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Repaeted-root constacyclic codes of length 5¢p?

Abstract

Let ¢ be a prime power and let F,; be a finite field with g elements. Among the classes of
constacyclic codes of length 5¢p® over F; we define an equivalence relation such that the classes of
constacyclic codes which have the same structure are viewed to be equivalent. In this paper we
classify the classes of constacyclic codes of length 5¢ and give the explicit generator polynomials of
all the constacyclic codes and their dual codes.
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1 Introduction

As generalizition of cyclic codes and negacyclic codes, constacyclic codes were first introduced by
Berlekamp in 1968 [3]. Given a nonzero element A of finite filed F,, a linear code C of length n
over F, is called A-constacyclic if (Ac,—1,c¢o,- -+ ,cn—2) € C for every (co,c1, -+ ,cn—1) € C. Consta-
cyclic codes over finite fields are a remarkable class of linear codes. The class of constacyclic codes
includes the class of cyclic codes and the class of negacyclic codes as proper subclasses. Constacyclic
codes have rich algebraic structure so that they can be efficiently encoded and decoded by means of shift
registers. Repeated-root constacyclic codes were a special class of constacyclic codes. Repeated-root
constacyclic codes were first studied by Castagnoli et al [16] and van Lint [15], where they showed that
repeated-root cyclic codes have a concatenated construction and are not asymptotically good.
Recently, repeated-root constacyclic codes have been studied by many authors. To determine the
generator polynomials of all constacyclic codes of arbitary length over finite fields is an important
problem. Dinh studied repeated-root constacyclic codes of lengths 2p®, 3p®, 4p° and 6p° in a series of
papers [7, 8, 9, 10]. He determined the algebraic structure of these repeated-root constacyclic codes
over finite fields in terms of their generator polynomials. In [6], Chen et al. introduced an equivalence
relation called isometry for the nonzero elements of I, to classify constacyclic codes of length n over [F,.
They have the same distance structures and the same algebraic structures for belonging to the same
equivalence classes induced by isometry. Furthermore, in [4], Chen et al. considered a more specified
relationship than isometry that enabled us to obtain more explicit description of generator polynomials
of all constacyclic codes. According to the equivalence classes, all constacyclic codes of length £p® over
Fg= and their duals are characterized, where £ is a prime different from p and s is a positive integer.
Recently, Chen et al. [5] determined the algebraic structure of all constacyclic codes of length 2¢¢p*
over IF,,» and their dual codes in terms of their generator polynomials, where ¢, p are distinct odd primes
and s, ¢, 7 are positive integers. In 2012, Bakshi and Raka [1] also determined all A-constacyclic codes
of length 2'p%(t > 1, s > 0 are integers) over F,r using different methods from Chen et al.. Sharma [13]
determined all constacyclic codes of length ¢'p* over F, and their dual codes, where ¢,p are distinct
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primes, £ is odd and s,t,r are positive integers. In another recent work, Sharma et al. [14], they
determine generator polynomials of all constacyclic codes of length 4¢™p™ over the finite field F,, where
p, £ are distinct odd primes, ¢ is a power of p and m,n are positive integers. They also determine
their dual codes, and list all self-dual constacyclic codes of length 4¢™p™ over F,. Batoul et al. [2]
investigated the structure of constacyclic codes of length 2*mp” over Fp with ¢ > 1 and (m,p) = 1.
They also provided certain sufficient conditions under which these codes are equivalent to cyclic codes
of length 2%mp" over Fs.

In this paper, we determine all the constacyclic codes of length 5¢p® over F,. Obviously, there are
g — 1 classes of constacyclic codes of length n over F,, however, many of them are turned out to be
equivalent in the sense that they have the same structure. We first classify the classes of constacyclic
codes into some equivalence classes, then according to these equivalence classes we give all the explicit
generator polynomials of all the constacyclic codes of length 5fp® over F,.

The remainder of this paper is organized as follows. In Section 2 we give a brief background on
some basic results of constacyclic codes over finite fields, and we give all the ¢g-cyclotomic cosets modulo
5¢ explicitly in section 3. In Section 4 we classify the classes of constacyclic codes of length 5¢, and
according to this we determine all the generators of such constacyclic codes.

