THE EXISTENCE AND MULTIPLICITY OF SOLUTIONS FOR A CLASS OF
QUASILINEAR ELLIPTIC EQUATIONS

Abstract: Let Q c RY (IV > 3) is a bounded domain with a smooth C?-boundary, 0 € 99, and n
denote the unit outward normal to 0€2. We are concerned with the Neumann boundary problems:

—div (|2|* Vu) + X |z  u = |z] uplef)-1, x €N
u(z) >0, x €l
gu =, x € 09,

where p (o, f) = %f;ﬁz >2,v>a—2,a >0, < 0. For certain region of the parameters

a, 8 and -, we establish the existence result of least energy solutions. Furthermore we obtain the
multiplicity of solutions for a related linear perturbation problem.

Keywords: Caffarelli-Kohn-Nirenberg inequalities; Neumann Boundary; Least energy solutions.

1. Introduction

In this paper, we consider the following quasilinear elliptic problems with Neumann Boundary

—div (\xl‘“ Va2 vu) F |z wt = [P up @) e
(1.1) u(zx) >0, x e
|VulP—? du —, x € 09,

where Q € RV (N > 3) is a bounded domain with C?-boundary, 0 € 9Q, 1 < p < N and o, 8 € R

such that p (a, B) = %J_V;fg > p. n denotes the unit outward normal to 2. We recall the following

well-known Caffarelli-Kohn-Nirenberg inequalities[3]

D

(a,8)
(1.2 ([ ol w7 <5t [ ol ivup, vue oY),

RN RN
where
a_ B

1.3 a>—-N+p, —>2—+, B=Za—p.
(13) p  p(a,p)

p(a, B) is called the critical Sobolev-Hardy exponent since when « = =0 and a =0, 8 = —p,
(1.2) are classical Sobolev and Hardy inequalities respectively. (1.2) has played an important role
in many applications by virtue of the complete knowledge about the best constant S, g and the
extremal functions.

Define the weighted Sobolev space W71£ (Q) by

Wk (Q) = {u € Lf(Q): /Q |z|* ]Vu\p—k/ﬂ 2| |ul? < oo}
1
with the norm Hu||W1,p(Q) = (Jq lz|“|Vul’ + [o |z [u|P)?, where L% () is the usual weighted
v.a

LP (Q) space with the weight |z|”. From Lemma 2.1 and range of ~, we have leg (Q) —
1
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Lr(@8) (). But the embedding W71£ (Q) — LPP) (Q) is not compact. In addition, Consider
the functional

1 1
J(u) =~ /mo‘Vup—i— a:”up>— /xﬁup(a’ﬁ),uewl’gQ.

The functional J (u) is well defined and is C''-smooth in W% (€2), hence by the strong maximum
principle (see Proposition 3.1 in [1]), its critical point is a weak solution to Problem (1.1). We will
employ the minimax theory to find the nontrivial critical points of J (u).

On the other hand let &« = —pa, § = —bh, then for 1 < p < N, (1.1) is equivalent to

(1.4) —div (\:L‘]_p“ |Vu[P~? Vu) = || Pt = Nz P > 0,
where
N—p N—p Np
—x0<a< , a4 — <b<a+1lh= .
P D N—-p(l+a+b)

which is related the classial Caffarelli-Kohn-Nirenberg inequalities:

(1.5) ||~ V“HLP(RN) > Cup H\x]_bu‘ Yu € C3° (RY) .

Lh(RN)’
For inequality (1.5), according to the different range of parameters a and b, there is a quite
extensive literature focusing on this type of problems. It can refer to the details from ([7], [10], [13]).
Dolbeault et al. [5] proved an optimal result about the radial range of the extremal functions.
Namely, p € (2,2*), assuming the integrability condition [ RN |x|_bh uldxr < oo, the extremal
functions of inequality (1.5) is radial either for

0<a< and a <b<a+1,
or for
a<0andbpg(a)<b<a+1l,
where
N(&2 —a 2a+2—N
brs (a) := (5 - ) + 5 .
2\/ (M52 —a)"+N -1
The radial extremal functions of inequality (1.5) is
N—24+a«
£2(2—a+p)
(1.6) ue () = N—2+a °

