


Picture Logic Operators and Implications on Fermatean Picture Fuzzy Sets



Abstract:
Fermatean Picture Fuzzy sets (FPFS) represent an advanced extension of Picture Fuzzy sets and Pythagorean Picture Fuzzy sets, aimed at enhancing uncertainty modeling through the principles of Fermatean geometry. FPFS deliver heightened precision and adaptability rendering them highly applicable to complex decision-making, voting analysis and computational intelligence tasks. This work details the mathematical formulation of FPFS which explores their fundamental operations and demonstrates their practical relevance via numerical examples. The results highlight the efficacy of FPFS as a dynamic framework for resolving complex fuzzy logic challenges.
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1. INTRODUCTION
	The concept of fuzzy sets was first introduced by Zadeh [13] in his groundbreaking paper on "Fuzzy Sets," which laid the foundation for dealing with uncertainty in various domains by allowing partial membership, as opposed to the traditional binary approach of classical sets. Building on this, Atanassov [1] proposed intuitionistic fuzzy sets, a key advancement in fuzzy set theory, where each element has a degree of membership, non-membership and hesitation offering a richer representation of uncertainty in decision-making processes. In the following decades, fuzzy sets continued to evolve with Zimmermann [15] providing a comprehensive overview of fuzzy set theory and its diverse applications in real-world problems. Further extending fuzzy logic, Dubois and Prade [4] outlined the fundamentals of fuzzy sets discussing their properties, operations and key theoretical underpinnings.
In 2010, Wang and Smarandache [11] introduced single-valued neutrosophic sets, a generalization of fuzzy sets that accommodates indeterminacy, offering more flexibility in handling contradictory information. This was followed by Yager [12], who contributed significantly to the field with Pythagorean fuzzy sets, a new framework for modeling uncertainty, particularly useful for complex decision-making problems. Peng and Yang [8] further extended Pythagorean fuzzy sets, presenting additional results that enriched the theory and its practical applications in decision analysis.
In parallel, the concept of picture fuzzy sets was introduced by Cuong and Kreinovich [3], offering a new approach for computational intelligence by incorporating not only membership and non-membership functions but also a hesitation degree, allowing for more nuanced decision-making in uncertain environments. Building on this, Garg and Arora [5] extended the concept of generalized picture fuzzy soft sets, incorporating them into decision-making processes to address complex problems with multiple uncertain parameters.
In the realm of multi-criteria decision-making, Liu and Wang [7] explored intuitionistic fuzzy sets, focusing on their application in decision-making methods, while Liu and Wang [6] introduced q-rung orthopair fuzzy aggregation operators, which facilitated more effective aggregation of multiple criteria in decision-making scenarios. This was complemented by Chitra and Maheswari [2], who developed Fermatean Picture Fuzzy Sets, combining Fermatean logic with picture fuzzy sets to enhance the robustness and flexibility of decision-making models under uncertainty.
The concept of Fermatean fuzzy sets was first discussed by Senapati and Yager [10], who explored its applications in decision-making, providing a novel approach to handle hesitant and ambiguous information. Additionally, Zhang and Xu [14] extended the TOPSIS method, integrating Pythagorean fuzzy sets for multi-criteria decision-making, demonstrating the adaptability of fuzzy sets in solving complex decision problems. Lastly, Ross [9] provided a detailed exploration of fuzzy logic and its practical applications in engineering, bridging the gap between theory and practice.
Together, these seminal contributions have significantly advanced the field of fuzzy set theory, making it a powerful tool for handling uncertainty and aiding decision-making across various domains, from computational intelligence to engineering and applied sciences.	
In this paper, we delve into the theoretical foundations of FPFS and explore their Picture Logic operators and some classes of Picture implications on Fermatean Picture Fuzzy sets. We also illustrate the applicability of FPFS in addressing challenges in multi-criteria decision-making and other domains characterized by high-dimensional uncertainty. 