2 Preliminaries

Let IF, be a finite field with ¢ elements, where ¢ is a power of a prime number p, and £ be a generator
element of the cyclic group Fy, i.e., F; = (€). First we introduce several classical results of number
theory and finite fields which we need in the following parts. The reader is referred to [11, 12] for more

details on finite fields and cyclotomic polynomials.

Lemma 1. Assume that v is a primitive oot of the odd prime p and (r + tp)P~1 is not congruent to 1
modulo p?>. Then r + tp is a primitive root of p* for each k > 1.

Lemma 2. Suppose that n > 2, and let k = ord(a) be the multiplicative order of a. Then for any
a € Fy, the binomial x™ — a is irreducible over Fy if and only if

. .. .. —1,
(1) Ewery prime divisor of n divides k, but not 4=;
(2) If4|n, then 4| (¢ —1).

For any nonzero element A € F, alinear code C of length n is called A-constacyclic if (co, ¢1,- -+ ,¢n—1) €
C implies (Acy—1,¢0, - ,cn—2) € C. A A-constacyclic code C of length n over F, can be regarded as an
ideal (g(x)) of the quotient ring F,[x]/(z™—X), where g(z) is a divisor of 2™ —\. Let C be a A-constacyclic
code of length n over F,, then the dual code of code C' is given by C+ = {z € Fy:xz-y=0,Vy € C},
where z - y denotes the Euclidean inner product of x and y. If C is generated by a polynomial g(x)
which satisfies that g(x) | 2™ — A, and h(x) is given by h(z) = xg(a:)>\

ity check polynomial of code C. It is a classical result that the dual code C is generated by h(z)*,
1
where h(x)* = h(O)_lxdeg(h(w))h(g) is the reciprocal polynomial of h(x). The code C is called to be

a self-orthogonal if C' C C* and a self-dual code if C = C*. For self-dual cyclic code, a well-known
result states that there exist self-dual cyclic codes of length n over I, if and only if n is even and the
characteristic of I, is p = 2.

Let n be any positive integer. For any integer s, 0 < s < n — 1, the definition of g-cyclotomic coset
of s modulo n is given by

, then h(z) is called the par-

Cs = {«975(]7 e 7Sqns_1}a
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where n; is the least positive integer such that s¢g™* = s (mod n). Then it is easy to see that n is equal

_n
ged(s,n)

field of Fy, then the polynomial M;(z) =[] (z — ') is the minimal polynomial of o* over F,, and

to the multiplicative order of ¢ modulo . If v is a primitive nth root of unit in some extension

1€Cly

" —1= HMS(:L‘)

gives the irreducible factorization of " —1 over I, where s runs over a complete set of representations
from distinct g-cyclotomic cosets modulo n. Therefore to determine all the A-constacyclic codes of
length n over F,, we need to consider the g-cyclotomic cosets modulo n.

3 ¢-cyclotomic cosets modulo 5/

It is a well-known result that when n = ¢ is an odd prime with ged(¢, p) = 1, all the distinct ¢g-cyclotomic

L
cosets modulo £ are Cy = {0} and C}, = {g*,g%q,--- ,g¥q™* 1}, for any integer k, 1 < k < e = %0;)

)

where g is a fixed generator of the cyclic group Z;, f = ord,(q) is the multiplicative order of ¢ in Zj,
and ¢ is Euler’s phi-function.

In this section, we determine all the g-cyclotomic cosets modulo 5¢ so that we can give the factor-
ization of 2% — 1 over F,,. First notice that if f = ordy(q), then we have that

(q)
(2) ordse(q)
(3) ordse(q)
(q)
()
(q)

(1) ordse(q) = f, when ¢ =1 (mod 5).
f, when ¢ =4 (mod 5) with f even.
2

f, when ¢ =4 (mod 5) with f odd.
(4) ordse(q
(5) ordse(q
(6) ordse(q) =4f, when ¢ =2 or ¢ =3 (mod 5) with f odd.

f, when ¢ =2 or ¢ =3 (mod 5) with 4 | f.

2f, when ¢ =2 or ¢ =3 (mod 5) with 2| f but 41 f.