(e foprot?) s

In addition, we consider existence of the another quasilinear equation:
(1.7) —div (w VP2 Vu) el uP? = a (@) o) ol 2 u+ f (2),

where 2 is a bounded domain, a < 0, 1 < p < N. We suppose a (z), f (z), p, ¢ meet the following
conditions:

(1) a(z) > 1, a(x) — 1 as dist(z,00) — 0, a(x) € C(9)

(i) f(z) >0, f(z) #0, f(z) € WHP(Q)

(ii)) p<q<p*=x55,p<N.

Theorem 1.1. Letp=2, >0, a—-1<vy<qa, 0<a<?2, O‘T_Q < B <0, and (1.3) hold. Then
problem (1.1) has a least energy solution.
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Theorem 1.2. If (i), (i), (#7i) hold, there exists a constant C, || fl| 1.

least two solutions to the problem (1.7).

@ < C, there exist at

Remark 1.3. In [1] where p = 2,0 < a < Y2 and a < b < a + 1, Bartsch et al. considered (1.1)
in a cone or some other domains with Dlrlchlet or Neumann boundary conditions, and obtained
some existence and nonexistence results of positive solutions. In [8], Bing-yu Kou popularised
the above results to 1 < p < N. In this paper, we will consider the situation of a < 0, namely
a > 0. The range of radial solution 0 < a < 2, O‘T_2 < B < 0, equivalent to —1 < a < 0,

aN+N—2a2—4a—2
0<b< (N—a=T)

the solutions of the equation (1.1) still exists.

< a + 1. The purpose is to change the range of parameters to prove that

To prove our main results, we mainly apply the minimax argument in variational method. More
precisely, we first construct a Palais-Smale sequence {u;} by using the Mountain Pass Lemma and
then give a threshold value under which the Palais-Smale sequence is pre-compact. To verify that
the energy corresponding to the Palais-Smale sequence {u;} is lower than the threshold, we use
the function u. (x) which can achieve S, g in RY as a test function to estimate the energy J (u;).In
the second section, we present the key lemmas and foundational estimates required for the proofs.
By establishing and verifying a compactness condition, the proof of Theorem 1.1 is finalized in the
third section.In addition, in the fourth section of this paper, we introduced another quasilinear
equation. We mainly discussed existence of the equation solution under the condition of satisfying
(1), (4i), (i9i) in equation (1.7). For the method of combining equation (1.7) with perturbation,
using the Ekeland variational principle and the Mountain pass theorem, first find a local minimum
solution ug corresponding to the function near the zero. Then through the Mountain pass theorem,
we can find a solution different from wuyg.

2. Preliminary results

In this section, we will give some preliminary lemmas and some basic estimates which will be
used to prove our main results. Define the weighted Sobolev space WA}C% (Q) by

1,2 L 2 . o 2 2
w2 () ._{ueLW(Q)./Qm vl +/an;|7 ) <oo}

provided with the norm
1
2
el 1 :( JER / \xﬂ\uF)
wize =\ J, 0

Since 99 is C%-boundary, it is easy to know from Lemma 2.2 below that as o — 2 < v < a, the
embedding Wvlg[ (Q) — Lg(a’ﬁ ) (Q) is continuous. Hence (1.1) has a variational structure

I L A A A

The following lemmas can be found in [1].

Lemma 2.1. For1 < g <p(a,p), the imbedding lei (Q) — Lqﬁ (Q) is compact.

Ju € W2 (Q).

