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ABSTRACT                                                                                                                                 . 
This paper investigates the relationship between Laplacian eigenvalues of threshold graphs and the concept of majorization. Threshold graphs, characterized by their simplicity and combinatorial properties, serve as a rich framework for exploring spectral graph theory. We analyze the Laplacian matrix of these graphs and derive conditions under which the eigenvalues exhibit majorization properties. By employing techniques from linear algebra and combinatorial optimization, we establish a set of inequalities that describe the distribution of the Laplacian eigenvalues in terms of the graph's structural parameters. Furthermore, we demonstrate how these relationships can be utilized to infer properties of the graph, such as connectedness and robustness. Our findings contribute to the broader understanding of spectral properties in graph theory and open avenues for further research into the implications of majorization in combinatorial structures. The results have potential applications in network analysis, particularly in assessing the resilience of networks modeled by threshold graphs.   
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1. Introduction 
Laplacian eigenvalues play a pivotal role in the study of graph properties, serving as key indicators of various structural and dynamic characteristics of graphs. Among the diverse classes of graphs, threshold graphs stand out due to their simple construction and rich combinatorial structure. Defined as graphs that can be formed by starting with an independent set and iteratively adding edges between vertices based on a threshold, threshold graphs exhibit interesting properties that are relevant to both theoretical and applied graph theory.
Graphs can be thought of as links between things. To emphasize a real problem, these things are linked by some relationship This paper is concerned with threshold graphs, introduced by Chvátal and Hammer and Henderson and Zalestein in 1977. They are an important class of graphs because of their numerous applications [1].threshold graphs (TGs) as special graphs having beautiful structures and several important mathematical properties. It has a large impact in graph theory (GT) as well as in many applied areas, such as psychology, artificial intelligence, computer science, etc [2] . These graphs can also be used to control flow of information between processors, similar to how traffic lights are used in controlling the flow of traffic.  
The concept of majorization provides a framework for comparing the distributions of eigenvalues, allowing researchers to draw meaningful conclusions about the underlying graph structure. In the context of Laplacian eigenvalues, majorization can reveal insights into the connectivity, robustness, and other critical features of threshold graphs. The interplay between these two areas Laplacian eigenvalues and majorization forms the foundation of our exploration.
In this paper, we will delve into the fundamental notions surrounding threshold graphs and their Laplacian eigenvalues, presenting a comprehensive overview of established theorems and recent developments. We will highlight the significance of majorization in understanding the spectral properties of these graphs and discuss how this relationship can inform practical applications, including network analysis and optimization. Through this examination, we aim to contribute to the growing body of knowledge in spectral graph theory and provide a platform for future research endeavors in this intriguing intersection of topics.
2 .Majorization
Majorization is a fundamental concept in mathematical analysis and combinatorial optimization, providing a powerful tool for comparing vectors and understanding their distributions. At its core, majorization offers a way to compare the "spread" or "inequality" of elements in a vector, allowing researchers to draw conclusions about the relationships and structures within various mathematical contexts. This concept has significant implications across multiple disciplines, including economics, information theory, and graph theory.