=1 _ 1
We claim that there exists a primitive root » modulo ¢ such that gcd(TT, ¢) = 1. To see that,

we let 7, to be any primitive root modulo £. If ¢2 M"f_l —1, we let r = r1. Otherwise, we set r = r{ +¢,
and it is trivial to verify that r satisfies the condition. Assume that g = r + (1 —r)¢*, then we have that
-1 -1
-1 -1
g1 =1=(r+1—rH =1 —1=r"1-1 (mod £?). Therefore gcd(gT,ﬂ) = gcd(TT,E) =1.
By Lemma 1, it follows immediately that g is a primitive root modulo ¢¢ for all ¢ > 1 such that g = 1
(mod 5). Now we give all the distinct ¢g-cyclotomic cosets modulo 5¢.

Lemma 3. (1) If ¢ = 1 (mod 5), then we have that all the distinct q-cyclotomic cosets modulo 5¢
are given by By = {0}, By = {{}, Boy = {20}, By = {—{}, B_oy = {=2(}, and B, =
{ag* agkq,--- ;agbq’ '} fora€c R={1,2,—-1,-2,5} and 0 <k <e—1.

(2) If g = 4 (mod 5) and f is even, we have that all the distinct g-cyclotomic cosets modulo 5¢ are
given by BO = {0}7 Bl = {€7£Q}7 BZZ = {263 2&1}; ng/ = {gk agk q, - agk qf71}> BQQk’ =
{2929 q, -+ ,29" ¢/ 1} for 0 <k’ < 2e —1, and Bsgo = {5g*,5¢%q, -+ ,5g"¢/ 1} for 0 < k <
e—1.

(3) If ¢ = 4 (mod 5) and f is odd, we have that all the distinct q-cyclotomic cosets modulo 5¢
are given by By = {0}, By = {{,{q}, Boy = {2(,2(q}, By = {g".g"¢,-+ ,g"¢*/ 7'}, Boyr =
{29",2¢"q, -~ ,29"¢*/ 7"}, and Bsgr = {59*,59%q, -+ .5¢"¢/ 7'} for0 <k <e—1.
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(4) If g =2 or 3 (mod 5) and 4 | f, we have that all the distinct q-cyclotomic cosets modulo 5¢ are
given by By = {0}, By = {,£9,04°,0g*}, Byw = {gr',9" ¢,--- ;9" ¢/} for 0 < k' < de—1, and
Bsge = {bg*.5g%¢, -+ ,5g"¢/ 7'} for 0 <k <e—1.

(5) Ifg=2 or3 (mod 5) and 2 | f but 41 f, we have that all the distinct q-cyclotomic cosets modulo 5¢
are given by By = {0}, By = {(,£q,q*,l¢°}, By = {grr.g" ¢,-++ . g" ¥/ 71} for 0< k' < 2e -1,
and Bsgr = {5g%,5g%q, - ,5g"¢ 7} for 0 <k <e—1.

(6) If ¢ = 2 or 3 (mod 5) and f is odd, we have that all the distinct q-cyclotomic cosets modulo
5¢ are given by By = {0}, By = {{,0q,0q° (>}, By = {gr,d%q,--- ,g"q¢* 1}, and Bsge =
{59",59%q, -+ .5g"q’ "'} for 0 <k <e—1.

Proof. The methods to prove the above 6 situations are similar, and we will give the proof of the second
situation as a instance. First since g is a fixed primitive root modulo [ such that ¢ = 1 (mod 5), it
is trivial to verify that By, By, Bay, ng/, Bzgk/ for 0 < k' < 2e — 1 and By gr for0 <k <e-1
are g-cyclotomic cosets modulo 5¢. And then we will show that all these cosets are all distinct.
If we have that a;¢g" = axg*¢’, where ai, as, ki, ks and j satisfy the definitions in (2). Since
ged(ay, 5¢) = ged(a1g*t,50) = ged(aagh2q?, 5¢) = ged(ag, 5¢), we have that either a; = ap or a1 # as
and both a; and ay are not equal to 5. We divide the proof into 2 subcases.

