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HANKEL DETERMINANT FOR A NEW SUBCLASS OF
ANALYTIC FUNCTIONS INVOLVING CHEBYSHEV
POLYNOMIALS AND TOEPLITZ DETERMINANT

ABSTRACT. In this paper, a new subclass S*(u, 3, @, Un(t)) of univalent func-
tions is defined by using Opoola differential operator involving subordina-
tion principle.The upper bounds to the second Hankel determinant denoted
by Hz(2) for the subclass S*(u, 8, p, Upn(t)) is established in connection with
Chebyshev polynomials of the second kind and Toeplitz determinants

1. INTRODUCTION AND PRELIMINARIES

Let A be the class of functions f(z) defined by
f2) =2+ a (1.1)
k=2

which are analytic in the unit disk U = {z € C : |z| < 1}. Denote by S the
subclass of A consisting of functions which are analytic, univalent in the unit
disk U and normalized by f(0) =0 = f'(0) — 1.

A function f(z) € S of the form 1.1 is star-like in the unit disk U if it maps a unit
disk onto a star-like domain. A necessary and sufficient condition for a function
f(2) to be star-like is that

Re (ZJ{(S)) > 0,(z € D)

The class of all star-like functions is denoted by S*.

An analytic function f(z) of the form (1.1) is convex if it maps the unit disk
U conformally onto a convex domain. Equivalently, a function f(z) is said to be
convex if and only if it satisfies the following condition;

2f"(2)
702) ) >0, (z€D).
The class of all convex functions is denoted by K

Let f(2) and g(z) be analytic functions in the unit disk U, then f(z) is subor-
dinate to g(z) in the unit U written as f(z) < g(z), if there exist a function w(z)
analytic in the unit U satisfying the conditions w(0)=0, |w(z)| < 1 which is called
the Schwartz function such that f(z) = g(w(z)). If the function g is univalent in

Re (1—1—
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the unit U, then f(z2) < g(z),z € U<= f(0) = ¢g(0) and f(U) C ¢g(U).
Let P be the class of functions p(z) of the form

p(z) =1+ i 2" (1.2)

which are analytic in the unit disk U = {z € C: |z| < 1}. If p(z) € P satisfies
the conditions Re(p(z)) > 0 and p(0) = 1, for z € U, then p(z) is called a
Carathéodory function or function having positive real part in the unit disk U.

Definition 1.1. [17] For p > 0, 0 < u < §,n € Ny, z € U, Opoola Differential
Operator D™(u, 8, 9)f(z) : A — A is defined as;

D(u, 8,90)f(z) = f(2)
D' (1, 8,0)f(2) = pzf'(2) = 2(B— o + (1 + (8 — p—1)p) f(2)

D"(p, B, 9)f () = (D(D"* (1, B, 9) f(2)))
From the above definition and for f(z) in Equation (1.1)

D (1, B,0)f(2) = 2+ > [L+ (k+ B — p— 1)p]"ar2" (1.3)

k=2
Remark 1.2. The following are some remarks on Opoola Differential Operator.

(1) When p = 1, = 3, then D™(u, 3, p) f(2) reduces to Salagean differential
operator. [19]

(2) When pu = 3, then D"(u, 8, 9)f(2) reduces to Al-Oboudi differential op-
erator. [1]

It can be seen from Remark 1.2 that Opoola differential operator is a gener-
alization of Salagean differential operator and Al-Oboudi differential operator,
some of the researchers that have studied Opoola differential operator and estab-
lished certain geometric properties for the classes of functions introduced are, but
not limited to [3, 4, 6, 7, 13, 14, 15, 16, 18, 20].

Definition 1.3. A function f(z) given by Equation (1.1) is said to be in the class
S* (1, B, 9, Un(t)) if
2(D"(p, B, 9) ()"
(D™ (1, B, 9) f(2))
where D"(u, 8, ) f(2) is the Opoola differential operator for f(z) and H(z,t) is
the Chebyshev polynomials of the second kind for ¢ € (3, 1].