2. Preliminaries
Definition.2.1.[2]

A Fermatean Picture Fuzzy Set  in a universe  is defined as

 where  are respectively called the degree of positive membership, the degree of neutral membership, the degree of negative membership of  in   and the following conditions are satisfied
,

Additionally the degree of refusal membership for any  is given by: 

Fermatean Picture Fuzzy Sets (FPFS) provide a robust mathematical approach for representing human opinions, particularly in scenarios involving multiple response categories such as "yes," "neutral," "no," and "refusal." These sets are particularly useful in applications like feedback collection for products or services, where respondents may express satisfaction, neutrality, dissatisfaction or choose not to provide feedback.
Definition.2.2. 
Suppose FPFS denote the set of all Fermatean Picture Fuzzy sets on. For any, we define:
1) The Fermatean picture membership vector: , where  are respectively called the degree of positive membership, the degree of neutral membership, the degree of negative membership vector of a in   
2) The Fermatean picture fuzzy space:

3) Special elements: 

 Definition.2.3.[2]
 Let X be a non-empty set and the FPFS A and B be in the form
  and 
1.  iff  and 
2.  iff  and 
3.  where 
I. 
II. 
III. 
4.  where 
I. 
II. 
III. 


3. PICTURE LOGIC OPERATORS ON FPFS
In this section we present some classes of picture implications for Fermatean picture fuzzy sets, which are the direct generalizations of the classical implication operators and some classes of the fuzzy implication operators.
Theorem.3.1.
For any Fermatean Picture Fuzzy set on universe , the following conditions are equivalent:
(1)  is classified as a Fermatean Picture Fuzzy set
(2) For each u ∈ U:,
(3) For each , where:

Proposition.3.2. (Complete Lattice Structure)
With the definitions of  and partial orderis a complete lattice, where:


 Proof:
 First, prove ≤₁ is a partial order:
· Reflexivity: For any  we have . Then  holds.
· Antisymmetry:  If and , then: (by third condition), (by comparison of inequalities), (by remaining condition). 
Therefore,.
· Transitivity:  If:
Case 1: When . Then by transitivity of < on real numbers, , so   
        		Case 2: When , then we apply similar logic to :
· If   and   we conclude that .
· If   and   we conclude that .
 Therefore 
Since the underlying order on the real numbers is transitive and the conditions in  are composed of such comparisons,  is transitive.
Thus,  is a partial order on .
To prove completeness:

Consider any subsets , then there exists sup S and inf S, both preserve Fermatean conditions, hence is a complete lattice.
Example.3.3.
Consider a universe  and FPFS A with:
For 
Verification: 
For 
Verification: 
Thus, all membership degrees are in [0,1] the cubic condition holds and the points  and  belong to .
Definition.3.4.
Let A, B be two Fermatean Picture Fuzzy sets (FPFS) on U. Let  be a real number such that. For each  , the convex combination of A and B is defined as follows:
where,



with the conditions: , 
Definition.3.5.
Let U₁ and U₂ be two universums and let
 and 
be two FPFSs. We define the Cartesian product of these two FPFS's

We denote the set of all FPFS over  by FPFS().
Theorem.3.6. 
For every three universes U₁, U₂, U₃ and four FPFSs , , 
, with condition , we have:
(a) 



Proof: 
a) 
Since min-max principles are commutative, it follows that: 
Hence, the Cartesian product of FPFSs is commutative.
b) Let  . 

Since min-max principles are associative, it follows that: 
Thus, the Cartesian product of FPFSs is associative.
c) Given:



                              
Using properties of min (∧) and max (∨) operations and verifying the Fermatean condition:
 
                               




(d) The proof is analogous.
Definition.3.7. 
Let  and  be ordinary non-empty sets.
A Fermatean Picture Fuzzy Relation (FPFR) is a Fermatean Picture Fuzzy subset of , R is given by 

Where  satisfy the condition  for every 
Definition.3.8. 
Let  and  . The max-min composition of relation E and relation P is defined as follows, where 


Picture negation on FPFS
Picture negations on FPFS form an expansion of fuzzy negations and intuitionistic fuzzy negations, defined as follows.
Definition.3.9. 
A function  that satisfies the conditions  ,  and is monotonically decreasing is referred to as a picture negation operator on FPFS. If  also satisfies for all , it is known as an involutive negation operator.
Definition.3.10. 
The mapping  is defined by , for each  where  represents the Fermatean Picture Fuzzy space and  are components of a Fermatean Picture fuzzy number.
Definition.3.11. 
Let  Denote   The mapping  is defined by  for each 
Proposition.3.12.
 is an involutive Fermatean Picture negation operator on FPFS.
Proof
Let . Need to prove  .
For 