Subcase 1. If a; = ay, we have that g% = ¢/ (mod ¢) and g(*1=*2)f = 1 (mod ¢), therefore
14

o) | (k1 — k2)f and ;) | (k1 — ko), which indicates that ki = ko.

Subcase 2. If a; # as and none of them is equal to 5, we have that aja; " = gF2~%1¢7 (mod 5¢),

but notice that aja; ' = 42 (mod 5) and g*2~*1¢/ = +1 (mod 5), which is a contradiction. Hence the

given cosets are all distinct, and we only need to prove they are all the ¢g-cyclotomic cosets to complete
the proof. Notice that

2e—1 2e—1 e—1

| Bol+|Bel+|Bael+ Y [Bywr |+ D [Bygr [+ [Bsge| = 5+2ef+2ef+ef = 5(ef+1) = 5(p(¢)+1) = 5¢.
k=0 k'=0 k=0

Therefore the conclusion holds. O

It is a classical result that the irreducible factorization of ™ —1 over F, is related to the g-cyclotomic
cosets modulo n. Explicitly, if o denotes a primitive nth root of unity in some extension field of F,
then the polynomial My(z) = [[;c¢. (7 — ') is the minimal polynomial of a*® over F,, and

" —1= HMS(.’JS)

gives the factorization of ™ — 1 into irreducible factor over F,, where s runs over a complete set
of representatives from distinct g-cyclotomic coset modulo n. From Lemma 4 we get the irreducible
factorization of ¢ — 1 over F,.

Theorem 1. The irreducible factorization of °¢ — 1 over F, is given as follows.
(1) If =1 (mod 5), then
e—1
2® — 1 = By(z)Bi(x) Bao(2) Bsp(2) Ba(z) [ [] Bagr (),
a€R k=0

where R =1,2,3,4,5.
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(2) If ¢ =4 (mod 5) and f is even, then

2e—1 e—1
% — 1= By(x)Be(x) Bae(x H B (2) By () [ | Bsgr (@)
k=0
(3) If ¢ =4 (mod 5) and f is odd, then
¢ _ 1 = By(z)By(z)Ba(x H Bgr () Bogr () Bs g (),

(4) If =2 or3 (mod 5) and 4 | f, then

4e—1

5 _ 1 = By(x)By(x) H ng/ (z) 1:[ B5gk (z
k'=0 k=0

(5) If¢q=2 0or3 (mod 5) and 2 | f but 41 f, then
2e—1

e—1
 —1=Bo(x)B(z) [[ By (z) [[ Bser (@)
k’'=0 k=0
(6) If g=2 or 3 (mod 5) and f is odd, then

5 _ 1= By(x HBk ) By gt (),

4 Constacyclic codes of length 5/p° with their dual codes

In this section, we will determine generator polynomials of all constacyclic codes of length 5¢p® over IF
and their dual codes, where ¢, p are distinct odd primes, ¢ is a power of p and s is a positive integers.

Obviously, there are ¢ — 1 classes of constacyclic codes of length n over IF,, however, many of them
are turned out to be equivalent in the sense that they have the same structure. For A, u € 7, they are
called n-equivalent if one of the four statements in the following lemma holds.

Lemma 4. ([4]) For any A\, € Fy, the following four statements are equivalent:
(1) Atpe (€.
(2) A\ 'w)? =1, where d = —L+

gcd( n,g—1)"
(3) X and p are n-equivalent in F* s namely there exists an element a € Fyx such that a" A = p.
(4) There exists an a € F; such that
Pa : Fg[X]/(XT = p) = Fy[X]/(X" = A); f(X) = f(aX)
is an Fy-algebra isomorphism.

In particular, the number of the n-equivalence classes in F} is equal to ged(n,q —1).