< H(z,t) (1.4)

Remark 1.4. When n =1, = pu, p = 1, Equation (1.4) reduces to the class
Zf"(z)>)
1+ < ; < H(z,t
(- (56 =0

Lemma 1.5. [5/ If p € P has the series expansion p(z) = 1+ p1z+paz? + p32® +
-,z € U with Re(p(z)) > 0 and (p(0)) = 1. Then |p,| <2, n={1,2,---}.

studied in [10].
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Lemma 1.6. [8] Let the function p € P given by Equation (1.2) with Re(p(z)) >
0,p(0) =1 and has the power series representation p(z) =1+ > 7 p,z", then
2ps = pi +2(4 — pi),

Aps = p? +2p1(4 — o — pa(4 — pi)2® + 24 = pP)(1 — [2[*)2

for some x,y with |x| < 1,|z| <1

1.1. Chebyshev Polynomials. The Chebyshev polynomials named after the
Russian Mathematician Pafnuty Chebyshev form a special class of polynomials
suitable for approximating other functions. They are widely used in many areas of
mathematics like numerical solution of ordinary and partial differential equations,
analytic functions just to mention few. The Chebyshev polynomial of the second
kind is given by

H(z,t) =1+ 2tz + (42 — 1)2% + (8% — 4t) 2% + (16t* — 12t + 1)z* + ... (1.5)
where
Uo(t) = 1,Uy(t) = 2t, Us(t) = (4% — 1), Us(t) = (813 — 4t), Uy(t) = (16¢* — 12> +
1)..

for t € (0,1],z € U.

1.2. Hankel determinant for class of functions f(z) € S. For ¢ > 1 and
n > 1, the ¢-th Hankel determinant for f(z) is defined by

G Ant1 Apt2 e Apntq—1
An+1 Apt2 Apnt3 e Qn+q
Hy(n) =| Gy Gny3  Anya o Guigrl (1.6)
Untqg—1 Ontq Qnig—1 " QAnt29-2

Several authors have studied the Hankel determinant in order to examine it’s
growth rate as n — oo and to also establish it’s bounds for diverse precise values
of ¢ and n. It is discovered recently that few of the researchers in geometric
function theory have studied the bounds on Hankel determinant for different
classes of univalent functions in collaboration with Chebyshev polynomials of the
second kind. See [2, 9, 11, 12, 15].

For ¢ =2 and n = 1, Hy(1) = |ag — ca|, is known as the Fekete-Szego functional
for o = 1.

For q,n = 2,

a2 as

HQ(Q) B az a4

known as the second Hankel determinant has been studied by many researchers
and its upper bound estimates for various subclasses of univalent and multivalent
analytic functions were discussed. Motivated by [10] and [11], next is to discuss
the geometric properties of a new subclass S*(u, 3, @, U, (t)) of univalent functions
defined in Equation (1.4).

2. MAIN RESULTS

2.1. Hankel Determinants for the Class S*(n, u, 3, o, U, (1)).
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Theorem 2.1. Let the function f(z) given by (1.1) be in the class S*(n, u, 5, @, Un(t)),
fort € (3,1] then

( Q<2_7t)ifX17X2 Z 0

t2

asay — a3| < ) (2.1)

t _ .
max{ﬁg,Q(Q O} ifx1 >0,x2<0

| maz{Q(po, 1), Q27 t)}ifx1 <0,x2 >0

where;
2t
28t% + 14t% + 5t — 2 2[4(t* + 1) — 3] — 1
X1 = 3M2M4{ + 1487 + b+ MZ{ +1) }
2 {172 + 2t + 2} + — {8t2+t+1}
2= 5L, M2
2
Q2 ,t) = R07: +x1+ X2
2
Q(er,t):_
0 Mg?

Proof: Let f € S*(n,u, B, p,Un(t)), then there’s a Schwartz function w(z),
analytic in the unit disk U with w(0) = 0 and |w(z)| < 1 such that from the
Definition of subordination and Equation (1.4) ;

2(D"(p, B, 0)f(2))
DA ) f(s) Y 22
from the Definition of Chebyshev polynomial,
1
1—22t+ 22

H(z,t) =

1
1 =2t(w(2)) + (w(2))
=1+ Ui(t)(w(2)) + Ua(t)(w(2))* + Us(t) (w(2))* + Ua(t) (w(2))* + ...

_ Utz [Ul(t) (p2 ~ p_%) N UQ(t)p_%} 2

H(w(z),t) =

2 2 2 4
Ui(t) pi\ | Ua(t) p1\ | Us(®)pi] 5
+ [ 5 <p3 TPt (P Ty ) F 3 Z
Ua(t) Py | 3pip: pi\ | Ua(?) p; _ 3pip2 | 3pi
+[ 5 \ P4~ Pips — 2+ 1 3 T (st s 3 )

U3(t) 2 3Pil U4(t)p% 4
_ A Za\YP1 . (2
+ 3 (3p1p2 5 + 16 2+ (2.3)
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From Equation (1.3)

Let 1+ (k+8—p—1)p|" =M

then the Opoola differential operator can be written as
D™, B,9)f(2) = 2 + 332, Mitapz"

where
My =[1+(8—p+1)p]"
Mg =[1+(8—p+2)p"
My =[1+(8—p+3)p]"
Mg =[1+ (8 —p+4)p"
Also,

(D41, B, 9)f(2)) 14 S KLt (ko B — = D]z
D™(u, B, 9) f(2) L+Y 2 k[l + (k+ 8 —p—1)p|ragzh!
Using binomimal expansion for the denominator and multiplying through by the
numerator, then;

2(D™(u, B, 0) f(2))
D(p, B, 9) f(2)

= 1—|—M2a22—|—(2M3a3—M22a§)Z2+(3M4a4—3M2M3a2a3+2M§ag)23+...