Lemma 2.2. Let S, be defined as in (1.2). For all § > 0, there exists a constant C (§) > 0
depending on & such that

2
(a,B)
(2.2) (/ |xyﬁup<aﬁ>>” < (2% 5L) [ el 1Vuf +0@) [l ful
Q Q Q

for all u € Wy ().
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/
Lemma 2.3. Let (u;) C leo% (Q) satisfy J (u;) — ¢ and J'(u;) — 0 in (W,}a% (Q)) as i — oo. If

/B+2—Oé Bﬁ;—ﬁa
4(N+p8) @

then (1.1) has a solution u € W»}ﬁ (Q) with w # 0 and J(u) < ¢

(2-3) c <

Suppose that m, -+ ,Tn_1 are the principal curvatures of 92 at 0, so that the mean curvature

is §oy Zk 1 Tk
Since 0 is C?-boundary at 0, the boundary near the origin can be represented by

| Nl
zny =h (w’) =3 Z ﬂkxz +o (’x'ﬁ) ,
k=1

where '=(z1,--- ,xn_1) € Ds (0) for some 6 > 0, Ds (0) = B (0) N {xy = 0}.

Set
/af| |Vu€| K (e /|:cﬁup°‘5 Ks (e /mv

where . is given in (1.6).
Now let us estimate K (¢), K2 (g), K3 (¢) separately.

Ky (e) = / 2] Ve — / 2] Ve — / 2] |V
RY (RA\Q)\B(0,9) B(0,8)

+

and

1 Ne2ta 2428—a

/ \x|°‘|Vu8]2 = (N—2+a)2/ £2=at || SN dx
RY 2 RN 2—a+p) 2—atp
+ (5 + || )

1 2 ’Z/‘Hm_a

(2.4) =5 (N—=2+a) /R svis) 4

N
(e lofoen)

where RY = RY N {zy > 0}, and
) |y|2+2,37a
(2.5) Ki=(N-2+a) /N sovis W
R (6 i ]y‘Q_OH_B) 2—a+p

is a constant independent of €.

Ne24a 2428—a

|2|% |Vue|* dz = (N — 24 a)?e2ats ||

dzx

2(N+B)

‘/(VR-‘]Y\Q)\B(Ov‘S) (8 + |$|2_a+5) 2—a+p

/(M\Q)\B(o,a)

(2.6) =0 (2%

) g(=") ) h(z") 5
/ |2 [Vu| :/ dm'/ |z|” |[Vu| de+/ da:’/ |2|” |Vue|” dey.
B(0,6) D(0,6) 0 D(0,6) g(z)

)



Observing that

g9(z’) )
A. :/ dx// |z|* |Vue|* dey
D(0,6) 0
‘y|2+25—a

) . £ Ta T g(y)
=(N-2+a) / dy / ) dyn
D(0,6) 0 (1 n \y|2_a+6> 2-ath

24+28—a /
9 1 |yl 9(y)
(2.7) = (N -2 + a) g2-a+p / 2(N+8) dy/7

D(O,(S) (1 + |y|2*a+5) 2—a+p3

and

h(z") )
/ dw'/ |z|* |Vue|* dey
D(0,6) g(z’)
24+28—a

N—2+a h(z")
=(N-2+ a)25 2—a+B /D s dw'/ / m 2(N15) dry
(0,6) g(z') (5 I ’x‘Q—a—i-,B) 2—atp

24+B—a B
, Noia h(z') <|.13/‘2 + x%\/‘) 2 (|CU/|2 + m%v) 2
=(N—-2+a) e2ats / dx'/ swig GTN
D(0,6) g(z") 5 ) WT_O‘ 2—a+p
(s+—0mﬂ~+wN) )
8
5 N-2ta h(z') (’33/|2 + m%f)
<O -2rapedE [ aw | Y
ps)  Jo@) ) 25-0y 3oars ]
2
<e+—0x’«+xN) >
—2ta h(z") 1B
< (N -2+ O‘>2€gﬂfiﬁ / da’ ’x | 2(N+p8) dz
D(0,6) g(x") (5 n |$/|2—a+6> 3atp |

2 A
=(N—-24a) c2-atp RETI
(& + farpPmet?) =7

Cota "B A /
Sl A e T
D(0,5)

Since h(z') = g(2') + o (\x’]2), it follows that Ve > 0, 3C (o) > 0 such that h(z') — g (2/) <

o l2')? + C (o) |2'|2 for 2’ € D (0,5).

