SPECTRAL INTEGRAL VARIATION OF GRAPH THEORY
	
ABSTRACT   
Spectral integral variation in graph theory explores the interplay between the spectral properties of graphs and their topological and geometrical characteristics. This study focuses on the eigenvalues and eigenvectors of graph-related matrices, such as the adjacency matrix and the Laplacian matrix, and their implications for understanding graph structure, connectivity, and dynamics. By examining integral variations, we establish a framework for analyzing how spectral properties change under perturbations, such as edge weight modifications and graph transformations. This paper discusses the significance of cographs as a specific class of graphs that exhibit robust spectral characteristics, highlighting their linear independence and absence of certain induced subgraphs. Applications in network design, clustering, and dynamic systems are presented, demonstrating the utility of spectral methods in real-world scenarios. This work aims to bridge discrete and continuous perspectives in graph theory, providing a comprehensive analysis of spectral variations and their implications for both theoretical research and practical applications..
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1. Introduction 
Graph theory has emerged as a fundamental framework for modeling and analyzing complex systems across various disciplines, including computer science, physics, and biology. Central to this field is spectral graph theory, which investigates the properties of graphs through the eigenvalues and eigenvectors of matrices associated with them, such as the adjacency and Laplacian matrices. These spectral characteristics provide profound insights into the structural and dynamic behavior of networks.
In recent years, the concept of integral variation has gained prominence, particularly in the study of continuous analogs of discrete graphs. This approach allows for the exploration of smooth functions and distributions over graph structures, bridging discrete mathematics with concepts from calculus and differential geometry. By examining how the spectral properties of graphs evolve under perturbations and through continuous transformations, researchers can uncover new dimensions of understanding regarding network connectivity, clustering tendencies, and robustness.
This paper aims to explore the intricate relationship between spectral theory and integral variations in graph structures. We will delve into the mathematical formulations, key properties, and applications of these concepts, highlighting their relevance in contemporary research and real-world applications. By synthesizing insights from spectral graph theory and integral variations, we hope to pave the way for new methodologies and frameworks that enhance our understanding of complex networks.
if The Laplacian matrix L(G) of a graph G is defined as L(G)=D−A, where D is the degree matrix (a diagonal matrix where each entry corresponds to the degree of a vertex) and A is the adjacency matrix of the graph.
 The eigenvalues of the Laplacian matrix L(G) are referred to as Laplacian eigenvalues. They are computed from the characteristic polynomial of the Laplacian matrix, det(L(G)−λI)=0.
2.Spectral Integral Variation In Laplacian Eigenvalues 
One of the well-known conjectures about the Laplacian spectrum of a graph was asserted by Grone and Merris (1994), and this conjecture claimed that the conjugate of a degree sequence of a graph majorizes the Laplacian characteristic values of this graph. That conjecture is solved by Bai (2011).  the spectral integral variation of the Laplacian matrix in a graph encodes valuable information about  its connectivity and structure. Its eigenvalues, known as Laplacian eigenvalues, play a crucial role in various applications, including network analysis, computer science, and physics.
Spectral Graph Theory: This field studies graphs through their eigenvalues and eigenvectors, focusing on matrices like the adjacency matrix A and the Laplacian matrix L. The spectral properties reveal insights into graph characteristics such as connectivity, clustering, and robustness.
Integral Variation: In the context of graphs, this often involves considering continuous analogs of discrete graphs, particularly when analyzing smooth functions or distributions over the graph

