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Normalized solutions to N-Laplacian systems with exponential critical
growth in RY

Abstract
In this paper, we study the normalized solutions of N-Laplacian systems with exponential critical
growth as follows
—Anu = Mu|VN2u + Gy (u,v) in RV,

—Anv = pl|v|N 720 + Gy (u,v) in RV,

/|u|Nd9c:aN7 /\U|Ndx:bN,
RN RN

where N > 2, a,b > 0, \,u € R and the nonlinear terms G,,G,, the partial derivatives of the
function G, have exponential critical growth in R"V. By using the Schwarz symmetrization and the
Trudinger-Moser inequality, we establish the existence of normalized solutions for the above system.

Keywords: N-Laplacian system; Exponential critical growth; the Trudinger-Moser inequality;
Normalized solutions.

1 Introduction

In this paper, we are concerned with the existence of normalized solutions for the following N-Laplacian
systems with exponential critical growth

—Anu = Mu|VN2u + Gy (u,v) in RV,

~Anv = p|v|N 20 + Gy (u, v) in RV, (1.1)

/]u|Ndx:aN, /\U|Ndx:bN,
RN RN

where Ayu = div(|Vu|¥~2Vu) is the N-Laplacian operator, N > 2, a,b > 0, A\, € R and the nonlinear
terms G, G, the partial derivatives of the function G, have exponential critical growth in RY. Here the
definition of exponential critical growth is motivated by Trudinger-Moser inequality (see e.g. [24,30]).
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Therefore, we naturally have the notion of G, and G,, which have critical growth of exponential type,
i.e., there exists ag > 0 such that

0 f
lim —{Gu(w)‘ = lim —‘Gv(w)‘ = ’ or any @ = . (1.2)

N N
w5450 exp(afw[¥T) W exp(afw[¥T) | oo, forany @ < ag,

where w = (u,v) € R%

The N-Laplacian operator plays an important role in many areas of physics (see e.g. [21,26,32] and
the references therein), notably in fluid dynamics, electromagnetism and astronomy, because it can
be used to accurately describe the known and unknown phenomenons of fluid potentials, electric, and
gravitational in physics. In particular, for the case N = 2, system (1.1) also comes from the study of
stationary wave solution for the following nonlinear Schrodinger system

10U + AWy + Gl(\Ifl, \112) =0 in (0, OO) X RN,

(1.3)
10y Uy + AWy + Go(¥1,Us) =0  in (0,00) x RY,

where solutions (¥1, Us) of (1.3) with preserved L?-masses are independent of ¢ € (0,00). The above
system could be used to the research of nonlinear optics and Bose-Einstein condensates (see e.g. [15,
17,29]). From the corresponding physics, we know the solitary wave solutions have the following form

Uy (t, ) = e Mu(x) and Uy(t,z) = e #Ho(x),
where A\, 1 € R and u, v : RY — R. On the other hand, let
Gy (e_Mtu(x), e_i“tv(:c)) = e NG (u,v) and G, (e_i)‘tu(:v), e_i“tv(az)) = e MGy (u,v),

then (u,v, A, u) leads to elliptic system (1.1).
To obtain the normalized solutions of (1.1), we give the following definitions. Let

S(a,b) = {(u,v) e WLV (RN) x WL (R / N dg = aN,/ WY dz = bN}. (1.4)
RN RN
The energy functional J : WHY(RY) x WV (RV) — R corresponding to (1.1) is defined by

J(u,v) = 1/ (IVulN + VoY) dz — G(u,v) dz. (1.5)
N RN RN
We aim to find the critical point (u,v) of J on S(a,b), then \, u € R will exist as Lagrange multipliers
such that (u,v, A\, u) solves the system (1.1). In particular, the point corresponding to the infimum of
energy J(u,v) among all the solutions is a ground state solution of (1.1).
When N = 2, Alves et al. [3] studied the normalized solutions for a nonlinear Schrédinger equation
with critical growth as follows

—Au=Mu+ f(u) inRY,
1.6
/ lu|? dz = a®. (1.6)
RN

They pioneered the study of normalizing problems involving an exponential critical growth term with
two-dimensional, which draws heavily on a version of the Trudinger-Moser inequality [5]. Moreover,
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Chang et al. [7] proved the existence of normalized ground state solutions of (1.6) for any a > 0
without the Ambrosetti-Rabinowitz condition. In addition, Chen and Tang [8] extended the result
when f(u) = plulP~2u+ (¥ —1 — u?)u and p > 2.

The study of systems with exponential critical nonlinearities also has received special attention in
recent years (see e.g. [1,2,6,12,13]) for N = 2. Associated with the prescribed L?-masses, Guo and
Jeanjean [16] established the existence of two positive normalized solutions of (1.1), where Gy (u,v) =
Y1 |uP~2u + Briul " 2ulv|™? and Gy(u,v) = Yo|v|97%v + Bra|u|t|v|"22v. Moreover, Deng and Yu [9)]
treated the Schrodinger systems containing exponential nonlinearities, namely system (1.1) for N = 2
as follows

—Au+ A = Gy(u,v) in R2,
—Av + pv = Gy(u,v) in R2, (1.7)

/ lul? dz = a?, / o> dz = b°.
R2 R2

When N > 2, we would mention that the N-Laplacian equations involving exponential critical growth
have been widely investigated (see e.g. [10,11,21-23,27,32,33] and the references therein). Dou et al. [14]
showed the existence of normalized mountain pass type solution for following N-Laplacian equations

—Ayu+ MuN2u= f(u) iRV,

/ lulN dz = a®,
RN

where N > 2 and f(u) is an exponential critical growth nonlinearity. To estimate the upper energy
bound, they use the following condition on f
N
(f") There exists Sy > 0, such that liminf sf(s) exp(—ao|s|¥-1) > Bo.
S5—00
In this paper, we attempt to deal with normalized solutions of the exponential system (1.1) and
assume that G, G, are partial derivatives of a Carathéodry function G and the nonlinearities G, G,

(1.8)

satisfy:
(Go) G(w) € C%(R?,R), where w = (u,v).
. |Gu(w)‘ . ‘Gv(w)’
(Gl) ‘UIJI‘IEOWT = |1};1|IE>1()|U}‘2T = 0 and G(U, 0) = G(O,’U) = GU(U,O) = GU(O,U) = 0 for all
u,v € R.