Therefore
h(z") )
/ dw'/ |z|* |Vue|” dey
D(0,6) g(a’)

5
vare [P (P HC0)]0)7)
S(N=-2+ O‘)Q gxmat? / 2(N+8) r

D(0,0) 2-at8) 2-a+p !
’ (f:? + |2/ )




1 1

, 1P (0 4+ C (o) e |y/|2)

=(N-2+a) €2a+6/ SR dy
D) (14 Pty

< Cez=avp (O'—FC(O‘)Em) ,

which implies

h(z") ) 1
(2.8) / dx’/ |z|* |Vue|“dzy = o (52—a+ﬁ> as e —0.
(0,6) g(z')

Thus from (2.5) — (2.8), we obtain
1 1
(2.9) Ki(e) = JKi— A +o (gz—iw) .

On the other hand, similary to esumate of K () we have

Ka(e)= [ lal"urtes) - |
RY (RY\Q)\B(0,5)

g(a’) h(@")
_ / da’ / 12| PP dz,, + / da’ / )% u PP d,,
D(0,6) 0 D(0,6) g(z')

With similar calculations we obtain

8. plaf) _ L lwl”
(2.10) N |z|” ue =5/, 2(N+5) dy
RY (P

lyl”
soviar Ay as Ko,
(o2 %) 2573

|1‘|’8 uep(aﬁ)

is a constant independent of £, hence we remember fRN

and

(2.11) 2| uP@8) = O (8%> ,

/(RQ\Q)\B(O,J)

Similar that

/

g(z’) "B /
(2.12) B, = / dm'/ |z|® uP@B) dgy = 7o / 19 )2(N+3) ay',
D(0,6) 0 D(0,6) (1 I |y’\2_a+ﬁ) 2—a+p

and

h(z")
/ dw’/ 2| u P dz
D(0,6) g(z’)
a') (x?v + |:U’|2>
=e2- oatp dx N
/D / 2*6;+ﬁ 22(—]\1;53)
(E + (:z:?v + ]a:’|2> >
h(z") u/,ﬁ
L e2- “+5 /D / 2(N+8) dry

(5 + [a!PotP ) e

NI




2_
Serots 3(N+h)

O
1 1
1 1" (o +C (o) Iy'|2 e )
= 62—(¥+5
/D(o,a) AN

(s + !a:’|2_a+6> e

< Cerots (U+C(0)Em>.

=3 2 ) g @)
D(0,9)

dy’

Hence,

/

h(z')
(2.13) / dxl/ |x\’8ugp(a”8)dx]v =0 (5ﬁ) )
D(0,5) g9(z')

Thus from (2.10) — (2.13), we obtain
(2.14) Ky (e) = %KQ “B.+o (sﬁ) .
From the range of v, it is easy to get
(2.15) K5 (6) :/QW 2= 0 (559).

Moreover, from Caffarelli-Kohn-Nirenberg inequalities K7, Ko satisfy
K

N—2ta Sa,ﬁ'
K2 N+8

3. The existence of least energy solutions

Set

" =infsupJ (tu).
u t>0

where the infimum is taken over all u € Wﬂ}ﬁ () with u > 0, u # 0. It is easy to check that ¢* > ¢,
where c is the mountain-pass level defined as

c=inf sup J (¥ (1)),
pEWLe(0,1)

with ¥ = {w cC ([o, 1], w2 (Q)) 2 (0) = 0,2 (1) £ 0,7 (¢ (1)) < o}. Now we check that

* ﬁ+2_a L

< B+2—a
C AN )
Consider
N—24«
£2@=ath)
ua(l') = N—2+ta °

(5 + ]az\Q_aJrB) 2mas
In the follow we will proof that for & small enough there holds
B+2—a L8

