Global well-posedness and polynomial decay for a
nonlinear viscoelastic equation with variable density

and memory

Abstract

This paper investigates a nonlinear viscoelastic equation with variable density and mem-
ory. We study the global well-posedness and show the polynomial decay results with more
general and weaker assumptions (compared with the previous studies) on the memory ker-

nel.
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1 Introduction

In this paper, we consider the following viscoelastic equation with variable density and memory
(

t
lug|Pug — Au — pAuy + / g(t —s)Au(s)ds =0 inQ x (0, 00),
0

Yu=0 on 09 x (0,00), (1.1)

\u’t:O = Uo, Ut|=0 = U1 in (2,
where ¢ > 0 and p > 0 are two constants will be specific later,

(Y is a bounded domain of R" (n > 1 is an integer) with
a smooth boundary 02 such that the divergence theorem can be applied. The integral term,
accounting for the viscoelastic damping, describes the dependence of the stress on the strain
in the past history. The function g called the memory kernel or the relaxation function. The

motivations of problem (1.1) comes from the prototype equation
ouy — Au — Auy = 0, (1.2)

which models several applications in Mechanics. For example, Equation (1.2) describes the ex-
tensional vibrations of thin rods [19, Chapter 20] and ion-sound waves [4, Section 6]. However,
as observed in [7], in certain cases the material density may depends on small variation of the

velocity, that is, o = p(u¢). Then a natural assumption would be
o(ur) = 1T+ elwl?, p>0,

where e € R is a small parameter. By simplicity, as explained in [12], we assume o(u;) = |u;|*. On
the other hand, it is important to observe that the classical linearized model yields an integro-
differential equation that augments the associated elastic stress tensor with an appropriate mem-
ory term which encodes the history of the deformation gradient [10, 24]. From this understand-

ing, the equation (1.1) was obtained by adding memory effects and damping to the model (1.2).

In this paper, we mainly concern the global well-posedness and decay results for the solu-
tions to problem (1.1). We mention there are a lot of works concerning the decay results for
evolution equations with memory, see [1, 6, 8, 9, 14, 16, 17, 27, 28] for example. Messaoudi
[20] considered problem (1.1) with p = ;1 = 0, and obtained the exponential decay results ([20,

Theorem 3.6]) under the assumptions that the memory kernel g(-) satisfies

2



(G1) g : R — R is a differential function such that
g(0) >0, 1—/ g(s)ds=1>0
0

(G2) There exists a differential function ¢ such that

£'(t)
§(t)

Messaoudi and Tatar [23, Theorem 3.1] considered problem (1.1) with ;» = 1 and the memory

g'(t) < =&(t)g(t), Vit = 0;

‘ <k &t)>0, &) <0,Vt>0.

kernel g(-) satisfying (G1) and

g(t) < =€g°(t), 1<p< g (1.3)

where ¢ > 0 is a constant, and got the exponential decay results for p = 1 and polynomial decay
results for 1 < p < % Messaoudi and Al-Khulaifi [21] improve [23, Theorem 3.1] by replacing
(1.3) with

J(0) < —€g 0, 1p<3, (1.4

here ¢ : Rt — R* is a non-increasing differential function with £(0) > 0. Messaoudi and Mustafa

[22] got the decay results with the memory kernel ¢(-) satifying (G1) and (G3), where

(G3) There exists a positive function H € C*(R"), with H(0) = 0, and H is linear or strictly

convex C? function on (0, r] for some r < 0, such that ¢'(t) < —H(g(t)) for t > 0.
For more related information on the stability results related to (1.1), we refer the reader to [2, 5,
13, 15, 25, 26] and the references therein.
Recently, Bai et al. [3] considered problem (1.1), the well-posedness ([3, Theorem 2.1]) and

the decay results ([3, Theorem 2.4]) were got with the following assumptions:

(Al) pis a nonnegative constant that satisfies

<oo ifn=1,2;
0<p
<2 ifn=34,---.

(A2) g : RT — R™ is a locally absolutely continuous function such that

/ g(B)dt < 1, g(0) > 0, ¢/(t) <0, forae. t>0.
0
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(A3) There exists a convex function H € C'(R"), which is strictly increasing with H(0) = 0,
such that
g(t)+EH(g(t) <0, Vi=0,

where £(-) is a nonincreasing positive function with A := i[glf )5 (t) > 0.
t€(0,00

(A4) Let y(t) be a solution of the following initial value problem of ordinary differential equa-
tion
y' () + (0 H(y(1)) = 0, y(0) = g(0),

and there exists o € (0, 1), such that y'~*(w(-)) € L'(R"), where fgw(t) E(r)dr =t.
(A5) There exists 6 > 0 such that H € C?(0,§) and

liminf {z*H"(z) — 2H'(z) + H(z)} > 0.