(G2) There exists ag > 0 such that

. ‘Gu(w)} ) ‘Gv(w)} 0, for any o > «y,
lim lim =

T N N
w40 exp(aluw|¥1) e exp(afw¥T) | 400, forany a < a.

(G3) There exist constants p > 2N and o > 0 such that
G(w) > ZjwlP  for all w € R2
p

(G4) There exists a positive constant § > 2N such that

0 < 0G(w) < VG(w) -w for u,v #0,
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where VG (w) = (Gy(w), Gy(w)).
(G5) Gu(w)u > 0 and Gy (w)v > 0 for u,v # 0.

(Gg) Let G(w) = VG(w) - w — NG(w) for all w € R2. Then, VG(w) exists and
VG(w) - w > 2NG(w)  for all w € R?.

To facilitate the corresponding conclusion for w = (u, v), we introduce the following definitions:
Let £ = WHV(RN) x WHN(RY), and the corresponding norm is defined by

Jullf = [ (vl %) o [ (VoY + o) d
RN RN
where w = (u,v) € E. Moreover,
ol = / (™ + oY) dz,  |[VwlY = / (1Vul™ + Vo) da.
RN RN

From (G1) and (G2), fix ¢ > N, for any € > 0 and a > ap, there exists a constant K. > 0, which
depends on ¢, o, 7,c and o, such that

IVG(w)] < |Guw)]+|Go(w)] < elw ™ + K. |w]™! [exp (a|w\%) —SN,Q(a,w)] for all w € R?,

(1.9)
and by (G4), we have
|G(w)] < elw)?N + K. |w| [exp (a|w\%) - SN_Q(Oé,’UJ)i| for all w € R?, (1.10)
N-2 1 1
«Q Nk N1 N1 : . . N
where Sy _o(a, w) = Z g|w| N-1" ay = Nwy_; and wy_; is the measure of the unit sphere in R™.

k=0
Since the lack of compactness of the Sobolev embedding in the whole RV, we can work in the
space W, ’N(RN ), the subspace of W1~ (RY) formed by radially symmetric functions. The embedding
W (RV) < LI(RYN) is compact for all ¢ € (N, +00). Moreover, We denote

E, =W RY) x WENRY) and  S,(a,b) := S(a,b) N E,.
To use the Pohozaev mainfold, we define
P(u,v) := /RN (V™ + VoY) da — o G(u,v) d, (1.11)
where G(u,v) = VG(u,v) - (u,v) — NG(u,v). We denote

b):= inf  J(u,v), 1.12
ma.b) = inf J(w.v) (1.12)

where

Pla,b) == {(u,v) € S(a,b) : P(u,v) = o}. (1.13)

Now, we introduce the action of the group R on W (RN) defined by sxu(z) := e*u(e®z). Moreover,
we denote s (u,v)(x) := (s*u, sxv). For w = (u,v) € S(a,b) and s € R, the functional F : Rx S(a,b) —
S(a,b) is defined by

F(s,w)(z) := (e*u(e’x), e*v(e’x)).

4
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It is easy to see that if w € S(a,b), then F(s,w) € S(a,b) for all s € R.
Then, we consider the augmented functional J : R x S(a,b) — R defined by

~ (&

Ns
J(s,w) = J(F(s,w)) = N /]RN (IVul™Y + VoY) dz — elNS/RN G(e*u(z), e*v(z)) dz, (1.14)

from where it follows that

D5 (s, w) = Vo Vw|N — /]RN é(}'(s,w)) dz = P(F(s,w)). (1.15)

The Main result of this paper is as follows:

Theorem 1.1. Suppose (Go)-(Gs) are satisfied. Then there ezists o1 = o1(a,b) > 0 such that system
(1.1) possesses a weak solution (u,v,\, ) with A\, ;n < 0 and u,v € WHN(RN) for any o > o7.
Moreover, if (Gg) is also satisfied, then (u,v) is a nontrivial ground state solution of system (1.1).

The paper is organized as follows: In Section 2, we give some preliminaries, such as version of
Trudinger-Moser inequality and the properties about exponential critical nonlinearities. In Section 3,
we verify the mountain-pass geometrical structure to obtain the existence of Palais-Smale-Pohozaev
sequence and estimate the minimax level. Finally, we proof Theorem 1.1 in Section 4.

Notation:
1
e | |, denotes the norm of the Lebesgue space LP(R™), where |u|, := ( [pn |ulPdz)? for 1 < p < oo.
1

N

e || || denotes the norm of the Sobolev space W1V (RN, ||lu|| := (f]RN (VulNdz + [pn \u|Nd:c>

e 0,(1) denotes a real sequence with o, (1) — 0 as n — +o0.

e Denote C, (1, (s, - - - are universal positive constants.

2 Preliminaries

In this section, we introduce some preliminary results. First of all, let us recall the following version of
Trudinger-Moser inequality in RY as stated in [11].

Proposition 2.1. ( [11, Lemma 1]) If N > 2, a > 0 and u € WHN(RY), then
/ [exp (a|u|%> - SN_Q(OZ,U):| dz < oco.
RN

Moreover, if |Vu|N < 1, luly < M < 0o and a < ay, then there exists a constant C = C(N, M, ),
which depends only on N, M and «, such that

/RN [exp (a|u|%> - SN_Q(a,u)] dz < C.

To study the N-Laplacian systems, by the definition of w = (u, v), we immediately give the following
inequalities.
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Lemma 2.1. If N > 2, a >0 and w = (u,v) € E, then
N
/ [exp (a\w[N*1> — SN_Q(CK,QU):| dzr < oo.
RN

Moreover, if |[Vw|Y < 1, |u|lxy < K1 < 00, |v|xy < Ko < 00 and o < ay, then there exists a constant
C = C(N, K1, Ko, «), which depends only on N,a,b and o, such that

/RN [exp (MM%) - SN_Q(a,w)} dz < C.