3.1 supJ (tu) < —————§Ft2
(3.1) supd (1) < TN+ B) of
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As a consequence, supJ (tue) will be attained by a bounded t. for € small enough. Thus,
>0

supd (tus) < sup {11(1 (e)t? — KQ(s)tp(a,/J’)} +o (&?ﬁ) :

t>0 t>0 2 p (Oé, 6)
N—24+«
where t = (28) 2279 we obtain
N+8
1 K 2 — K prae
sup [Kl (e)t? — Mtp(a’ﬂ)] _ 8+ e - J(VE,)zm .
>0 |2 p (o, B) 2INHB) \ Ky () 7or
Hence
e
,3 +2 -« K; (8) -
supd (tug) < s )
up (fue) < 5 (N+5) \ Ky () w45
so it suffices to prove
N+8
Br2—af Ki() """ _B+2-a 55
TN+ D) \ 1y () 5 TN+ 5) 7o
Through the equivalent transformation, which is equivalent to
3.2 K (o) (22 o < B (g, (o)
(3:2) 10 (F 5 (K2 (0)7F5),
and from (2.9) and (2.14),
1 K N—24+«
N+B
SR A ) (22
2 2
K 1 N*Q«E&
1 N+ 1
< 71 (QKQ—B€+0<€2’Q+B)> +O(E2*°‘+5>
M a2-5
K 1 N-24a/1 N+B 1
-5 <2K2> TN+ <2K2> B. | +o (),

so (3.2) is equivalent to
As N -2+« K1

—_— 1).
B.” N+g KW
From (2.7) and (2.12), and through polar coordinates we have

00 PN+24+28—ca d
A fo (142 +5)422(N++ﬁﬁ> '
r2—a —a
(3.3) lim == = (N — 2+ a)? . ,
=05, o r ey AT
(1+7«27a+5) 2—atp
and
N+1+28—a
3 Joo— sy 47
(3.4) N—-24+aK; (N-2+a) (14r2-atB)2=a+h

N+B Ky  (N+B) I TN71+§(N+M dr
(1+r2—a+ﬁ) 2—a+B




Integrating by parts, we obtain for 2 < k <2N +a+ -1

/oo k 2
dr
0 (1+r2 a+,6’)2 atﬁ[:f) 1

2N+a+,8—2/ rk—ath J
= r
k=1 0 (14 r2-a+h) ans

2N+Oz—|—ﬁ—2 00 ,rka [e] ,rka

- E_1 v 4~ avie) A"
- 0 (14 p2-ath)z=ats -1 0 (14 r2-atf)2-

Hence,

/oo rk72 . ON +a + /8 —1—k /oo ,rkfoHrﬁ i

0 (1 + 7’2 a—‘rﬂ) 2 a++6,8) k—1 0 (1 + 7”‘2 a+5) 2<Na++ﬁﬁ)

Now choosing k = N + 2 + 3, one gets
A (N—-2+a)*(N+8+1)

lim— =
50 B, N-3+a
On the other hand, choosing k = N 4+ 1 + 3, one gets
N—2+04K1 2
——— = (N -2+ a)".
N+p38 Ky ( )

Since 8 > a—2, thus (3.1) has been proved to be true. From Lemma 2.3, Theorem 1.1 is completed.

4. The existence of the solution
In this section, we consider the following problem
—div (ma VP2 vu) el uP? = a (@) 2| [ulT 2 u+ f (2),

where 2 is a bounded domain, o < 0, 1 < p<N.
Define the weighted Sobolev space W (Q) by

Wo{’p Q) = {u e LP( / |z |[Vul|P + / |2 |ul? < oo}

provided with the norm Hunl,p(Q) = (Jolz|* [Vul’ + [ |=|* |u]p)5.
We say that u(z) is the weak solution of the problem (4.1), which means that for all ¢ € C§° (Q2)
such that

/]:U|a|Vu|p_2Vchpdx+/ |x|a|u|p_2u<pdx:/a(a:)|x|a ]u|q_2ucpd:c+/f(m)cpdx.
Q Q Q Q

Define functional

41y I () _;</Q yx\a\vuyuyx\a\mpdx) —1/Qa(x)]x°‘\u\qdm—/ﬂf(w) udz.

q

It is easy to verify that the nontrivial critical points of the functional (4.1) correspond to the
solutions of (1.7). And define

1 1
(4.2) I(u)=- (/ |z|* [Vu|P + || |u|? d:v) — / a(z)|z|* |ul? dz,
p q.Jq
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(4.3) I (u) = - |z|* |[VulP 4+ |2|* |u|Pdz ) — = [ |z|" |u|? dx,
p Q q.Jq