By Lemma 4, the value of d has the following four cases.
(1) d=ged(5lp®,q—1) =1.
(2) d=gcd(5lp®,q—1) =50
(8) d=gcd(5lp*,q—1) =
(4) d=ged(5p*,q—1) =
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4.1 d=1

Theorem 2. Assume that d = ged(q — 1,5¢p°) = 1, then A-constacyclic codes C of length 5¢p° over F,
are equivalent to the cyclic codes, i.e., for any A € Fy, there exists a unique element a € Fy such that

a®?" X\ = 1. Furthermore, the irreducible factorization of z5°° — X over F, is given by
(1) If g =4 (mod 5) and f is even, then

2P0 )= BO(ax)p Bg(ax p ng (ax)P H 2 w (ax)P H Bsgr(ax)?,

Therefore we have that

2e—1 e—1
C = <§0(aa:)slgg(ax)52§2g(ax)s3 H Egk/ (aa:)Tk’EZQk/(ax)"k’ H §5gk(a33)p’“>,
k=0 k=0

and
ct = <§0(a—1x)f-flE,g(a-lx)f—fzﬁ,y(a—lx)ps-fz
2e—1 e—1
x H B_ (a )P ~Tw B_y (@ tz)P ¥ H B sur(a”tz)? p’“> ,
k=0 k=0
where 0 < e1,€2,€3, Ty, Vs, P < P°, for any K =0,1,---,2e—1, and k=0,1,--- ;e — 1.
(2) If g =4 (mod 5) and f is odd, then
e—1
2°"" — X\ = Bo(az)”" By(az)?" Byy(ax)? H Bgr (az)P” 32 x (ax)P B5g w(az)?".
k=0

Therefore we have that

e—1
C= <§O(ax)51§g(ax)52 Byy(ax)®® [ [ Byr(ax)™ Boge (ax)"* Bs (ax)p’“> ,

k=0
and
ot - <§o(a*1 P By(a ) 5 Bga(a
12[ p_TkB Qk(a 133)1; g sgr(a” 1x)p5—l)k>7
where 0 < 81,62,53,Tk,Vk,Pk_§ p*, for k=0,1,---,e—1.

(8) If g=2 or 3 (mod 5) and 4 | f, then
- e—1
2" — X\ = Bo(ax)?" By(ax)? H ax)?” H §5gk (az)P

Therefore we have that

C= <Bo(a$)slBg ax) 1:[ (az)™ 1:[ Esgk (ax)”’“> ,
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and

4e—1
C’J‘—<§o( “lg)yr =B, z)P e HB w( pr'HB_5g pl’k>,

where()gsl,sQ,Tk/,yk§p5,fork' =0,1,---,4e—1, and k=0,1,---
(4) If g =2 or 3 (mod 5) and 2 | f but 41 f, then

,e— 1.

o
50" _ \ = By(az)” By(az)?’ H Egkr (az)P” H B\5gk (ax)P

Therefore we have that

e—1
C = <§0(ax)51§g(aa:)€2 H égk/ (az)™ H Esgk (ax)”’“>,
k=0

and

2e—1 e—1
ct = <§0(a_1x)”s_81§g(a_lx)ps_az H ./B\_gk:/ (= ta)P T H §5gk(a_1x)ps_”’“> ,
k=0 k=0

where 0 < €1,€2, T, Vi < p°, for k' =0,1,---,2e—1,and k=0,1,--- ;e — 1.
(5) If ¢ =2 or 3 (mod 5) and f is odd, then
2" — X\ = By(az)?" By(az)? H Byx (azx)P” B5g s (az)?”
k=0

Therefore we have that

e—1
C= <§0(ax)51§g(ax)52 I1 B, (az)™ Bg,gk(ax)”k> 7

k=0
and
ct= <§0(a_1x) —“1B_, (a=ta)P =2 H B_, ~TRB_ gk (a 1a:)ps_”’“>7
where 0 < 1,89, Tk, v, < p°, for k=0,1,--- ;e — 1.
Proof. The conclusion follows from Lemma 3 and Theorem 1 directly. O

4.2 Analysis

To discuss the other cases, we first prove a more general result.