Proof. We will need the following inequality: for any g > 0, there exists a positive constant C'(¢), which
depends only on ¢, such that
la+b|" < C(g)(lal* + [b]). (2.1)

Hence, for w = (u,v) € E and « > 0, using the above inequality and Proposition 2.1, we obtain

/RN {exp (a|w\%> _ SN_z(a,w)} de
<L 2 s

k=N-1

< 3 OO (P 4 o7 da
RN

k=N-1
<y /RN [exp <a|u|NL> —SN_Q(OZ,U)] dr + C4 /RN [exp (a!v|%) — Sy_2(a,v)| dzx
<00.

Moreover, by |Vu|N + Vol = [Vw|¥ < 1 and Proposition 2.1, we obtain

/ [exp (a|w\%> — SN,Q(a,w)} dx

RN

<Cy /]RN [exp (a\u|%> — SN_Q(a,u)] dz + C4 /RN [exp <a]v]%> — Sy_a(a,v)| dz
<C,

where C'= C(N,a,b, ) > 0.

Lemma 2.2. Assume that {wy,} C E is bounded and

lim sup |Vw,|§ € (O, (a—N)N_l).
ap

n—-+00

Then for any o > « close to g, there exists t > 1 close to 1 and C' > 0 satisfying

/RN [exp <a|wn|%) —SN—Q(O[,wn)]tdl’SC for all n € N.
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Proof. Let

N
B :=limsup [Vw, |y "

n——+o00

We know that § € ( ) It is easy to find some n > 0 such that 8 < . Since a > ag close to
(07s) &%)

ap and t > 1 close to 1, we write « = ag + ¢ and t € (1,1 + ¢). Then, we obtain

N N

lim sup te|Vaw,| ¥ 1 < limsup(1 + ¢)(ag + €)[Vw, | N " < (a0 +1)B < ay, (2.2)

n——+oo n——+0o

where € € <O,min{a01 5 1})
Therefore, by (2.2) and Lemma 2.1, there exists C = C(t, m, N,a,b) > 0 such that

/RN [exp <a\wn|%) — SNfz(oz,wn)T dz
S/RN [exp <ta|wn]%> _ SN—Z(tCY,wn)] da

= [ e ralwu ¥ (2l )] - s (v ¥ L2 )} e

<C for all n € N.

The proof is complete.

Corollary 2.1. Assume that w, — w in E and

limsup |V (wy, — w)m € (O, (a—N)N_l).

n—-+oo (&)

Then for any a > aq close to «ag, there exists t > 1 close to 1 and C > 0 satisfying
N t
/ [exp (a\wn|N—1> — SN_Q(a,wn)] de < C  foralln eN.
RN

N
Proof. Let z, = w, —w. By Lemma 2.2, we know that the sequence {exp(a|z,|¥-1) — Sy_a2(a, z,)}
is bounded in L!(R") for some a > g close to ag and ¢t > 1 close to 1. Thus, combining with the
inequality (2.1), there exists C' > 0 verifying

/RN [eXp <a!wn\%) - SN—Q(O(,’u)n):|t dz

g/RN [exp (toz|zn—|—w]%> —SN_Q(ta,zn—i—w)] dx

% tk k
/ Z \zn+w|N % dy
RY S, K

= thak

S/
RNk

PO Y O, k)(]z,ﬂNL +\w|%k) da



UNDER PEER REVI EW

<4 /RN [exp (ta\zn\%> — SN_Q(tCt,Zn>:| dz + C4 /RN [exp (ta\w]%> — SN_Q(tOé,w)] dz
<C.

The proof is complete.
O

Lemma 2.3. Assume that (Go)-(G2) hold. Let {wy} be a sequence with wy, = (un,vy) € E, such that
w, — w i B, and

: N QN \N-1
lirgigg‘V(wn—w)‘N € (O,(a—o) )

Then we have
G(w,) = G(w) and VG(wy)-w, — VG(w)-w in L'(RY).

Moreover, if (Gs) holds, we have

Gu(wp)uy = Gu(w)u  and  Gy(wy)v, = Gy(w)v  in Ll(RN).

N
Proof. By Corollary 2.1, we know that the sequence {exp(a|w,| 1) — Sy_a2(a,w,)} is bounded in
LYRYN) for some o > g close to ag and ¢ > 1 close to 1. For the sake of simplicity, we set

hy, = exp(a|wn|%) — Sy_a2(a,wy)

Since w,, — w in E, there exists wy(z) — w(z) a.e. in RY. Therefore, for some subsequence of {h,,},
still denoted by itself, we use the result in [20, Lemma 4.8] to obtain

hp — h = exp(a|w|%) — Sn_o(a,w) in LYRM). (2.3)
For ' = - and w = (u,v), the compact embedding Wy (RV) < L% (RN) ensures that

T t—-1

. ’
U, - u and v, —v in L% (RY).

/
Hence, we also have |u,|?> — |u|? and |v,|> — |v|? in L%(RN) to derive that

t/
/ (lwnf? — [w?) % da

]RN
- / [(Junl? — [uf?) + (Jonl? — [o2)] % e

]RN

t/ 4
gcl/ (lunl? = |uf?) T da+ 01/ (Joal? = [02) T dz =0 asn— oo,
RN RN
which implies that
wn|? = [w|? in LT (RY).

And so,
lw,|? — |w]?  in LY (RY). (2.4)

Thus, from (2.3), (2.4) and the Holder inequality, we have

[ [enlha@) = fwln(o)] do
R
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< [ tenltlhnta) = h@)| o+ [ Jpualt = fulti(z) da
RN RN
1

S(/RN [w |4 dm) ! (/RN |hn(z) — h(z)|* d:::)1 i /RN ‘Iwnlq _ |w|q‘h(:c) de =0 asn— co.