z—0t

In this paper will also investigate problem (1.1). The purposes are two folds:

1. Firstly, for global well-posedness, in [3, Theorem 2.1], the authors showed there exists
a unique global solutions u(t) € L> (0,00; Hy(Q2)) such that w,(t) € L™ (0,00; H}(2)),
uy(t) € L= (0,00; L*(2)). However, the regularity of u makes no sense to the following

inner product
t
(|Ut\putt — Au — ppAuy + / g(t — s)Au(s)ds, u) )
0

especially the term (Awy, u), which is used throughout the proofs in [3], where (-, -) denotes
the standard L?(2)-inner product. To overcome this difficult, we firtly replace u with w,,
(it is obvious the above inner product makes sense with u replacing u,,), where w,, it the
Galérkin approximation solution; then we study the decay estimates for wu,,; finally the
decay estimates for u are got by letting m — oo with some a-priors estimates. Moreover,
our global well-posedness results of this paper ensure uy(t) € L™ (0, 00; Hj(£2)) not just

uy(t) € L (0,005 L*()).

2. Secondly, we investigate the stability for problem (1.1) by using more general and weaker

assumptions on the memory kernel g(-) (see the assumption

(H2) below).



Throughout this paper, we make the following assumptions:
(H1) (A1) holds, which implies H{ () — L*»+1(Q) continuously.
(H2) g : R* — RT is a non-increasing and locally absolutely continuous function such that

9(0) >0,1:=1— [ g(s)ds > 0, and meas(X) = 0, where ¥ := {s > 0: ¢/(s) = 0}.

To simplify our calculation, we introduce the following notations

gou::/0 g(t — s)||u(t) — u(s)||*ds, (u,v) ::/qud:c,

[l p+2 == [lull Lor2(q), ul| == |lullr20)-

Definition 1.1. (Weak solution) A function u(z, t) is called a global weak solution of (1.1), if
u € L®(0,00; Hy(Q)), u € L®(0,00; Hy(Q)), uy € L¥(0,00; Hy(Q)) (1.5)
such that for any ¢(x) € H}(Q2) and a.e. ¢ € (0, 00), there holds

(|we|Puge, @) + (Vu, Vo) + (uVuy, Vo) — (/0 g(t — s)Vu(s)ds, V¢> =0 (1.6)

and

u(r,0) = o () in HY(Q), u(x,0) = wy(z) in HY(S). (1.7)
Remark1.2. 1. By (1.5), we get u, u; € C([0,00); H}(£2)), so (1.7) makes sense.

2. Noting that
L1y
20+1)  20pp+1) 2 7

by Holder’s inequality and (H1), we get

|(felPuse, )| < Nuallyp gy llusellagorn 12 < o0,

so the first term of (1.6) makes sense, and it is obvious that the other three terms of (1.6)

make sense.

Theorem 1.3. Assume (H1) and (H2) hold. Let (ug,u;) € HY(Q) x H} () be given. Then problem
(1.1) admits a unique global weak solution u. Moreover, for each t; > 0, there exists a positive constant

C depending on ty, p, 1, ||Vuol|, || Vui || such that, for any t > t,,

C
a5 + [Vu@)* + VeI < 7



The rest of this paper is organized as follows. In Section 2, we study the global well-posednes
(the first part of Theorem 1.3); and in Section 3, we study the asymptotical behavior of the solu-

tions (the second part of Theorem 1.3).

The type of article’ of my manuscript is an Original Research Article.

2 Global well-posedness

In this section, we study the global well-poseness by using the Faedo-Galérkin method. We first

introduce the following Aubin theorem, which can be found in [11, Theorem 1.1.8]:

Lemma 2.1. Let T € (0,00),p € [1,00),7 € (1,00). Assume X, Z and Y are three Banach space such
that

1. X and Y are reflexive;

2. X — Z compactly and Z — Y continuous.

Then W — LP(0,T; Z) and Wy — C([0, T ; Z) compactly, where
W={ueL’(0,T;X):u € L'(0,T;Y)}, Wy:={ueL®0,T;X):u €L (0,T;Y)}.
Let 0 < A < Ay < Ag--- be the eigenvalues of —A with homogeneous Dirichlet boundary,

and e; with |le;[| = 1,7 = 1,2---, be the corresponding eigenfunction of ;. It is obvious that

{ei}32, is a completely orthogonal basis of L?*(2) and H;(f2), and

1 ifi=j;
(€5, €;) = 0ij = o
0 ifi#j.