Let IF, be a finite field with ¢ elements, where ¢ = p* and p is a prime number. Assume that
n = p°pi' - - - pS be the prime factorization of n and p7* ---p% | ¢ —1, ie., vp,(g—1) > e; for 1 <i <s.
It is trivial to verify that

By = (&) = @ et e U Ut et o,
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For X € (5”;1“"’38)8'1’6, where 0 < j < pi*---pe — 1, there exists an element a € F; such that
a"\ = &7'P° . Notice that j can be written as j =y -pit - - p?s, where v; = mine;,vp,(j). Then we have

that
. o1 e vl e e R TS L .
— P = (g Pl gupy it et (( = ypat P et
s - 1
Let 6 = &71'72° be a primitive pit -+ pl=-th root of unity, then
e e, o pyl TVl pSsTUs e pS17 VL. s s e pfl TVl ps Vs pUs — e
g = gjp(wlgiy_l)p.(ﬂclgiy_(;)p...(ﬂclgiy_(sm S
(xpil vy eb v gy) ( —vi . 93 Vg 5§y) (mpilfvlu,pis*'vs _ (Spfl"'PgS*lgy)pe
: i
For 0 <i<pj'---pls —1, §¢Y = §y Ceer , therefore
) -1
ord(6°¢Y) = q : T
ged(q — 17y+Z'W)
and ) )
q— q -
—— =gcd(qg— 1,y +i- ——).
ord(@gy) ~ 9eMa Lyt S
For each p; | pi* ™" -+ - p% "=, we have that e; > v; and v; = vy, (j), thus p; { y. Since v,,(¢ — 1) >
e; > vi, D;i | i;us, which indicates that p; { y + @ - % and p; | % Moreover if
s Py s Ts
P1 Ps
4 | pit7Ut .. p% Vs then 4 | pit---pS Hence by Lemma 2 each zPi' P& " — ¢ugi is

irreducible over IF,.
Based on the above discussion, we get the following result on the factorization of 2™ — A over F,.

Theorem 3. LetF, be a finite field with q elements, where ¢ = p* and p is a prime number. Assume that
n = p°pi'---pS be the prime factorization of n and p* ---pS | ¢—1, i.e., vp,(q—1) > e; for1 <i<s.
For any A € Fy, there exists an element a € F such that a™ X\ = " where 0 < j < pit---pl — 1. If

q
we write j asy =y-pi*--

.pgs’ wher@ V; = min{ei, ’Upi (])}. Then

€1 —v1 €s—Us €1 —v1 €s—Us €1—v1 €s—Vs vl es vg

-\ = ({E 1 Py —a P Pg gy)l) ((Epl Py

(xpil v1 ”p:s*vs o aipil v1 ”pzs*”s 51)1 ...szilgy)pC’

—q Pt SEv)P°
gives the irreducible factorization of x™ — X\ over Fy.

Now we turn to the case that p{* - - p% { ¢ — 1. Notice that ged(pS* - - - pS=,q) = 1, thus there exists
a least positive integer m such that ¢ = 1(modp7* - --pS), ie., pi* ---p% | ¢ — 1. By Lifting-the-

exponent Lemma, if m’ is the least positive integer such that p; - - ps | qml —1, then m = m’p‘f1 R
where d; = max{e; — v,,(¢™ — 1),0}. For any \ € [, to obtain the irreducible factorization of
— X over Fq, we first consider that over Fym. Let Frn = (¢) = (P PRy U (P e N Pt
<§p1 Pty P (PPt =1) | For any \ € F; C Fym, there exists an element a € Fy.. such that a" A = ¢Ire,

where 0 < j < pil ---p% — 1. By the above conclusion, we have over Fgm
R S £ I ) L P R U A O e T0 T
R I
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gives the irreducible factorization of " — A. Hence each irreducible factor of ™ — A over F, is of
the form

€1-v1 | es—vs —pS1T Vs s

(I‘pl 2 —a Py

1 es—vg e1—v1 . es vg

icy pyt g —qp
Fenp (@i T g

z;—1,_€e1—v1 | eé, vg z;—1 e

—aq 9" P 51(1 =i é‘y'q ¢ )P ,

6q1§qy)
€1Vl es—Vs

(xpl ‘Pq

1-Y1,, es—vs e1—vy | pesTUs

where z; is the least positive integer such that a—9"'P1 R N e §igy.
Now we use the above result to discuss the left three cases of constacyclic codes of length 5¢p°.