That is,
lwn|Thy, — |w|?h  in LY(RY). (2.5)
By (1.9) and (1.10), we obtain
|G(wn)’ < elwn )™ + K. |w,|? {exp <a|wn|%> - SN,Q(a,wn)] for all n € N, (2.6)
and
}VG(wn) -wn} < elwn*N + K€|wn|q[exp (a|wn]%> - SN_Q(O[,’LUn):| for all n € N, (2.7)

where ¢ > N and a > ay close to ag. Therefore, by (2.5), (2.6), (2.7) and the radial compact embedding,
we can use a variant of the Lebesgue Dominated Convergence Theorem to conclude that

G(wyp) — G(w) in LYRYN),

and
VG (wy) - wp, — VG(w) -w  in LY(RY).

Moreover, by (G4) and (G5), we know that
0 < Gu(wp)un, < VG(wy) -w, and 0 < Gy(wy)vy, < VG(wy) - wy. (2.8)
A similar argument works to show that
Gu(wp)uy = Gy(w)u  and  Gy(wy)vy, = Gy(w)v  in Ll(RN).
O

Lemma 2.4. Assume that (Gp)-(G2) hold. Let {wy,} be a sequence with wy, = (un,vy,) € E, such that
wy, — w in B, and
lim sup ’V(wn - w)w € (O, (a—N)N_l).

n—+o00 (&%)
Then, for any ¢, € C(RY), we have
Gu(wn)d = Gu(w)p and  Gy(wy)p — Gy(w)p in L'RY).
Proof. By (1.9), we know that
N
|Gu(wy)| < elwn? M + K. |w, |71 [exp <a!wn\m) — SN_Q(Oé,'LUn):| for all n € N,

where a > ag close to ap and ¢ > N. Hence, for any ¢ € CgO(RN ), we have

[Gulwa)o| < [Gulwn)[|6] < elwn?Y o]+ Kewn|T 6] | exp (afwn ¥ ) =Sy (@, wy)] for alln € N.
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Denote 2 = supp¢. Similar to the arguments in the proof of Lemma 2.3, we obtain

/ VY] da / PN g da,
Q Q

and
/Q]wn\q_1|¢] [exp (a!wn\%> — SN_Q(a,wn)} dz — /Q ]w|q_1]q§\ [exp (a\w[ﬁ> — Sy_a(a,w)| de,

where as n — 400. Then, we can apply a variant of the Lebesgue Dominated Convergence Theorem
to conclude that
Gu(wy)p = Gu(w)e in LYRY),  for any ¢ € C°(RY).

A similar argument shows that
Go(wn)Y — Gy(w)y in LYRY),  for any ¢ € C°(RY).
O
Lemma 2.5. Assume that (Go)-(G2) hold. If (u,v, A, 1) is a solution of (1.1), then w = (u,v) € P(a,b).

Proof. We recall that Pohozaev identity shows any solution w of the problem —A,u = f(u) should
satisfy the following identity:

(N—p)/ |Vul? dz = Np/ F(u) dz,
RN RN

where F(t) = [} f(s) ds. Then, as p = N, we have [y F(u) dz = 0.
Since (u, v, A, ) is a solution of (1.1), it follows that

~Anu = Mu|N2u + Gy (u,v)
~Anv = pv|N 20 + Gy (u, )

On one hand, by (2.9), it yields that
/ (|VU|N + |VU|N) dz = )\/ lulN dz —l—,u/ vV da:+/ VG(u,v) - (u,v) dz. (2.10)
RN RN RN RN
On the other hand, as p = N, we obtain
A N M N _
/RN (2196l + £190fY + G (u,0)] dz=o0. (2.11)

Combining (2.10) and (2.11), we deduce that P(u,v) = 0. Hence w = (u,v) € P(a,b).

3 Mountain pass approach

In this section, we shall verify the mountain-pass geometrical structure to the constrained functional
J|3(a,p) and estimate the upper bound of the mountain pass level.

10
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3.1 Mountain pass structure and value

Lemma 3.1. Assume that (Go)-(G3) hold. Let w = (u,v) € S(a,b) be arbitrary but fized. Then, we
have:
(i) |VF(s,w)

’ — 0 and J(f(s,w)) —0, ass— —oo;
(14) ’V]:(s,w)

— 400 and J(F(s,w)) = —o0, as s — +oo.

N
N

Proof. Since
/ |V.7-"(s,w)(x)‘N dz = eNS/ \Vw|N de,
RN RN

we have

|[VF(s,w)|y =0 ass— —oo and |VF(s,w)|, — +oo ass— +oc.

)‘N )|N

On the other hand, by a straightforward calculation, it follows that

/s*u(x)|Ndx:aN, / s % v(z)|N dz = bV,
RN RN

and
/ ‘.7-'(3,11))‘5 dz = e(f_N)s/ |w|* dz  for any £ > N. (3.1)
RN RN

Therefore, fixing £ > N, we have
}f(s,w)}g —0 ass— —o0.
By (1.10), we obtain
|G(w)] < elw*N + K. |w|? [exp (a|w]%) - S’N_g(a,w)} for all w € F, (3.2)
where o > o close to ag and ¢ > N. Hence,

|G(F(s,w))| < 5’]:(3,11))’2]\[ + Kg|f(s,w)|q[exp (a‘}'(s,w)‘%) - SN,Q(a,]-"(s,w))]

We choose m > 0 small enough such that tma < ay, and for s sufficiently negative to ensure
w) F(s,w)

NG = NI =

(
m N mT_

a¥ + N\ ¥
:< miV—1 )

N

Then, according to Lemma 2.1, there exists C' = C(t, m,w) > 0 such that

/]RN :eXp (0“}—(3,11))‘ N]\il) - SN—Q(a,]:(s,w))r dx

/]RN :eXp (ta{]—-(,s,w”% _SN*2(tO"]:(57w))} dx

[ F (s, w)
exp (tma’ N1
] moN

IN

IA
Q3
z

11
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and using the Holder inequality, there exists a constant D > 0 such that

/RN |G(F(s,w))| do < E/RN |7 (s, w) 2 d:n—i—D(/

1
‘.F(s,w)‘qt dx) tl,
RN

where t' = ﬁ and s is sufficiently negative. Now, by ¢t > N and (3.1), we derive that

/ ‘G(]—"(s,w))| dz —0 ass— —oo,
RN

from where it follows that
J(F(s,w)) -0 ass— —ooc.