According to Definition 1.1, the Galérkin approximation solution u,, can be defined as
= Y Aim(Bei(x), m= 1,2, @1
i=1
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such that

t
(|ttme|Ptmaes €) + (Vtim, Vei) + (0V e, Veg) — (/ g(t — s)Vu,(s)ds, Vei> =0 (2.2)
0

fori=1,2,--- ,m,and
U (0) = Upp = Z(uo, ei)e; — ug strongly in Hj(Q) as m — oo, (2.3)
i=1
Ut (0) = Uy = Z(ul, e;)e; — uy strongly in Hj)(Q2) as m — oo. (2.4)
i=1

The problem (2.2)-(2.4) is a system of ordinary differential equations with unknown 7;,,,, ¢ =
1,2,--- ,m. The standard ODE theory shows there exist a solution v;,, € C?[0,t,,] for some
tm > 0.

Multiplying the equation (2.2) by +/,,(t), and then summing for i = 1, - - - , m, we obtain

t
\(’umt|pumtt7 umt) + (Vuma vumt) + (:uvumtta Vumt)/ - (/ g(t - S)Vum(5>d57 vumt) . (25)
0
:ﬁ(ﬁuumt@)n"iiﬁ||Vum< M2+ Ve (£)]12)

Noting that

_ </Ot g(t — 8)Vu(s)ds, wmt>

_ ( / g(t—s)(Vumu)—Vum<s>>ds,wmt<t>) = [ 5= ) (Vun(®), V(1)
0 0 (2.6)

= (/Otg(t — ) (Vu,(t) — Vum(s))ds,Vumt(t)) — /Otg(s)ds (Vi (t), Vi (t))

) %%[(gowm)(t)]_%(g,owm) (t)_%% [/O g(s)dsHVum(t)Hz]—l—%g(t)HVum(t)HQ.

From the (2.5), (2.6) and the assumption (H2), we deduce

C‘;t [LH w ()]1212 + (1 - /O g(s)ds) [V, (1)]|* + %HVumt(t)H2 + %(9 o Vi, )(t)

p+2

N %(9’ ° Vi )(t) = ()| Vun ()|* < 0,

which implies

gl @523 5 (1 [ 02 ) 19O + 51901 + 500 Tt

p+2

>1>0 b; (H2)

1 1%
< P2 Vol + S Va2,
_p+2||u 1||p+2+2|| Unno | +2|| Upp1 |



Then it follows from (2.3) and (2.4) that there exists a positive constant K; independent of m
such that
[Vum (O + [Vume (0] < K1, ¢ € [0,2]. (2.7)

In view of (H1), (H2) and the above inequality, we get

SVE [ gt -ois<0-0VEL tebnl @9

g(t — s)Vu,(s)ds

and

2 2 1 2 1) 2 1
et el 10y = e (D72 < 37 [ Ve < GOV RE (2.9)
where ¢, is the optimal embedding constant of the embedding H}(£2) — L2P+D((Q).

Similarly, multiplying the equation (2.2) by ~v;.,(¢), and summing fori = 1,- - - ,m, we obtain

O 0419 )2 = ~(Fut). T+ [ tg(t—S)Vum(S),Vumtt(t))-

By using the Young’s inequality ab < ea® + -b* with ¢ > 0 arbitrarily and Holder’s inequality,

= 19w ([ oo s)\yvum<s>”ds)2] |

we deduce

/Iumt(b‘)V’Uitt(t)dicﬂLu\Wumtt(f)H2§2€\|Vumtt(t)!!2+—
Q

Choosing ¢ = £ and using the result of (2.7), it follows from the assumption (H2) that
H o 1 1 2

By (2.7) and (2.10), we know the local existence time ¢,, can be extended to oo, and there

holds

<K, (2.11)

L2(Q)

IVt (Ol + IVt O]+ | [t F

9w+ |7 [ gt — SJum(s)ds

fort > 0,m =1,2,---,and some positive constant K independent of m. Then we get

{u,,}2°_, is bounded in L>(0, oo; Hy (9)),

{/Otg(t - S)Um(s)ds} is bounded in L>®(0, co; H} (2)),

m=1

{me }o°_, is bounded in L*(0, oo; Hy(£2)), (2.12)

{Upmie }5°_, is bounded in L>(0, co; H)(R2)),

{|umt(t)]§umtt(t)} is bounded in L™ (0, 00; L2(Q)) .
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Therefore, there exists a subsequence of {u,,}°_; (still denoted by {u,,}°_; ), a function u €

L>(0, 00; H} () with u; € L>(0, 00; H(Q) N LFT2(Q)) and uyy € L(0, 00; H}(£2)), and a function

X € L* (0, 00; L?) such that, as m — oo,
u,, — u weakly star in L (0, oo; H)(Q2)),
/ g(t — s)um(s 34/ (t — s)u(s)ds weakly star in L™ (0, co; H,(2)),

Uy — u; weakly star in L>(0, co; Hyy (92)),
Uzt — Uy weakly star in L(0, oo; Hy(9)),

{’Umt(tﬂgumtt(t)} — x weakly star in L (0, oo; L*(Q)) .