The formal definition of majorization involves the comparison of two vectors, where one vector is said to majorize another if it represents a more equitable distribution of values. This relationship is often expressed through the rearrangement inequalities and is closely linked to notions of convexity. Majorization can be applied to study eigenvalues, particularly in the context of matrices and operators, where it provides insights into the properties of spectral distributions.
Definition 2.1, and let  ≥ ≥…≥  be a nonincreasing sequence of the components of the vector . That is:
, and   =({, , …, }\{, , …, }) for each . Let  . If we have: 
ⅰ)  ≤   , for each  
ⅱ)  ≤   , 
then we say that  is majorized by , or  majorizes , and it is denoted by . If , we frequently say that  , …, are majorized by  , …,. If  and  are  real vectors, and if   , then we say that  is majorized by , and it is also denoted by .
There is an important property  if  [, , …, ]T , and let ā =  be the arithmetic mean of the components of the vector . Also let b = [ā, ā, ..., ā]T. Then  : 
First of all, =    ā = + + … +=  .
The condition (ii) in the previous definition is satisfied.
Secondly, ā ≤  : Suppose not. That is, ā > . 
Then, since  for each , ā >  for each 
 nā >++ … +=+ + … +, a contradiction.
Now, we can show that the condition (ⅰ) of the previous definition is also satisfied: 
Suppose to the contrary that there is some  s.t.  >  . Let m be the smallest such . That is,   ≤  , but   >  . 
In particular,  b[m] = ā > a[m].
Since≥for each , āfor each .
Since .
 >   = + … +  = + … +
ā > + + ... +, a contradiction.
The condition (ⅰ) of the previous definition must also be satisfied. As a result,
[ā, ā, ..., ā]T  <  [+ + … +]T. 
3.Laplacian Eigenvalues 
If   be a graph with and . Let  be the square matrix of order n defined as follows: If   ,  if the vertices  and  are adjacent and  otherwise; if , where Then is called the  Laplacian matrix (LM)  of 
Suppose that   are the eigenvalues of , and  are the degrees of vertices. Then we have:      et , and assume that  for some . Then, define:  =  1, =  +1, and = for all  k, l.Then ,   are said to be gotten from  by a  transfer (from k to l) . Let  If the components of are gotten from the components of  by a transfer, then  is said to be gotten from  by a  transfer .[4,6]    
Corollary 3.1 (A corollary of the previous theorem)
Let  be a graph with V(and let deg() for each . Then,  majorizes .
Proof.  is a (0, 1)-matrix s.t. both i th row sum and i th column sum of A is pi for each i = 1, 2, ..., n.
 By the previous theorem,  majorizes     
4.Threshold Graph 
A threshold graph is a graph that can be built from a single-vertex graph by repeatedly adding either an isolated vertex or a dominating vertex . In graph theory, a threshold graph is a graph that can be constructed from a one-vertex graph by repeated applications of the following two operations the first addition of a single isolated vertex to the graph. And addition of a single dominating vertex to the graph, i.e. a single vertex that is connected to all other vertices
Definition 4.1 Let be a graph with V(, and let . Then  is called  dominating  if   for every .
Definition 4.2 Let  be a graph with V( Assume that is constructed recursively as  follows:
Begin with . 
Then apply the following  or  process finitely many times in any order: Let  be denote the present graph at each step, and  let  denote a new vertex not in  
i) .   
ii) .
Then  is called a  threshold graph (TG) .
In Case.  is connected the first necessary  condition for  to be a TG is to have a dominant . Then the second necessary condition is that has only one nontrivial component, say  (and, there may be some trivial components). Moreover,  is a TG iff Ω is a TG.
Or .  is disconnected the first necessary condition for  to be a TG graph is that  has only one nontrivial component, say  (and, there may be some other trivial components). Moreover,  is a TG iff  is a TG. 
Now, to prove the main result of this section, we first state and prove two lemmas:
Lemma 4.3 Let be a graph with V( Assume that the eigenvalues of  Then for any has eigenvalues:  and.
Proof. First of all, since  is symmetric, it is orthogonally diagonalizable. That is, there is an orthogonal matrix  s.t. each of the columns of  is an eigenvector of .
 , assume that the last column of  is . (By the definition of , Therefore,  is an eigenvector of  belonging to the eigenvalue . And since  a unit eigenvector of  corresponding to the eigenvalue ) Then:

Now, let , where is the j th column of . Then, by definition of an orthogonal matrix, for any  and  for any . In particular the vector  is orthogonal to each column of  except for the last column. Therefore, by the usual matrix product, we have:

= by the usual matrix product.

                              
.
The eigenvalues of :  and 
Lemma 4.4 Let be a graph with V( Let deg () for each  and assume that  Let  Then one of the eigenvalues of  is n. Moreover, assume that the eigenvalues of  are . Then,  , 0 are the eigenvalues of .
Proof. First, by definition of Laplacian, , where (Since  and since  (1) = n1,  for each  j = 2, 3, .., n. Therefore, we add  to the block matrix corresponding to )
,  where  is the  square matrix with all entries equal to , and = [0, 0, ..., 0]T.
 Now, by the previous lemma, since the eigenvalues of  are , the eigenvalues of  are  and n with multiplicity.
 Since  the eigenvalues of are  .
The eigenvalues of  are 
(det ( =  1).
 is an eigenvalue of  iff  is an eigenvalue of .)
By the previous lemma again, the eigenvalues of  are . 
Theorem 4.5 Let  be a graph with Let  for each . Then the eigenvalues of are   iff   is a TG. 
Proof.
 Proof can be done by induction on the number of vertices. 
 First of all, since we study only simple graphs, . And the only eigenvalue of the zero matrix is 0. Also,  and, because there is only are  which isand  = 0. As a result, the only eigenvalue of  is . 
Suppose that the result holds for all TGs with the number of vertices ≤ .
Now, let  be a TG with .
First of all, it is enough to demonstrate the conclusion for a connected case, because each vertex of degree zero appends a 0 both to the sequence of degrees of  and to the list of eigenvalues of , simply because.
suppose that  is connected. by definition of being a TG,  has a vertex with degree , say = .
Let =\{1}.
Let be the eigenvalues of  . Then, by the previous lemma, one of  for some , say  . 
And by the previous lemma, 1, 0 are the eigenvalues of  
As mentioned above, if  vertices each of which has degree 0, are added to a graph, then  0s are appended both to the sequence of degrees of the graph and the list of eigenvalues of the Laplacian of the graph.
If the statement of the theorem holds for a graph, then it also holds if we add some vertices, each of which has degree 0, to that graph. As a result, since Ω has only one nontrivial component, which is threshold, and there may be some other trivial components; the eigenvalues of  namely, , satisfy the statement of the theorem by the induction hypothesis. That is, since -1, -1,…,  is the sequence of degrees of the vertices in ,  for each . On the other hand, since  (that is, each vertex is adjacent to the vertex 1, and thus  for each  Therefore, since ,  Finally, for clearness and simplicity of the notation, say  for each . Then we have:

                             
                             
                             
                             
The last equation is true because the matter is not the set, the matter is only the number of elements in the set.
 for the sequence , for each .
For the sequence , we have:
,
because is the largest possible number in the sequence, and thus  implies .  We add +1 to  to find .)
 for each .
And we know that 
As a result,  for each .
The proof can be done easily by induction on the number of vertices n of , and by using the recursive definition of a TG. 
1) . First of all,  if , then  is a TG by definition.
If , then there exists, say  vertices of  with vertex degree . Let  be the subgraph of  induced by these m vertices. Then:
.
For each  for the following first two equations and for each  for the following last equation, we have:
,
where , and  are the i th largest eigenvalue, the i th largest degree (in the degree sequence), and the i th conjugate element (in the conjugate sequence) of  Similarly,  and denote the same notions for .
2) Now, , because every vertex of  has a degree i.e., has a degree Therefore, since  = by hypothesis and  = , 
3).  Furthermore, for any graph , 

by the definition of  LM. 
Therefore, since commutes with itself, with , and with , and since  commutes with . Then it is a well-known fact from Linear Algebra that the matrices and are simultaneously triangularizable. That is, there exists an invertible matrix,  s.t.  and  are both triangular matrices. Now, the eigenvalues of a triangular matrix are the main diagonal entries of that matrix. Therefore, we have:
  ()  
⇒  +   =  .
On the other hand, the eigenvalues of   are  with multiplicity  and 0 with multiplicity 1. (First, since  and    are similar matrices, they have the same eigenvalues. is a symmetric matrix and rank() = 1. Therefore, there is only one nonzero eigenvalue of . Thus, since the sum of all the eigenvalues is equal to the trace, and since (n1) of the eigenvalues of  is 0, the unique nonzero eigenvalue of  must be . Therefore, the eigenvalues of   are 0 with multiplicity  and n with multiplicity 1. As a result, the eigenvalues of  are n with multiplicity  and with multiplicity 1:  Now,  with multiplicity   and x =n with multiplicity 1. Therefore,  with multiplicity  and  with multiplicity 1   with multiplicity  and  with multiplicity 1.)
The eigenvalues of  +   are  with multiplicity  and 0 with multiplicity 1.
Since the eigenvalues of  +  , which are the same as the eigenvalues of (Γ)+ , are the main diagonal entries, we have: 
 	for each	 .	 ( * )
(Since  + = for each , the constant ; if one of them is large, then the other must be small. That is:   .)
In addition, we know that the remaining eigenvalue of  is 0 with multiplicity  and  is one of the corresponding eigenvectors.
4).  Now, if we apply (*) to , then we get:
 for each .
Since = m,   = 0.  is a disconnected graph. 
Since a graph and its complement can not be both disconnected,  must be connected.
 