By (G3), we know that there exist constants o > 0 and p > 2N such that

1 N
J(F(s,w)) < N‘V}'(s,w)‘N —O’/RN | F(s,w)|” da
el N (p—N)s
= |[Vw|™ dz — ge'? |w|P da.
N RN RN

Since p > 2N, the last inequality yields

J(F(s,w)) = —oo as s = +oo.

Ul
Lemma 3.2. Assume that (Go)-(G2) and (G4) hold. Then there exists K(a,b) > 0 small enough such
that
0 < sup J(w) < inf J(w)
wEA weB
with

A= {w € Sy(a, b),/ \Vw|Y dz < K (a, b)} and B = {w € Sr(a,b),/ |Vw|N dz = 2K (a, b)}
RN RN

Proof. We recall the Gagliardo-Nirenberg inequality as stated in [25]: for any s > N, there exists a
constant Cy s > 0 such that

luls < Cn.s|Vulluly ™ for any u € WEV(RY), (3.3)
where 1 1
= N(—= —-).
fyS (N S)

For w = (u,v) € Sy(a,b), we know that there exist constants C1,C, C5 > 0 such that
w]3 =[u? + 0|2
2
<C1(July + [v]x)
<Co| Vul g uly' ") + ol Vol ol

=C2a* 177 |Vul* + C3b* 7)) 7,

12
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hence, we obtain an estimate of |w|s for any s > N, there exists C' > 0 as follows

1 1
wly < CIVul}y  where 3, = N( — 7). (3.4)

1
Now, let K(a,b) < 2(aN)N , a0 > oy close to ag, w1 = (ug,v1) € A and wy = (ug,v2) € B, we can
ap
N

find some t > 1 close to 1 such that ta]VwQIF < ap. Then, by Lemma 2.1 and the Holder inequality,
there exists D1 > 0 such that for all wy € B,

N
/N |w2|q[exp (ofwe| %) — SN—2(0MU2)} dz < Difwalg,
R

where ¢ > N and t' = . Combining with the (Go)-(G3), for € > 0 small enough such that ¢ < m,
we derive that
G(ws) da < elwal3) + Dlwall,,
RN
where D > 0. Hence, by (3.4), we have
G(wy) dz < eC™N |Vwa|¥ + DO Vun|y v (3.5)

RN
Using the nonnegativity of G(wj) for all wy € E due to (G4). For any w; € A and we € B, we have

1 1
J(we) — J(wq) :N|Vw2|% — N|Vw1|% — - G(wy) dz + . G(wy) dz

1 1
2—\Vw2|% — —\Vwﬂ% —/ G(wsy) dz

t'—N

> jlv (a,b) — 2:C2N K (a, b) — 257" DCUK (a, b) ‘57"

> 2§VK(6L b) — 257 DCUK (a,b) 57
Since %N > 1, fixing
Klab 1, an\N-1 1 qt’+{l\1t’ 36
(a7 )<m1n 2(a ) ’< gt/ —N+Nt/ ) ’ ( : )
0 27~ NDCH
we get

IN K (a, b)—2 STa DCYK (a, b) o > 0,

which implies that
0 < sup J(w) < inf J(w).
WEA weB
O
Corollary 3.1. Let K(a,b) > 0 be given in Lemma 3.2 and w € Sy(a,b). Then there holds that
J(w) >0 for |[Vw|Y < K(a,b). Moreover,

K
Ji = inf {J(w) cw € Sp(a,b) and |Vw|y = %m} > 0.

13
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Proof. Arguing as the last lemma, (3.5) is also valid after replacing wy by any w; € A, then there holds
that J(w;) > 0 for all w; € A.

K(a,b
For all w € S,(a,b) with |Vw|% — M

5 we have

1 -x
J(w) > NWw\% — eC?N|Vw|¥ — DCY V|l 7 >0,

by using the definition of K (a,b) > 0 given in (3.6).

Motivated by the ideas from Jeanjean [19], we introduce the mountain pass level as follows

c(a,b) := flLIel{; tren[gmj)lc] J(h(t)), (3.7)

where

K(a,b)

I:.= {h € C([0,1], Sr(a,b)) : }Vh,(o)\x < and J(h(1)) < 0}.

Then we have

Lemma 3.3. Let K(a,b) > 0 be given in Lemma 3.2. Then the number c(a,b) defined by (3.7) is
positive, that is, c(a,b) > 0.
Moreover, if (Gs3) holds, we have lim c¢(a,b) =0.
o——+00
Proof. For any fixed wg € S;(a,b), we can apply Lemma 3.1 to get two numbers s; < 0 and s > 0

such that Kb
‘V]-"(sl,wo)‘%< (;’ ) and  J(F(s2,wp)) <O0. (3.8)

We introduce the path hy, : [0,1] — Sy(a,b) defined by

P, (t) = F((1 = t)s1 + tsg,wg)  for any ¢ € [0,1].

By (3.8), we know that h,, € I' and hence I" # ). From Corollary 3.1, we obtain ‘Vhwo(l)‘x > K(a,b).

Hence, there exists tg € (0,1) such that [Vhy, (to)‘% = K(g’b), and so

max J(h(t)) = J (huy(to)) = Ju >0,

where h € " and J, was given in Corollary 3.1. Therefore, c(a,b) > J, > 0.
Moreover, by (G3), we obtain

Ns
cla.8) < s () < e { SVl - 06 ol |

N
_ r N _ . p=Np, |p
_r?gé({N‘deN ar |w0]p}.

Since p > 2N, there exists C' > 0 such that

=
c(a,b) SC(—)p M50 aso — +o.
o

The proof is complete.

14
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Since the condition we considered in the present paper is of a mass super-critical case due to (G1),
which means that G, (w) and G,(w) would mass super-critical increasing near 0, a usual Palais-Smale
sequence is not necessarily bounded in E,. To overcome this problem, inspired by [19], we shall search
for a Palais-Smale-Pohozaev sequence, which is a Palais-Smale sequence with an additional property
P(u,v) — 0, where P(u,v) is defined by (1.11). Before proving the existence of a (PSP).(, ) sequence,
we introduce the following definition in [31, Definition 2.21].