Definition 2.6 Let  be a graph and let be the eigenvalues of . If for each then  is called a Laplacian integral (LI) graph.[7]
From the last theorem of the previous section, a TG is LI. But there are more, that is, the set of LI graphs properly contains the set of TGs. Now, we define a new type of graph, which is LI, and TG belongs to the set of this type of graphs.
Definition 2.7 Let  be a graph. is said to be a ′′cograph′′ if it is obtained recursively by obeying the following principles:
a) , i.e., a single vertex is a cograph.
b) If  is a cograph, then  is a cograph.
c) If  and are two cographs s.t. , then  +  is a graph. 
Theorem  2.8  If   is a cograph, then it is LI.
A cograph (complement-reducible graph) is a graph that can be constructed from single vertices using two operations: 
Disjoint Union: Combining graphs without adding edges.
Join: Connecting every vertex of one graph to every vertex of another graph.
Cographs do not contain induced paths of length four 
Locally Independent (LI) Graph:
A graph is locally independent if for every pair of non-adjacent vertices, there exists at least one common neighbor.
Cographs with 1 Vertex:
A graph with a single vertex has no edges. Therefore, there are no pairs of vertices to consider, and the definition of local independence is trivially satisfied.
Cographs with 2 Vertices:
If the two vertices are adjacent, they are not non-adjacent, so this case is also trivially satisfied.
If they are not adjacent (both vertices are isolated), there are still no non-adjacent pairs, so local independence holds.
Assume that any cograph with n vertices is locally independent. We will show that this holds for a cograph with n+1 vertices.
Constructing Γ with n+1 Vertices: 
A cograph with n+1 vertices can be constructed by either: 
· Disjoint Union: Merging two cographs Γ1 ​ and Γ2 
· Join: Joining a cograph Γ1 ​ with a single vertex v  .
1 Case 1: Disjoint Union
· If Γ=Γ1∪Γ2 ​ (where Γ1 ​ and Γ2 ​ are cographs with   and​ vertices respectively, and ): 
· In this case, there are no edges between vertices in Γ1 ​ and Γ2 ​.
· Thus, any pair of non-adjacent vertices must be within Γ1 ​ or Γ2 ​.
· By the inductive hypothesis, both Γ1  ​ and Γ2 ​ are locally independent, meaning every pair of non-adjacent vertices in either subgraph has a common neighbor within that subgraph.
2 Case 2: Join
· If Γ=Γ1 ​ joined with a vertex  : 
· In this scenario,   is adjacent to every vertex in Γ1 ​.
· Consider two non-adjacent vertices and  in Γ1 ​.
· Since Γ1​ is a cograph, by the inductive hypothesis,  and  must have a common neighbor  in Γ1​.
· Moreover, v is adjacent to all vertices in Γ1 ​, including neighbors of and 
· Thus,  serves as a common neighbor for  and .
Theorem 2.9 If  is a TG, then it is a cograph.
Proof.  , we can assume that  is connected, because if  is disconnected, then it has only one nontrivial component, and   the remaining components are all trivial,   each remaining component comprises of a single vertex; thus, they are all cographs, and disjoint union cographs is a cograph.
Now, proof can be done by induction on 
is a cograph. 
Assume that the proposition is true for all graphs with the number of vertices .
Let  be a connected TG with |. 
If   is a nontrivial TG, it has a dominating vertex, say . Let 
Then,  is a TG with . Therefore, by the induction hypothesis,  is a cograph. Thus,  is a cograph.
 is a cograph.  Then  is a cograph. 
As a result, the proposition is proved by induction. 
Proposition  2.10 The converse of the previous proposition does not hold. That is, there are cographs that are not threshold. For example,   is a cograph (is a cograph, by part (a) of the definition of cograph.  is a cograph part (c) of the definition of cograph. Thus,  is a cograph by part (b) of the definition of cograph); but  is not a TG. ( is connected, but does not have a dominating vertex.)
Now if   be a graph, and e be an edge not in  Then, we want to understand the variation in the eigenvalues of  if we add e to . To study this variation, we need a result from Linear Algebra about the consequence of the rank 1 perturbation process on the eigenvalues of , where  is a square matrix of order  and . (A square matrix , where , is called a  rank 1 perturbation  of A.)
First, we study two lemmas which are needed to prove the mentioned result. 
Theorem 2.11 Let  be a square matrix of order n, and . Partition  as follows: 
.
Let  be the eigenvalues of  Assume that the set of eigenvalues of  is a subset of the set of eigenvalues of M. Then  is the zero vector. 
Proof. First, by the assumption, the eigenvalues of  are
for some 
Then we have:

And since the trace of the square of a matrix  is equal to the sum of the squares of eigenvalues of  , we also have:            
= .
On the other hand, from the statement of the lemma, we have:
.
And since , we have: 
 =  
             =  
             = )
             =2  ).
   – ) =+2.
 ,  .
 Then . 
Theorem 2.12 By  the same notation of the previous lemma, let  , and let 

be a block matrix.
Assume that the eigenvalues of  (respectively, N) are  (respectively, ,  for some . Then y is the zero vector. 
Proof. First of all, we have:
  
 

On the other hand, from the statement of the lemma, we have:

           
          

  If   ≠ 0 by assumption, we have:

  The eigenvalues of  comprises of  eigenvalues of  . 
  By the previous lemma,  is the zero matrix. 
Example 1 
If   
The eigenvalues of M can be computed as follows:
The characteristic polynomial is given by 