                   
                   
                   
Therefore, 
This proves  is involutive. 
Definition.3.13. 
Consider two functions  be mappings on . The function is said to be greater than  if  . This relationship is expressed as .
Furthermore, if  and then we denote this as 
Let . We first give 2 drastic picture negation operators on FPFS:


where the condition must be satisfied for all operations.
Definition.3.14. 
A mapping  is a picture t-norm on FPFSs if the mapping G satisfies the following conditions:
1)  (commutative)
2)  (associativity)
3)  (monotonicity)
4)  (boundary condition).
Theorem 3.15. 
The mappings  through  are Fermatean Picture t-norms on FPFS.
Proof: 
Let  , where 
Case 1
Given 

Therefore.
Case 2:  are picture fuzzy t-norms on FPFS.
Since .
For  we apply similar procedure.
Case 3: For  is a picture fuzzy t-norm.
we derive the constraint :

By simplifying we obtain : 
This expression establishes an upper boundary for the combined membership degrees, ensuring they remain within permissible limits.
Case 4: To show  is a picture fuzzy t-norm, we observe that,
For 
It is evident that  .
Also, 
It is obvious that  .
Definition.3.16. 
A mapping  is a Fermatean Picture t-conorm on FPFS if it satisfies:
1) The function  is symmetric, i.e 
2) Associativity holds for  , 
3) The function S preserves the given ordering, implying .
4) 
Examples of Fermatean Picture t-conorms on FPFS:
Here are several examples of Fermatean picture t-conorms, which combine FPFS elements while adhering to fuzzy set principles
1) 
2) 
3) 
4) 
5) 
These formulations illustrate various ways to aggregate FPFS membership values while ensuring they conform to fuzzy logic constraints.

Classes of Picture Implications for Fermatean Picture Fuzzy sets
This section introduces a few classes of picture implication operators for Fermatean Picture Fuzzy Sets. These operators serve as natural extensions of classical implication operators and certain types of fuzzy implication operators.
One fundamental class of picture implication operators on FPFS is defined as follows:
consider  ,
Definition.3.17. 
A function  is a Fermatean Picture implication operator of class 1, if it satisfies the following conditions:
, where , == (1,0,0)                                     (3.1)          
                                                                       (3.2 – 3.3)             
                                                                                                            (3.4)
Definition.3.18.
A mapping  is classified as Fermatean Picture implication of class 2 if it adheres to conditions (3.1)-(3.4) and satisfies:
                                                                  (3.5)
                                                                  (3.6)
These conditions ensure that the mapping maintains order relations between elements, reinforcing the structured nature of Fermatean Picture fuzzy logic.
Definition.3.19. 
Let  represent a picture negation operator and let  be a picture fuzzy t-conorm operator. 
A function  is defined as:
,.                                                                                 (3.7) 
Proposition.3.20. 
The picture implication operators introduced in Definition 3.11 qualify as picture implication operators of class 2 for Fermatean Picture Fuzzy sets.
Proof. 
If  
,
and .


Furthermore,  is monotonically increasing in each argument, while  is a non-increasing function. The function  exhibits a non-increasing in its first argument and an increasing in its second argument.
Next, we introduce certain picture fuzzy implication operators for Fermatean Picture Fuzzy Sets, commonly known in the literature as S-implications.
Definition.3.21. 
Letdenote a picture negation operator and let represent a picture t-conorm operator. A mapping is given by
.                                                                (3.8)
Example.3.22.
For 
Now we have a new picture implication operator.
Since   , and 
 where  
We have 


