%) C (¢®"). Furthermore, for 0 < j < 4, consider the following congruence

Since ¢ | (¢F —1) but £ 4 (
which indicates that (£
equations

j'=jf (mod5)andj =0 (mod /).

By the Chinese remainder theorem, there is a unique solution_up to modl_ﬂo 5¢ to the equations,
and we denote the solution by j. Then it is trivial to verify that &7° € (¢5)¢7"P". Hence we have the
following theorem.

Theorem 5. Let d = ged(5(p®,q — 1) = 5, then for each 4 > j > 0, there exist w € Fyr* satisfy
whP I = Cj,‘ps. Furthermore, any irreducible factor of x5 — &1 over F, has the form

(x51—vlel—v2 B w751—v1el—1)2 52»Cy/)(m51—ul£1—u2 B a751_"151_"2-q5iq<~y'q)

5l-vigl—va _glevigl—vy zi—1 ozi—1 o/ ozi—1
(.’II —w q e qu ),

where z; is the smallest positive integer such that w9 5" "¢ 2 §ia™ (y'a™ — 5" T2 5icy gng
j' =y'5v14v2, v1 = min{us(§'), 1}, va = min{v.(5'), 1}.

’

For any 0 < i,i, < 5Y1f¥2 — 1) we define a equivalence relation ~. For any 7 and j, ¢ ~ ¢ <

_ omel—vypl—vy ;om 1 m 1—wvq pl—vg o/ 7 . . . .
w™ a0 TR g cyi ™ — )5 T2 5 ¢V for some integers m > 0. It is obvious to see that ~ is an

equivalence relation. For {0,1,---,5"24"2 — 1}, let X be a complete equivalence class representatives
to ~. For each i € X, we define the irreducible polynomial M;(x) as
('1:51_“161_”2 B 01751—1)1@1—1;2 (Sié_y/)(xsl—ulzl—w B a7r1_711£1_1)2.q5iq<qu)

5l—vigl—va _gloviglvy gzi—1 ozi—1 /i1
- (CL‘ —a q ) q Cy q )’

and define M, (z) as

1—vq pl—vg 1—vy pl—vg o ./ 1—vq pl—wvg 1—wvy pl—vg o ./
(505 4 7&5 4 5 ZC y)(xs Y4 7&5 V4 as qu yq)

5l—v1gl—va gl—vigl—va (zi—1 o _;ozi—1 __fazi—1
e (l‘ —a q ) Y C yaq )’

Then we can get the following theorem.
T}leorem 6. Let d = ged(5lp®,q— 1) = 5. For each 4 > j > 0, there is w e F,r* satisfy wdP eI =
¢7"P". Then we can write the explicit irreducible factorization of " — £P" over F, as
250" — g = T Mi()?"
ieX
Moreover, for A-constacyclic codes C' we have that
C = (I Mi(x)™),

i€X

and for dual codes of C, we have
ct = ([ Mi@)y =,

ieX

where 1 € X and p® > ¢; > 0.



4.5 For the case of d =/
For d = ged(q — 1,5€p®) = 5¢, we have the following theorem.

Theorem 7. Let d = ged(5¢p®,q — 1) = £.
(1) When g =4 (mod 5), for each £ — 1> j >0, in the modulo 5¢ sense, the system of equations
j'=2j (mod¥) and j'=0 (mod 5)
there exist a unique solution j'. Furthermore, any irreducible factor of z°¢ — &7 has the form
(3;5171}1617”2 B w751—v151—'v2 5i<y/)(m51—v1£1—u2 B w751—u1e17v2.q6iqcy/q)
. (x517v1€17v2 B w_517v1€17u2qui7151»qzi71gy/qz171)7
where z; is the smallest positive integer satisfy w=9"> "4 "2 §ia™ cy'a* — 5" T2 5icy” gpg
J'= 5"y, vy = min{us(j'), 1}, v2 = min{o,(j), 1}.
(2) When g =2,3 (mod 5), for each £ —1 > j > 0, in the modulo 5¢ sense, the system of equations
j =45 (mod ¢)

and
7' =0 (mod 5)

there exist a unique solution j'. Furthermore, any irreducible factor of x°¢ — &7 has the form
l—vp pl—vg kl—vypl—vg i 7 1—vy pl—vg _rl—wygl—vy s ,
(xo 4 —w L 5z<y )(.%5 4 —w 4 q(;zqcy q)
1—vy pl—vg _El—wvypl—vg zi—1 o ozyj—1 7 z;—1
(x5 L — w3 L A K

where z; is the smallest positive integer satisfy w95 T2 §iaT v/ @ = 5 T2 Gy gpg
J =y'5"4v2 ) vy = minf{ws(§'), 1}, va = min{ve(j’), 1}.

For any 0 < 4, i < BULgve —1, we define equivalence relation ~, for any i and j € {0,1,--- ,5"1¢"2—1},
i~od "B T gia T ey'a ™ — 5T 51 ey for some integer m > 0.
For {0,1,---,5"1¢"2 — 1}, let X be a complete equivalence class representatives to ~. For each

i € X, we define the irreducible polynomial M;(x) as

(1‘517”5171}2 B w_517v1€17v2 (Sicy/)(.’lﬁ‘ﬁli” v a_517/u1 Klf'”2~q6iq<y/q)

5l-vigl—va _ploviglove gmi—l ezl r ozl
el —w g,

and define M, (z) as

1—vy pl—v 1wy pl— . 1wy pl— 1wy pl— .
(335 vLgiTvz o 5iTVLE ”26—z<—y’)(x5 Vit 5t “Z'q(s—zqc—y’q)

’ozi—1

Fl—vy pl—vg rl—vypl—vg z;j—1 . z;—1
(@ T TR T i T ey gt

Then we can get the following theorem.

Corollary 1. Let d = gcd(q — 1,50p®) = £.

10



(1) Wheng=4 (mod 5), and j,j/ is defined as the above Theorem, we can write the explicit irreducible
factorization of 2" — £9P° over Fy as

22— " = T Mi(2)?".

i€ X

Moreover, for A-constacyclic codes C' we have that

¢ = (I] Mi(x)=).

i€X

and for dual codes of C, we have

o= ([ My .

iex
where 1 € X and p* >¢e; > 0.

2) When g = 2,3 (mod 5), we can write the explicit irreducible factorization of x®° — £3P° over F
q s 5 4 q

as _ o '
2" g = H M;(z)P".
i€X

Moreover, for A-constacyclic codes C' we have that

¢ = (] Mita)),

ieX
and for dual codes of C', we have

¢t = ([] iy,

ieX

where 1 € X and p® >¢; > 0.
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