(2.4)
comparing the coefficients of like powers of z, 22, 2% in (2.3) and (2.4), the following
holds;

- Ur(t)tps
ag = ———
M,
1 U1<t>tp2 p2
as = i, {T - §1 (U:1(t) = Ua(t) — Uh(2)?)
LT g [UL(t)  Us(t)  Us(t)  UP(E) | Ui(t)la(t)  UP(t)
““MJ“{ 24 12 24 16 16 48

Us(t) + Ui (t) + Uf(t)} 1 Ul(t)p?)}

+p1p2 { 6 G 3 6

Remark 2.2. [10]
1
If f € C(1,1,0,0,1,Un()), £ € (5,1] then;

|CL2| S t
a3 < 481
a —_—
=36
Next is to get the upper bounds to the second Hankel determinant for the
class S*(n, i, 3, p, Upn(t)). From Equation (1.6), the second Hankel determinant

of analytic functions f(z) for ¢ = 2,n = 2;¢,n € N is defined by

Gz as
az aq

Hy(2) = = |agay — aj




UNDER PEER REVI EW

Thus,

ASMoM;  24MsM,  48M,M,  32MyM,  32MyM,
_ U U G0 Ui U0 Us@®) Ui . UL
O6MM, G64M2 ' 32M2  32M2  32M2  64MZ 6402 12M, M,
) G | T G000 U | Ue) UiMp;  UiOpps
12My M, 16MyM, ' 16MyM,  16M2  16M2 ' 16M2 16M2 ' 16MyM,
(2.5)

|a2a4—a§| = |P1

4{ Uit)  Ui(t)Ua(t) . Ui (8)Us(t) Ui (t) n Ui (t)Ua(t)

By using lemma 1.5 and applying triangle inequality, Equation (2.5) yields

Ui()Us(t) | UR(?) Ui(t) | Ui(t) | UFt) Ui
— 2] < pt 1 3 1 1 1 2 Y1
[a204=aj { ISMLM, | 32MoM, T 0GM,M, | 3202 | GAME | GAME
Ut (pi | Ui(t)p o, [UOT()  UF1) | Ui()Us(t) | UR() | Ui(t)Us(t)
+ + +| |(4— )pl - + + ;3 + 2
24N, M, | 6MyM, 24N, M,  32M,M, | ASMyM, | 16MZ | 32M:

+|x‘(2p%_pl>3U21\(4)2+| F=p)” gfﬂ(fﬁ‘ (4= >p148l§14(]24 +W|2(4_P?)P1‘24?14(344
(2.6)

Since the class P is invariant under the rotation by lemma 1.5, one may assume
without loss of generality that p; = p € [0, 2]. Therefore, for n = |z| < 1;

U (OUs(t)  U?()Us(t Ukt U2(t)Usy(t U2(t Ukt
wpar—ad| = pt | LOUO | UEOU) | U0 VOV | U3 | Ui

A8 My M,y 32M,M, 96 M, M, 32M 64M2 ~ 64M3
U(t)p? Ut Uy (1) Us(t b2 (413 —t U3(t U?(t Uy (1) Us(t
i (Op 4 1()p+p2(4—p2)’0 1(?) 2()Jr ( )+ P (1) + 1()2+ 1(?) 22()
24MsM,  6MsM, 24 M,y M, 12MyMy — 32MyM, — 32M; 32032

Ui(®) Ui(¢)
Z1\) 4— 1\
oA AP )’ ASMy M,

o Ui(?)
64]\42

U
— 7 (4—p*)p* n*(4— p2)p2 1 ]\14(2 ]344 J(n,p)

(2.7)

+n(2p°—p*)

To maximize the function J(n,p) on the closed region [0,2]z[0,1], we find the
first partial derivative of J(n, p) with respect to 7.