If we use , we get

Definition.3.23. 
Let  is given by,

where 
It is called generalization of the standard sharp classical implication operator.
Proposition.3.24. 
The standard sharp classical implication operator is a picture implication operator on FPFS.
Proof:
If  then  then
 and 
Here the conditions 3.1 and 3.2 are verified. 
The equation 3.3 is satisfied if 
It is known that, the conditions 3.4 and 3.5 are also verified from the given definition.
Hence, the standard sharp classical implication operator is a picture implication operator on FPFS.
Definition.3.25. 
Compositional rule of inference in Picture Fuzzy logic on FPFS.
The compositional rule of inference (see [1]) is a method in approximate reasoning that allows us to draw imprecise conclusions based on imprecise premises. It follows the generalized form of modus ponens. Let X and Y be variables from sets U and V respectively and let A,  and B represent fuzzy subsets of these appropriate spaces. From the premise "If X is A, then Y is B" and the statement "Y is " we can derive a conclusion.
We can view the conditional statement above as a binary fuzzy relation R, that is, a fuzzy set of , and   as a unary fuzzy relation on U. As such, the generalized modus ponens can be examined with a general framework of relations. Firstly, if  is a function, then the value  may be viewed as the image of the projection of {a} into V, that is as the set  
When  is replaced by a relation R, and A is a subset of , then the image of the projection of A into V is the set
 for some  }.
Using indicator functions, this can be written as:
 
This can be written as , where ◦ is the composition operator of two sets.
When R and  are fuzzy subsets of  and V respectively the same composition R ◦  yields a fuzzy subset of V.
Numerical Example of Fermatean Picture Fuzzy Inference for Medical Diagnosis
An example of fuzzy inference in medical diagnosis is demonstrated using Fermatean Picture Fuzzy Set-based information.
Initial Sets
Let U=fever and V=cough, with:
                      

                      
The following table 1 summarizes the initial fuzzy sets:
	Symptom Category
	Label
	Membership (µ)
	Neutral (η)
	Non-membership (ν)

	Fever (U)
	Low Fever (u₁)
	0.3
	0.4
	0.3

	
	Moderate Fever (u₂)
	0.5
	0.3
	0.2

	
	High Fever (u₃)
	0.7
	0.2
	0.1

	Cough (V)
	Mild Cough (v₁)
	0.4
	0.3
	0.3

	
	Moderate Cough (v₂)
	0.6
	0.3
	0.1

	
	Severe Cough (v₃)
	0.8
	0.1
	0.1


Picture Fuzzy Relation:
The picture fuzzy relation is defined by  for  and .
Apply picture negation  we get

We obtain the following:

 
 






Real Input and Inference:	
Consider a real input representing a forecast of "fever".

By applying the Compositional Rule of Inference within the picture fuzzy framework on Fermatean Picture Fuzzy Sets (FPFS), the resulting conclusion is obtained:

Where:


 









Result
	The Fermatean Picture Fuzzy Inference method helps determine the likelihood of a disease based on symptoms like fever and cough. Using fuzzy logic, it processes symptom values and applies inference rules to obtain a final diagnosis. Also, when η is zero, FPF inference process yields a definitive diagnosis without hesitation. This clear outcome is particularly useful in medical diagnosis where defective results are needed to guide further testing or treatment decisions.
Future Scope 
The development of Fermatean Picture Fuzzy Sets opens several promising avenues for future research:
· Dynamic FPFS: Development of frameworks for handling time-varying FPFS parameters and relationships.
·  Algorithmic Optimization: Creation of more efficient algorithms for FPFS operations in large-scale applications.
·  Hybrid Systems: Integration of FPFS with other computational intelligence techniques like neural networks and evolutionary algorithms.
· Application Extensions: Exploration of FPFS applications in emerging fields such as quantum computing, block chain technology, and automation systems.
· Theoretical Foundations: Further investigation of mathematical properties and relationships between FPFS and other fuzzy set theories.
·  Software Tools: Development of comprehensive software packages for FPFS-based modeling and analysis.

CONCLUSION: 
	This paper presents a comprehensive framework for Fermatean Picture Fuzzy Sets (FPFS), extending fuzzy set theory for complex uncertainty modeling. Key contributions include a formal mathematical foundation and novel FPFS operators for enhanced flexibility. The framework ensures consistency, surpassing traditional fuzzy models in handling uncertainty. Its robust structure supports advanced decision-making and further developments in fuzzy set theory.
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