Definition 3.1. Let X be a Banach space and ¥ € C*(X,R), d € R. A sequence {u,} C X is called
a (PSP)y sequence for U if

\Il(un) — d’ \Ill(un) — 0, P(Un) — 0 as n — o00.

The functional VU satisfies the (PSP)y condition if any (PSP)g sequence {u,} has a convergent subse-
quence.

In this part, we resort to the functional J(s,w) defined by (1.14) to get the desired sequence.
Arguing as in [19, Proposition 2.2], we know that there exists a (P.S) sequence for J on R x S, (a, b)
at the level c(a, b), which is denoted by {(sn, zn)}, that is

J(F(5n,20)) = J(5n, 20) — cla,b), (3.9)

0sJ (8, 2n) — 0, (3.10)

||aZJ(S”’Zn)H(Tznsr(a,b))* — 0, (3.11)

as n — 4o0o. Therefore, let w, = F(sn,2n), we obtain that {w,} C S.(a,b) is the (PS) sequence
associated with the level ¢(a,b) for J, where w;, = (un,v,). Thus, we have

J(wp) = ¢(a,b) asn — +oo, (3.12)
and by the Lagrange multiplier rule, there exist some sequences {\,}, {} C R such that
— Antn = Ap|tn|N 2w + Gu(wn) + 0, (1) and  — Anvn = pin|vp] Y 20, + Go(wy) 4 0n(1). (3.13)

Moreover, by (3.10) and (1.15), we have

P(wy,) = / |V, | dz + N/ G(wy,) dz — VG(wy) - w, dz — 0  asn — +oo. (3.14)
RN RN RN

Hence, we naturally get the following result.

Lemma 3.4. There exists a (PSP)yqyp) sequence {wn} C Sp(a,b) with wy, = (up,vy), i.e.,

J(U)n) — C(CL,b), J/(wn) — 07 P('wn) —0 asn— +oo.

15
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3.2 (PSP)sayp condition

Lemma 3.5. Assume that (Go)-(G4) hold. Let {wn} C Sy(a,b) be the (PSP).(qp) sequence for J|s, (ap);
then there holds

N
lrlgilif ox G(wy,) dz < T ON c(a,b),
and N N)
limsup [V, [N < =L ¢ a,b
imsup [V [ < 57 efat)
Proof. By (3.12) and (3.14), we know that
1
—|Vw,|¥ - / G(wy,) dz = c(a,b) + op(1), (3.15)
N RN
and
|V, | + N/ G(wy,) dz — VG(wy,) - wy, dz = o, (1). (3.16)
RN RN
Combining (3.15), (3.16) and the condition (G4), it follows that
Ne(a,b) +o,(1) = VG(wy) - wy, do — 2N G(wy) dz > (6 — 2N) G(wy,) dz.
RN RN RN
Since 6 > 2N, we have
N
l:lgilolg) o G(wy) dz < T oN c(a,b). (3.17)
Therefore, by (3.15) and (3.17), we obtain
: N —N)
1 N 2 7 . 1
im sup Vunly < ——55 ¢la;b) (3.18)
O
Remark 3.1. Obviously, by (3.18) and Lemma 3.3, there exists o1 > 0 such that
. N QN\N-1
1 V(w, — 0, (2N > 0. 3.19
7111345_1;5)‘ (w w)‘N€< (040) > for any o > o1 (3.19)

Lemma 3.6. Suppose {w,} C Sr(a,b) with wy, = (up,vn) is a (PSP)cap) sequence for Jlg qp) at
level c¢(a,b) # 0, i.e.,

J(U)n) — C(aab)a Jl(wn) — 07 P(wn) —0 asn— —+00.

Then up to a subsequence, w, — w = (u,v) in E. In particular, w € Sy(a,b) and there exist A < 0,
< 0 such that (u,v, \, 1) is a normalized mountain pass type solution of system (1.1).

Proof. Lemma 3.5 yields that |Vw,|% is bounded. By the definition of norm in E, we have
||wn|‘g = |an\% + |un‘% + |Un|%»

where w, = (un,v,) € Sr(a,b). Hence, the (PSP). sequence {wy} is bounded in E. Up to a

subsequence, we can assume that w, — w := (u,v) in E,. Since the embedding W,"" (RY) — LI(RY)
is compact for all ¢ € (N, +00), we also have u, — u and v,, — v in LI(RY).
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Next, we give the estimates of the Lagrange multipliers. Without loss of generality, we assume that
u,v # 0. By Lemma 3.5 and (3.14), we obtain

NGO
lim sup VG(wy) - wy, dz = limsup (/ |Vw,|N dz + N/ G(wy,) dx) < c(a,b)
n—+oo JRN n——+00 RN RN 0 —2N
Then, by (2.8), we get
0 < limsup Gu(wn)uy, dz < limsup VG(wy) - wy, dz < c(a,b),
n—+4oo JRN n—-+oo JRN 0 —2N
0 < limsup Gy (wp)vy, dz < limsup VG(wy,) - wy, dz < c(a,b),

n—+oo JRN n—+oo JRN — 0 —-2N

which imply that the sequence {[pn Gu(wn)u, dz} and {[pn Gu(wp)v, da} are bounded. Since
J ]’ST(a ) (w,) — 0, by the Lagrange multiplier rule, there exist some sequences {\,}, {un} C R such

that
Jix IV N =2V - 96 = Xalua [N =216 = Gu(ttn, v) dz = (1) 6] a0
f]RN |vvn|N_2VUn -Vp — Nn|vn|N_2Un¢ - Gv(unvvn)w dr = 0(1)”7/1”7

for any ¢, € W}’N(RN). Taking ¢ = u, and ¥ = v, with w,, = (up,v,) € Sy(a,b), the numbers A,
1, must satisfy the equalities below

Aay = |Vun|]NV—/ Gu(wp)u, dz+0,(1)  and b = ]an|]NV—/ Gy (wp)vy, dz+o,(1). (3.21)
RN RN