Ps

4.3 d=0>5/

Theorem 4. Assume that d = ged(q—1,50p*) = 5¢, then F; = (£) = (€24)U(£P)€r U- - -u(gPh)er (561,
For any A € F7, there exists an element a € Fy such that a®P N = €77 where 0 < j < 50— 1. Then j
can be written as j =y - 5Y14¥2, where v1 = min{1,v5(j)} and v2 = min{l,v,(5)}. And

2\ = (w517v1[17u2 _ _51 vy gl- u2£y) ( sl-vigl-va a_517v1€17v26€y)ps

1—vy pl—vg _rl—vy gl—vg _pvy pug _ E
“(IS L —a 5 J4 55 )4 lgy)p

gives the irreducible factorization of z5*° — X over F,. Moreover, all the A-constacyclic codes of
length 5lp°® and their dual codes are given by

Cc = <(I51—v1£1—q;2 B a751—v1£1—1)2£y)€1 (I51—1)1£1—v2 B a751—u1£1—1;25£y)62

5171}1Z171/2 _5171}1217'02 5V1 V2 1 vy v
(x —a ) EY)esrievz 3

and
C’J‘ _ <(:I:51—11121—U2 _ asl—vlzl—vgé_iy)psisl (I51—v1£1—u2 . a51—v151—u2 57167?/)1)5752
1—wvy pl—vg 1—-vq pl—wvg _EV] pUo N,
(2P ¢ N B St gY)P 65112>,
where 0 < €1,€9, -+ ,€pv1pv2 < P°.
4.4 d=5

Remember that we denote the multiplicative order of ¢ in Z* by f = ords(q). Then it is clear that
f is the least positive integer such that ¢/ = 1(modl). Since 5 | (¢ — 1), f is also the least positive
integer such that ¢/ = 1 (mod 5¢). Obviously we can find a primitive element ¢ in sz such that

= quf:ll _ <1+q+..‘+qf—1' Then
]FZ = <£> = <§5> U <£5>£pg J---u <£5>€4p5

and

v =(0) =(C*)Y U (¢ U U (PP

Since £ | (¢f—1) but £4 (¢—1), we have that £ | (14-q+- - +¢/~1). Therefore £ = (3(Fat—+a’™") ¢ (¢50),
which indicates that (¢°) C (¢°%). Furthermore, for 0 < j < 4, consider the following congruence
equations
j'=jf (mod5)andj =0 (mod /).
By the Chinese remainder theorem, there exists a unique solution up to modulo 5¢ to the equations,
and we denote the solution by j’. Then it is trivial to verify that &7 € <C5f>Cj"pS. Hence we get the
following theorem.
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Theorem 5. Assume that d = ged(q — 1,5¢p®) = 5, then for any 0 < j < 4, there exists an element
a € Fysx such that a®" gt = (I°P° . Moreover, each irreducible factor of % — & over F, is of the
form

1—vq pl—vgy _Ekl—vypl—vg 1 sl—vqy pl—vg _rl—wypl—vg ’
(:c5 14 _ a5 4 8¢V ) (2 ¢ —a L 45090y 9)

1—vy pl—vg Cel—vygl—vg zi—1 i ozi—1 1 z;—1
ce(a® T —q 7 ot vt ),
where j' = y'5"142, v; = min{1,v5(j")}, vo = min{l,v.(5')}, and z; is the least positive integer
Zirl—vy pl—vg i zi 1z 1=y pl—vg o 1
such that a7 "% TG vt = g5 TR gicy

For any 0 < i,i < 5Y1¢"2 — 1, we define a relation ~ to be such that i ~ i if and only if

q=a"S T T R s ey ™ = 5T 51 ey for some nonnegative integers m. It is obvious to see that
~ is an equivalence relation. Assume that X is a complete system of equivalence class representatives
of {0,1,---,5Y1¢"2 — 1} relative to this relation ~. For any ¢ € X we denote the irreducible polynomial

(1‘5171}1 v a_517v1 p1-v2 6i§y/)($517v1€17v2 B a_517v1€17v2.q5iqcy/q)

—1

5l—v1pl—v2 _pl-vigl—va gz =1 ozl 0oz
s ( —a A A

by M;(z), and denote

(x517v1 v a517v1 pl-v2 6_i<_y/)(x517u1€17v2 B a517v1€17v2‘q6_iqc_y/q)

5l-v1 pl—vg sl—vipl—vy gzi—1 sozi—1 7 z;—1
- (l’ —a q y Y C ya )7

by M, (x). Then we have the following corollary.