The eigenvalues are 
If       and there N  where  


To find the eigenvalues of N , we compute the characteristic polynomial:

The determinant of the 2×2  matrix is 
and the 1×1   matrix determinant is 
Thus, we have 
simplifying this leads to the characteristic polynomial of N   
If y is not the zero vector, it would introduce additional influence on the eigenvalues of N, potentially shifting one of the eigenvalues away from the original eigenvalues of M.
Theorem 2.13 Let  and  be square matrices of order  s.t.  and , rank Let   (respectively, ) be the eigenvalues of M. Then matrixhas the eigenvalues   for some  iff  and N commute. 
Proof. 
Since  and N are commuting symmetric matrices, there is an orthogonal matrix  s.t. 
,
where  is the   diagonal entry of the matrix  for some . 
Then we have: 

for some .
  The eigenvalues of  are  for some .
If , we can suppose that  (Since  is symmetric, there is an orthogonal matrix  s.t. . And since (orthogonally) similar matrices have the same eigenvalues, both  and , also both  and  have the same eigenvalues. Therefore, instead of studying with  and N, we can study with  and  And thus we may suppose that ).)
.
T.
Now, the eigenvalues of (respectively, ) are  (respectively,    ) for some  by the hypothesis. 
  By the previous lemma,  is the zero vector.
  .                                                          
  Since  and N commute. 
Now, we apply the previous theorem to Laplacian matrices. 
Let  be a graph with , and suppose that . Let . Then: 
,
where is the vector whose  component is 1,   component is 1, and all the remaining components are zero. 
By the related interlacing result, if (respectively,) are the eigenvalues of  (respectively, L()), then we have:
.
Also note that:
.	(*)
Assume that  is LI. Also assume in consideration of (*) above that one of the following holds:
a) Either for, and  =  + 2;
b) Or  for , and   =  + 1.
Then, in consideration of (*) above,  is also LI. 
Definition 2.14 If case (a) (respectively, (b)) occurs, then it is said that “spectral integral variation happens in 1 (respectively, 2) position(s).
The following theorem characterizes case (a).
Theorem 2.15 Let  be a graph with  and . Let =  + {}. Then,  eigenvalues of  and  concur iff .
Proof. First, we showed above that  . By the previous theorem,  eigenvalues of  and  concur.
  .
(By block multiplication)  where  (respectively, ) is the    column (respectively,  row) of  for . 
( - )    () (because  is a symmetric matrix).
.
.
 (By block multiplication) since 

 where.
for each  and 
for each and  (Note that since , = = 0.) 
 = for each  and = 
The and  rows of  are identical.
 
Example 2  Let Γ be a simple graph with 4 vertices. We can define it as follows:
Vertices    ,    Edges  
     ,      


The characteristic polynomial of L(Γ) can be computed, leading to the eigenvalues. For this example, let’s assume the eigenvalues are 
Now, let’s add an edge between vertices 1 and 4 



Similar to before, compute the eigenvalues of L(Ω).For simplicity, let’s assume the eigenvalues are
Note   and   and the same eigenvalues
Example 3   
Consider a simple graph G  with 4 vertices and the following edges:
(1,2)    ,  (1,3)   ,   (2,3)   ,  (3,4)
he adjacency matrix A  for the graph is

The degree matrix D is a diagonal matrix where each diagonal entry represents the degree of the corresponding vertex

he Laplacian matrix L  is given by  
 

from the Laplacian matrix as  ​. Assume we computed:

 To  analyze the Spectral Integral Variation, you might define a function    , such as    ​. The integral can be interpreted as the sum of the weighted eigenvalues:

in this example, we computed the Laplacian matrix of a simple graph, found its eigenvalues, and demonstrated how to interpret the Spectral Integral Variation based on those eigenvalues. This method helps analyze the graph's properties and can be extended to more complex graphs and functions.
Corollary 2.16 Let  be a graph with  and , also assume that  And let . Then  is LI iff   is LI. 
Proof. First of all, since  eigenvalues of  and  concur by the previous theorem. Therefore,  is LI iff these concurrent eigenvalues and the remaining eigenvalue of  are all integers iff (Since ,) these concurrent eigenvalues and the remaining eigenvalue of  are all integers iff  is LI. 
3.Conclusion
In this paper, spectral integral variation is a vital aspect of graph theory, providing valuable insights into how structural modifications influence spectral characteristics, with broad implications for both theory and application.
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