I® =inf{I®°(u) |u€ WoP (2),u>0,u#0,F(u)=1},
where F' (u) which is defined by

0, U
F(u) =3 [olal°[Vul’+[z|°uds .

fQ || |u|Tdz ’

Set @ is the extremal function of (4.4), and @ is satisfied

(4.4) ae WP (Q), w>0, a#0, I® = supl™ (tu).
t>0

Lemma 4.1. Let (un,) be a sequence in Wa' (Q) satisfying um — ug, the following conclusions
will be established:

lim / |z|® |Vup,|? dz —/ |z|* [Vupl? dz = lim / || |V (U, — )P d,

lim /\w!“ ]um]pdm—/ 12 |ulP dz = Tim /\xyayum—uoypdx.
m—o0 Jq Q m=oo JO

Lemma 4.2. For (uy,) C Wa® (), tm — ug, and Iy (u) satisfies the (PS) condition, then ug is
a critical value of Iy (u).

Lemma 4.3. Let (up,) be a (PS), sequence in WaP (), ug € Wa (Q), and um — ug, then either
Um — uo, I (ug) =c, orc > Iy (ug) + 1.

Proof. Set Br = {u e WaP (), |Jull < R},
(4.5) In=1Io(R) = inf I (u).

u€EBR

Since (u,,) be a (PS), sequence in Wip (Q), and wuy,, — ug, let vy, = uy — ug, we have v, — 0.
From lemma 4.1 we can obtain

I (v) =1 (up, — ug)

1
= p/ |2|* |V (tm — w0)|? + |2|™ |t — wo|P dx
Q

1 o '
— 2 [ @@l oy = wol?d,
and
<I’(um),um>:/Q]:U|O‘|Vum|p—|—|x]aum|pdm—/ﬂa($) 2 | daz,
(4.6) I (uo) + I (vm) = c+o(1),
(4.7) (I' (um) s tm) = (I' (vm) ,om) +0(1).

If vy, — 0, then w,, — ug, and If (ug) = limy, o0 I¢ (Um) = c. Now we assume that [lv,,|| —n >0
as m — oo, then

/ (a () — 1) [2]® [om da
Q
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= LR(O) (a (1') - 1) ‘x’a ’Um’p dx —|—/ - (a (.%') _ 1) |x’oz ”Um’p de

2\Br(0)

<zswals) [ ol fondo+ s (a(0) = 1) [ [ol” [onP do
Br(0) Q

Br(0) Q\BRr(0)
Through a simple calculation, we can get
(4.8) / |z| Vo, |P dz = U:an/ |omz|® |VEm|P de,
Q Q
and
(49) [ 1ol ton dz = ot [ (ol gl da.
Q Q

From (4.7), (4.8), and(4.9), we can obtain
i [ el (96l doto, [ fol” nl? do=o, [ [al” 6nl"do [ (a(@) = 1) laf* ol do = o (1).
Q Q Q Q
Then let e, = 0" [ [, (a (z) = 1) [2]¥ |vm|? dz + 0 (1)], we have
@10) [ el (9l + el = |onl?) dz = " (01, = 1) [ ol [Vl da + e
Q Q

We can take o, to make &, € {u e Wat (Q)|F (u) =1 } From (4.10), we can obtain o, — 1 as

m — 00. Then calculate I (v,,), we have the following estimates,
1 1
Iom) = [ el [Venl? + ol [on dz = - [ a(@) ol o do
pPJa qa.Ja
1 1
= aglp/ lomz|® [VEm|P dx—f—aﬁl/ lomz|” |Eml|? dz — / a(z)|z|" |vm|? dz
b Q Q q.J0
1 1
_on (/ (0m | | VEml? + [om]® [Em]? d — / o () yamxa\gm\qu)
P Ja q.Ja
1
+la- ag)/ [ [V |P dz
p Q
1
= I (6) + 20t (o =1) [ [ol” [V do+ 0 (1)

1
> o I+ Eaﬁl (o7 —1) / |z |[Vupm|P dz + o (1).
Q

Hence 0, — 1, then we have I (v,,) = I°*°+0(1). From (4.6), it suffices to prove ¢ > I (ug) +I1°°.
O
Lemma 4.4. Let g € (Wé’p (Q)) be nonnegative satisfying ||g||(W1,p(

there is ug in the Wa? (Q) satisfying Iy (¢) = It (uo), and I} (ug) = 0.