Corollary 1. Assume that d = ged(q — 1,56p°) = 5. For any 0 < j < 4, there exists an element
a € Fr* such that aP it = (I"P° . Then

2 — o7 = T Mi(a)””
iex

gives the irreducible factorization of z°%" — £7P° over Fy. Furthermore we have that

C = (][ Mu@)"),

i€X

and )
= ([ My =,

ieX
where 0 < g; < p®, forie X.
4.5 d=1/
Theorem 6. Assume that d = ged(q — 1,50p®) = ¢, then
(1) If g=4 (mod 5), for any 0 < j </ — 1, the following equations

j'=2j (mod¥) and j’=0 (mod 5)

10
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have a unique solution j' up to modulo 5¢. Moreover, each irreducible facotor of z°¢ — &7 over F,
is of the form

(x517111 v a_517v1 pl-v2 514(:1/)(1’5171;1@17% B a/_slf'ul 517“2-!15211(1/(1)

ploviglovr griml ezl L razi—l
a 5 ¢ );

o (x51—v1£1—v2

where j' = y'5Y14v2, v; = min{1, vs(j’

such that =975 "2 giaT cy'a*

)}, v2 = min{1,v,(4')}, and z; is the least positive integer
R Y U

(2) If g=2,3 (mod 5), for any 0 < j < € —1, the following equations

j =45 (mod /)

j' =0 (mod 5)

have a unique solution j' up to modulo 5¢. Moreover, each irreducible facotor of x°° — &7 over I,
is of the form

(x517'u1 v a_517v1 pl-v2 514(:2]/)(3:517@1[17% B a_sl—'vl 517“2-(1573(1(1/%

’ozi—1

1—vy pl—vy Cml—vygl—vg zi—1 i zi—1 i
..(xo L g7 4 q S <yq )7
where j' = y'5Y10v2 ) v = minl,vs(j'), va = minl,ve(j'), and z; is the least positive integer such
that a_qz1517v1[17v2 §iai Cy/qzi _ a51—'u1€17’02 51(2/

For any 0 < i,i/ < 5"1f¥2 — 1, we define a relation ~ to be such that i ~ i if and only if
q=a"S T T R s Y e = g5 T2 56 ey for some nonnegative integer m. It is obvious to see that
~ is an equivalence relation. Assume that X is a complete system of equivalence class representatives
of {0,1,--- ,5v1¢¥2 — 1} relative to this relation ~. For any ¢ € X we denote the irreducible polynomial

(x5l—vlel—v2 B a751—v1e17112 6i<y/)(x517m1£17u2 B a*517U1417U2‘q5iq<le)

/ ozi—1

5l—v1gl—va _gl-vigl-va gzi—1 ozi—1
e (.’E —a q 6 q Cy q )7

by M;(z), and denote

(.%‘5171}1 v a517v1 p1-v2 6_i<_y/)($517v1€17v2 B a517v1217v2 'q(S_iqC_qu)

5l—vipl—vy 5l=vigl=va.gzi=l o o=l g rg=i—1
e —a g v,

by M, (x).
Corollary 2. Assume that d = ged(q — 1,50p°) = £, then
(1) If g=4 (mod 5), and j,j is defined as in the first case of Theorem 6, then
25— g = ] Mia)”
ieX

gives the irreducible factorization of %" — &P° over Fy. Furthermore we have that

¢ = (] Mia)),

icX

11
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and

= (] M @)y =,
ieX
where 0 < g; < p®, forie X.
(2) If g=2,3 (mod 5), and j,j is defined as in the second case of Theorem 6, then
22" — " = T My()"”
i€X

50p°

gives the irreducible factorization of x — &IP° over Fy. Furthermore we have that

¢ = (I] M),

i€X

and

= (J] M) =),

i€X
where 0 < g; < p®, forie X.

Disclaimer (Artificial Intelligence)

Author(s) hereby declare that NO generative AI technologies such as Large Language Models (Chat-
GPT,COPILOT, etc) and text-to-image generators have been used during writing or editing of manuscripts.
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