Since  =   by the hypothesis,   .
 Since   =||, and since  (because contain m vertices), .
 .
5). Now, suppose that there are  vertices of degree  in .
Then for a uniquely determined subgraph  of  , we have  .
  6) .  , where  is 
The first of all, for any two graphs  and  we have  = : 


 or "one of the end vertices of  say , is in () =  and is in ". 
 and   .

Then .
Now, by using the equation given in Step 3, we can prove the required equation:
 
               has  vertices.)
                () ( is s isolated vertices. Thus, the corresponding block of  in  is the zero matrix.)
               (  has  vertices) 
               s + () . 
If , where | ()|.
(Note that 
                                             
                                            ,
i.e, . Therefore, we can apply  in the first case above. Similarly, , because  Therefore we can apply in the second case above.)
  7) .(
 
             
(Note that .
, because each vertex of  is adjacent to every vertex of .
, because each vertex of  is adjacent to every vertex of .
 for each , because 
Also, note that  because only the order of the set does matter. In both cases, we count j's for which ().)
 8) . Since     
(the second equation holds by hypothesis, and the other two equations hold by Step 1),
both (Step 6) and = (Step 7) imply that .
 for each 
(Note that. Therefore, the equations proved in Step 1 can be applied.)
9). Since   for each , and since  
Since   satisfies the hypothesis of the theorem,  is a TG by induction assumption.
If   ,  is a TG by the recursive definition of TGs.
If   is a TG again by the recursive definition of TGs.
(Note that we can not apply induction assumption to the graph , because  is possible.)   
Example 1 Let Γ  be a graph with   (i.e., the vertices are labeled 1,2,… ,n). Let the degrees of the vertices be  for each j=1,2,…,n 
Assuming we have    ,   ,   ,    . 
In this case,   (the eigenvalues of L(Γ)  must be 1,1,2,3 if Γ  is a threshold graph.
Based on the degrees, we can construct the threshold graph as follows:
Vertices   ={1,2,3,4} 
Degrees: 
Vertex 1: degree 1  , Vertex 2: degree 1 ,  Vertex 3: degree 2 , Vertex 4: degree 3
he adjacency matrix A  of the graph Γ  is


The Laplacian matrix L  is given by 

To find the eigenvalues of L , we can calculate the characteristic polynomial      . For simplicity, let's assume we find the eigenvalues to be:

In this example, we demonstrated that for the threshold graph Γ   constructed with the specified degrees ​, the eigenvalues of its Laplacian matrix indeed match the required conditions 
Thus, if the Laplacian eigenvalues of a graph match the degrees of the vertices in the specified manner, it confirms that the graph is a threshold graph. This highlights the important relationship between vertex degrees and the spectral properties of threshold graphs 
Example 2 Consider a threshold graph Γ  with 5 vertices and the following degree sequence:
 
   Vertices   ={1,2,3,4,5}  
   Degrees: 
Vertices 1 and 2 are isolated (degree 0).
Vertices 3 is connected to vertices 4 and 5 (degree 2).
Vertices 4 and 5 are connected to vertex 3 and to each other (degree 3
he adjacency matrix M  of the graph Γ  is:

The degree matrix D  is

The Laplacian matrix L  is given by

Calculating the eigenvalues of L  gives us 

Example 3 Consider a threshold graph Γ  with 6 vertices and the following degree sequence:
 
 Vertices: V={1,2,3,4,5,6} 
 Degrees: 
Connect vertices 1 and 2 to vertex 3 (degree 2).
Connect vertex 3 to vertices 4, 5, and 6.
The edges of the graph can be defined as (1,3)  , (2,3 )  , (3,4 )  , (3,5 ) , (3,6 )



Calculating the eigenvalues of L  gives us 

In these examples, we demonstrate how to construct threshold graphs, calculate their degree and affinity matrices, and derive their Laplace matrices. The eigenvalues ​​of these Laplace matrices are also calculated, confirming that the eigenvalues ​​correspond to the specified degree sequences.
These examples demonstrate how threshold graphs can be described by their degree sequences and how the structure affects the spectral properties
5 .Conclusion
The analysis of Laplacian eigenvalues in threshold graphs, alongside the principles of majorization, offers a robust framework for understanding the connectivity and structural properties of these graphs. The insights gained through this study can inform both theoretical research and practical applications in numerous domains, contributing to the broader understanding of graph theory and its implications in real-world networks.
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