Hence, the above arguments conclude that {A,},{¢,} are bounded sequences as well. Up to a sub-
sequence, still denoted by {A,} and {u,}, we assume that A, — A, p, — p in R. Therefore, by the
equalities (3.13), (3.20) and Lemma 2.4, we obtain

— Ayu = MNu/N2u+4 Gu(w) +on(1) and  — Axv = plo|N 20 + Gy(w) + op(1). (3.22)

In the following, we show that w = (u,v) # (0,0). Without loss of generality, we assume that u =0
and claim that v # 0. Because otherwise, by Remark 3.1 and Lemma 2.3, we obtain

lim G(wy,) doz = G(w) dz =0, (3.23)
n—+00 JpN RN
and
lim VG(wy) - w, do = VG(w) - wdz =0. (3.24)
n—+00 JpN RN

Thus, together with the limit P(wy) — 0, it yields |Vw,|¥ — 0, from where it follows that

c(a,b) = lim [1/ |V, | ¥ dx—/ G(wy,) dx] =0.
N RN RN

n—+400

This contradicts c(a, b) # 0, which implies the claim v # 0. Moreover, by (G1), we have VG(w) - w =
Gu(w)u + Gy(w)v = 0. Similar to the above proof process, there exists a contradiction, implying that
u,v # 0. Consequently, it is fully demonstrated that the weak limit w of {w,} is nontrivial. And thus

N .. N N B N
0 < |uly < lég}rgmnm and 0 < |v|y < %IBE;QWN (3.25)
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According to Lemma 2.3, we deduce that

lim G(wy,) do = G(w) dz, lim VG(wy) - w, do = VG(w) -wdz.  (3.26)
n—+00 JpN RN n—+00 JpN RN
It follows from Lemma 2.5 that
P(u,v) = |Vw|§ + N/ G(w) dz — VG(w) -wdz = 0. (3.27)
RN RN

Combining (3.26), (3.27) and the fact that P(w,) — 0, we have

lim [Vw,|N = [Vw|}. (3.28)

n—-4o0o

Hence, J(w) = lim J(w,) = c(a,b). By [18, Lemma A.2], we know that —Ayu < 0 and —Aynv < 0.

n——+o0o

Thus, we have A < 0 and p < 0. Then by (3.13), (3.22) and Lemma 2.3

Jim (\vun\% - MW%) = Jim [ Gulun,vn)un dr
= Gu(u,v)u dx
RN

= [Vul§ — Aluly,

we obtain that u, — u in W1V (RY). Similarly, we can prove that v, — v in WHN(RY).
Now, we prove that the nontrivial solution w of system (1.1) satisfies [u|X = a® and |v| = b". The
limit P(wy,) — 0 together with (3.21) leads to

Mltin X+ nlom| ¥ = —N/NG(wn) dz + o (1), (3.29)
R
On the other hand, by (3.22) and P(w) = 0, we have
AV + b =N [ G(w) da. (3.30)

RN

Combining (3.29), (3.30) and Lemma 2.3, we obtain Ap|un|N + fin|vn|¥ = Aa™ + ubY. By (3.25), we
get the desired result.

4 Proof of Theorem 1.1

In this section, we shall complete the proof of Theorem 1.1. To prove the existence of a ground state
solution to system (1.1), we need the following lemmas.

Lemma 4.1. Assume that (Go) and (Gg) hold. For any w € S(a,b), there exists a unique number
Sw € R such that B B
J(Sw,w) = max J(s,w) > 0.
s€

Moreover, sy, is the unique number such that F(s,,w) € P(a,b).

18
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Proof. First, by Lemma 3.1, we know that

J(s,w) =0T ass— —oo and J(s,w)— —co ass— +oo.

Therefore, J(s,w) has a global maximum point s,, € R such that J(s,,w) = max J(s,w) > 0, which
sE

means that 0sJ (s, w) = 0.
Next, we show the uniqueness of s,,. Obviously, by (1.15), we have

B (s, w) = P(F(s,w)) :‘V}"(s,w)‘x - /]RN G(F(s,w)) dz

G(e*w)
__Ns N _ _Ns 2N Qo —: L(s).
eV Vwly —e /RN (65]w|)2N‘w’ dz (s)

By (Gg), L(s) is strictly increasing in R. Hence, s,, is the unique number such that P(}"(sw, w)) =0,
from where it follows that F(sy,w) € P(a,b).
O

Lemma 4.2. Assume that (Gy) and (Gg) hold. Then, there holds c¢(a,b) = m(a,b).
Proof. Lemma 4.1 yields that m(a,b) = inf maxJ(F(s,w)). Fixing w € S(a,b), for any F(s,w),

weP(a,b) s€ER
there exists h € I" such that

h(t) = .7-"((1 —t)s1 + tsz,w) t €[0,1],
where two numbers s; << —1 and sg >> 1 satisfy s = (1 — t)s1 + ts2. Then, we have

max J(F(s,w)) = fél[gfﬁ J(h(t)) > c(a,b).

This implies that m(a,b) > ¢(a,b). On the other hand, fixing w € P(a,b), for any h € I', we have

J(h(t)) > inf J(F(s,w)),
max J(h(t)) 2 nf | max ] (F(s,w)

which implies ¢(a,b) > m(a,b). Hence, m(a,b) = c(a,b).
O

Proof of Theorem 1.1: Under the assumptions (Gg)-(G5), we prove that there exists a Palais-Smale-
Pohozaev sequence for J constrained on S,(a,b) at level c(a,b). Therefore, by Lemma 3.6, up to a
subsequence, (uy,v,) — (u,v) in E. In particular, there exist A\ < 0, p < 0 such that (u,v,\, u) is a
normalized solution of system (1.1).
Moreover, we will prove that w is a ground state solution. Arguing as in [28] and using Lemma 4.2,
it follows that
c(a,b) = m(a,b),

where m(a, b) is defined by (1.12). Since J(w) = ¢(a, b), the above analysis implies that w is a normalized
ground state solution of system (1.1).
O

19



UNDER PEER

REVI EW

References

1]

2]

[13]

[14]

[15]

Albuquerque, F.S.B.: Nonlinear Schrédinger elliptic systems involving exponential critical growth
in R2. Electron. J. Differential Equations. 59(2014), 1-12.