/ Ui)Ux(t)  Ut) | UP() | UR@) | Ui(H)Us(t)
s 4 —
Tnp) =pd-p) { 24N, M, | 320M,M, | 32MZ T 32MZ T 3202

UQ(t) 22U1(t) 2,2 Ul(t) 2 Ulz(t)
4—p?) =t (4 — — L p(4—pp——
32MQ+77( p’) 32M§+n( po)p 24M2M4+77( p )p12M2M4
(2.8)

+(2p°—p")

For 0 < n < 1, and for a fixed p with 0 < p < 2, it is observed that .J' (1, p) > 0.
Therefore J(n,p) becomes an increasing function of n and hence it cannot have
a maximum value at any point in the interior of the closed region [0, 1}z[0,2].
Moreover, for a fixed p € [0, 2]

max J(n,p) = J(1,p) = Qp)

0<n<1
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i.e the maximum value of J(n, p) occurs at n = 1 and on further simplification of
equation (2.7), it yields

Oty - 2 (U | U000 | VOUs0) | U | U0 20(0Uale)
b 16 SMoM, | 2MoMM, N2 6MoM, | 4AMZ  3MuM,
UiUse(t) TP UP®)  3UE(E)  UR(Y)
OMZ  2MoM, 2MZ  AMyM,  3M,M,
PO | GO0 | 0 U0 U0 U0\ VR
1\ 3MuM, OMZ | 2MM, | 2MZ | AMZ ' 3MyM [ | 4AM?

4 2 2
p'xvai pPxe  UE(®)

t:
Qpt) ==+ e

(2.9)

where:
_ Ui(Us(t) | UF()U2(t) | UR()Ua(t) | Uf(t) | Ui(t) 2U1(8)Ua(t) Us(t)Ua(t)
3My M, 2Mo My 2M?2 6 Mo M,  AM? 3My M, 2M?2
Uy Ui 3UR()  UR(Y)
QMo M, 2M2  AM,M,;  3MyM,
2U, () Us(t U () Us(t U(t U(t U2(t U2 (t
W = U0 Lo | U U | U Ui

3MyM, 2M?2 oMM, 2MZ T 4MZ " 3M,M,

Suppose that Q(p,t) has a maximum value in an interior of p € [0, 2], then by
elementary calculus,

3
Qpt) =+ 57 (2.10)

Next is to examine the sign of the function @Q'(p,t) depending on different cases
of the signs of y; and x» as follows:

Case 1: Let x; > 0 and x2 > 0, then Q'(p,t) > 0, so Q(p,t) is an increas-
ing function. Therefore maz{Q(p, ) pe(0,2)} = Q( )

_ Ui
4M2
That is maz maz{p(n) :0<n<1}:0<p <2 =Q(27,1).

+ X1+ X2 (2.11)

Case 2: Let y; < 0 and x2 < 0, then Q'(p,t) < 0, so Q(p,t) is a decreas-
ing function. Therefore maz{Q(p, ) €(0,2)} =Q(07,¢)
t2

= — 2.12

[—2
Case 3: Let x; > 0 and x2 < 0, then py = X2 is a critical point of the

X1
function Q(p,t).. We assume that py € (0, 2), since Q" (p,t) > 0, po is a local min-
imum point of the function Q(p,t) which simply means that the function Q(p,t)
cannot have a maximum value at pg.
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Case 4: Let x; < 0 and yx2 > 0, then py is a critical point of the func-
tion Q(p,t). Suppose py € (0,2) since Q"(p,t) < 0,py is a local maximum
point of the function Q(p,t) and maximum value occurs at p = py. Therefore
maz{Q(p,t) : p € (0,2)} = Qpo, t) where

Q1) = L, — (213)
p07 - M32 2X1 .
And using Equation (1.5)
56t4 stt 28¢t3 8t3 102 612 At t
X1 = + 7 T + 5 T - 7 ~ 2
3MyM, ' 3MZ " 3MoM, | 3MZ ' 3MyM, 3M2  3MyM; M:
34t 4¢3 8t3 At? 12 t
X2 + + + +— 4+ —

T 3M,M, | MyM, T M2 MyM, | M2 M2
Hence, from Equations (2.11), (2.12) and (2.13), the proof of Theorem 2.1 is
complete.

3. CONCLUSION

Conclusively, this study introduces a new subclass S*(u, 5, @, U, (t)) of analytic
function characterized by Opoola differential operator, utilizing the subordination
principle as a foundational framework. It is worth noting that the newly defined
subclass is a generalization of a subclass introduced by Dziok e tal in [10]. Also,
the findings which is a new result in geometric function theory, provide upper
bounds to the second Hankel determinant, establishing significant connection
with Chebyshev polynomials and Toeplitz determinants.
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