)* < C. Then fore >0,

Proof. For all u > 0 in Wa? (), we have

1 1
Iy (tw) =t full = 201 [ a(@) ol ol do ¢ [ g(a)udz,
p q Q Q

and i
t
dly (tu) =P |ul? — tq_l/ a(z)|z|* |u|? dx — / g (z) udz.
dt Q Q
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So there exists a constant ¢1, it follows that ¢ < ¢1 such that CUfT(fw < 0. And because of I (0) =0,
it exists R > 0, we have Iy (R) < 0. Consider ||g (ac)H(Wl,p(Q))* < C, we will get that for C' small
enough there exists another ¢ such that /¢ (tu) is a monotonically increasing function. Then for V

uwe WiP (), I # (tu) has a local minial value. Through the Ekeland variational principle, we can
get a (PS), sequence {u,,} of Iy (u) satisfy the following conditions:

It (um) = Io (R) + 0 (1), I} (um) — 0 (m — 00)

Because of In (R) < 0, there exists ug € Wa? (Q) such that u, — ug. Thus we have Iy (R) =
1o (uo), I} (uo) = 0. O

Set @ € Wa () is the function of (4.5). We have I (tn) — —oo (t — o0). Then we set the
following definition:

I'={yeC([0,1],WaP () :v(0)=0,v(1)=*tu}.

Cy =infsuply (u)
yel'uey

Lemma 4.5. For constant C > 0, for Ry > 0 small enough, if ||f|\(W1,p(Q))* < C, there holds

Cp < Io+ I, where I*® =1 (u), Iy = inf Iy (u).
UEBRO

Proof. Consider a(x) > 1, a(x) = 1 as |z| — 09Q, for V ¢t > 0, I (tu) < I*° (tu), there exists
to € (0,t) to satisfy the following formulas:

supl (tu) = I (tou) < I (tou) < supI™ (tu) = I*°.
>0 >0

Thus we can find g9 > 0 to make supl (tu) < I*® — gp. On the other hand, for the above g,
t>0

”fH(Wolc”’(Q))* < Cy, 3 Cp > 0, we can obtain:

= I (R)| < 5.

inf Iy (u) 5

UEBRO

And for Vu € {’yo :tfﬂ‘o <t< 1}, we have

< tt‘/ fudx
Q

) < C, thus it suffices to prove Iy (u) — I (u)| < 5. In summary we

1) =1l = | [ Fuda

Since 3 C' > 0, HfH(W1,p
can get

<tlal 1l e @)
(@)

Cr < suply(u) < supl (u) + S supl (tw) + F0 qoo 50 o poo + Ip.
uEY0 uEyo t=0 2 2

Now we are ready to give the proof of Theorem 4.2.
Proof of Theorem 4.2. First from Lemma 4.4, it is easy to get ug € WaP (), ug is the solution of
the problem (1.7). In addition 3 C > 0, R > 0, ||fH(W1,p(Q))* < C, we have Iy (R) > 0.Thus the
conditions of Mountain pass theorem are established, we can get that {u,,} is the (P.S) ¢, sequence
of Iy, where {u,,} C WaP (). And it is easy to proof that {up,} is bounded in Wa? (£2), hence
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there exists a subsequence {umj} such that Um; — U1, where u; € Woll’p (©). Now from Lemma

4.2,

I;c (Ul) = 0,

so that uy is the weak solution of (4.1). Then we will proof I’ (u1) = 0. From the Lemma 4.3,

either we have w,;,; — u1, or Iy (u1) = lim Iy (um]) = Cf 2 I + Iy. And from Lemma 4.5, we
j—00

have Cy < I* + Iy, hence u,; — u1. Now we can obtain

If (ul) :jILI&If (umj) :Cf > O>If (uo)

This shows that ug and wu; are different solutions of (1.7).
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