Albuquerque, F.S.B.: Standing wave solutions for a class of nonhomogeneous systems in dimension
two. Complex Var. Elliptic Equ. 61(2016), 1157-1175.

Alves, C.O., Ji, C., Miyagaki, O.H.: Normalized solutions for a Schrédinger equation with critical
growth in RV, Calc. Var. Partial Differential Equations. 61(2022), no. 1, Paper No. 18, 24 pp.

Berestycki, H., Lions, P.-L.: Nonlinear Scalar Field Equations, I. Existence of ground state. Arch.
Rational Mech. Anal. 82(1983), 313-345.

Cao, D.M.: Nontrivial solution of semilinear elliptic equation with critical exponent in R%. Comm.
Partial Differential Equations. 19(1992), no. 3-4, 407-435.

Cassani, D., Tavares, H., Zhang, J.J.: Bose fluids and positive solutions to weakly coupled systems
with critical growth in dimension two. J. Differential Equations. 269(2020), 2328-2385.

Chang, X.J., Liu, M.T., Yan, D.K.: Normalized ground state solutions of nonlinear Schrédinger
equations involving exponential critical growth. J. Geom. Anal. 33(2023), no. 3, Paper No. 83, 20

pp.

Chen, S.T., Tang, X.H.: Normalized solutions for Schrodinger equations with mixed dispersion
and critical exponential growth in R2. Calc. Var. Partial Differential Equations. 62(2023), no. 9,
Paper No. 261, 37 pp.

Deng, S.B., Yu, J.W.: Normalized solutions for Schrodinger systems in dimension two. J. Math.
Anal. Appl. 538(2024), no. 1, Paper No. 128323, 21 pp.

do (), J.M.B.: Semilinear Dirichlet problems for the N-Laplacian in RV with nonlinearities in the
critical growth range. Differential Integral Equations. 9(1996), 967-979.

do O, JM.B.: N-Laplacian equations in RV with critical growth. Abstr. Appl. Anal. 2(1997),
301-315.

do C), J.M., de Albuquerque, J.C.: Positive ground state of coupled systems of Schrodinger equa-
tions in R? involving critical exponential growth. Math. Methods Appl. Sci. 40(2017), 6864-6879.

do O, J .M., de Albuquerque, J.C.: On coupled systems of nonlinear Schrodinger equations with
critical exponential growth. Appl. Anal. 97(2018), 1000-1015.

Dou, J., Huang, L., Zhong, X.X.: Normalized solutions to N-Laplacian equations in RY with
exponential critical growth. J. Geom. Anal. 34(2024), no. 10, 317.

Fibich, G.: The nonlinear Schrodinger equation: Singular solutions and optical collapse. Applied
Mathematical Sciences. vol. 19, Springer, Cham 192(2015).

Gou, T.X., Jeanjean, L.: Multiple positive normalized solutions for nonlinear Schrédinger systems.
Nonlinearity. 31(2018), 2319-2345.

20



UNDER PEER

23]

[24]

[25]

REVI EW

Guo, T.X., Zhang, Z.T.: Normalized solutions to the Chern-Simons-Schrédinger system. J. Funct.
Anal. 280(2021), 108894.

Tkoma, N.: Compactness of minimizing sequences in nonlinear Schrédinger systems under multi-
constraint conditions. Adv. Nonlinear Stud. 14(2014), 115-136.

Jeanjean, L.: Existence of solutions with prescribed norm for semilinear elliptic equations. Non-
linear Anal. 28(1997), 1633-1659.

Kavian, O.: Introduction a la théorie des points critiques et applications aux problemes elliptiques.
Math. Appl. vol. 13, Springer, Paris(1993).

Lam, N., Lu, G.Z.: Existence and multiplicity of solutions to equations of N-Laplacian type with
critical exponential growth in RY. J. Funct. Anal. 262(2012), 1132-1165.

Lam, N., Lu, G.Z.: N-Laplacian equations in RV with subecritical and critical growth without the
Ambrosetti-Rabinowitz condition. Adv. Nonlinear Stud. 13(2013), 289-308.

Lam, N., Lu, G.Z.: Elliptic equations and systems with subcritical and critical exponential growth
without the Ambrosetti-Rabinowitz condition. J. Geom. Anal. 24(2014), 118-143.

Moser, J.: A sharp form of an inequality by N. Trudinger. Indiana Univ. Math. J. 20(1970),
1077-1092.

Nirenberg, L.: On elliptic partial differential equations. Il principio di minimo e sue applicazioni
alle equazioni funzionali. Berlin, Springer(2011), 1-48.

Panda, R.: Nontrivial solution of a quasilinear elliptic equation with critical growth in RY. Proc.
Indian Acad. Sci. Math. Sci. 105(1995), 425-444.

Panda, R.: On semilinear Neumann problems with critical growth for the N-Laplacian. Nonlinear
Anal. 26(1996), 1347-1366.

Soave, N.: Normalized ground states for the NLS equation with combined nonlinearities: the
Sobolev critical case. J. Funct. Anal. 279(2020), 108610.

Tao, T., Visan, M., Zhang, X.Y.: The nonlinear Schrédinger equation with combined power-type
nonlinearities. Comm. Partial Differential Equations. 32(2007), 1281-1343.

Trudinger, N.S.: On imbeddings into Orlicz spaces and some applications. J. Math. Mech.
17(1967), 473-483.

Willem, M.: Minimax theorems. Minimax Theorems. (1996), 22, 25.

Yang, Y., Perera, K.: (N,q)-Laplacian problems with critical Trudinger-Moser nonlinearities. Bull.
Lond. Math. Soc. 48(2016), 260-270.

Zhang, G.Q., Sun, J.: Ground-state solutions for a class of N-Laplacian equation with critical
growth. Abstr. Appl. Anal. (2012), 831468, 14 pp.

21



	1 Introduction
	2 Preliminaries
	3 Mountain pass approach
	3.1 Mountain pass structure and value
	3.2 (PSP)c(a,b) condition

	4 Proof of Theorem 1.1