Next we show

P
X = |Ut| 2 Uyt

In fact, since H;(Q2) < L*(Q) compactly, it follows from (2.12), 5 and Lemma 2.1 that
Ut — u; strongly in C([0, T]; L*(Q2))
as m — oo for any 7" € (0, 00), which implies
Ume(x,t) — w(z,t) fora.e. (x,t) € Q x [0,T].

Then by [18, Lemma 1.1.3], (2.14) follows.

Forany T € (0,00), 6(t) € C5°(0,T), we have

T 1 T ra
/ /\umt]pumtte(t)eidxdt :—/ /a(lumt\pumt) 0(t)e;dxdt
0o Jao
= p+1/ /‘umt\ umteteldxdt

So by multiplying (2.2) with #(¢) and then integrating from 0 to 7', we obtain

1 T

T T
0 0 0

p+1

_ /OT (/Otg(t _ s)Vum(s)ds,O(t)Vei) dt = 0.

O:(t)e; € L' (0,T; L*(2)) and e(t)% e L' (0,T; H ().

Lj

Note that forany j =1,2,--- ,n

(2.13)

(2.14)

(2.15)

(2.16)



In view of (2.13) and (2.14), by letting m — oo in (2.16), we get
1 T

T T
———— [ (Jue|Puy, 0, (t)e;)dt +/ (Vu,0(t)Ve;)dt +/ (uVug, 0(t)Ve;)dt
p+1Jo 0 0

_ /OT </Otg(t - S)Vu(s)ds,e(t)Vei) dt = 0.

Since 0(t) € C5°(0,T) is arbitrary and |u;|*u, € L*(£2), the above equality implies the distribution
derivative of |u,|Pu, with respect to t belongs to D’ (0, T; L*(2)) and (note {e; }3°, is a completely

orthogonal basis of L*(Q) and H}(Q2) )

d (1 !
— <p—]ut|put> = |ug|Puy = Au + pAuy — / g(t — s)Au(s)ds,
0
which implies (1.6) holds.
Next we prove the initial conditions (1.7). By (2.15), we get
Tim gy = g (0)[|2(@) = T fJumi(0) = u(0)[ 220 < T [y — ]| Lo, 1:22(2)) = 0,

which, together with (2.4) implies u;(0) = u;. Similar to the proof of (2.15), we have u,, — u
strongly in C([0,T7]; L*(Q2)) as m — oo for any T' € (0,00), so similar argument, we also have

u(0) = wuo.

Finally, we prove the uniqueness. Let u = u; = uy, where u,, us are any two weak solutions

of (1.1). Then we get
uw € L™ (0, 00; H&(Q)) , up € L%°(0, oc; H&(Q)), uy € L>(0, 00; H&(Q))
such that

(|ue|Puse, @)+ (Vu, Vo) +(uVuy, Vo) — (/tg(t—s)Vu(s)ds, V¢> =0, ae.te(0,00),
0 (2.17)

for any ¢ € Hj(2). Let ¢ = w,, then by similar argument as (2.7), we get (note by Remark 1.2,
u, uy € C([0,00); Hy(2)))
IVu@* + V)] = 0, t € [0,00),

which, together with (2.17),, implies u = 0. So the uniqueness follows.
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3 Asymptotical behavior

In this section, we study asymptotical behavior of the solution. Let u,,(t), ¢ € [0,00), be the
Galérkin approximation solution defined in (2.1), we define the energy function E,, (t) associated

with respect to u,,(t) as

1 t
En(t) = —— 212+ (1— [ ats)a )mew V24 (oY), te 000). 1)
p+2 2 0
Then it is easy to see
dEn(t) 1., 1 ,
— - = <0. .
o 59" 0 Vum) 29(7f)||Vum|| <0 (3.2)
Let
1 1 1
Ey = p+2HU1HZi§+§HVUOH2 —HVU1H2 (QOVUO) (3.3)
By (2.3) and (2.4), we have

m—r0o0

So, there exists a positive integer m, such that
E(0) < Ep+1 (3.4)

for m > my.

Next we introduce several lemmas, which will be used later. In all the lemmas, we assume

(H1) and (H2) hold and m > mg. Moreover, for any ¢ € (0,1), we let

Gs = /0 N %ds and Js(t) = 8g(t) — ¢'(1). (3.5)

Lemma 3.1. The functional

1
mi(l) = —— mpm md vmvmda
Xom1(t) p_'_1/9|ut|utu :E-I—,u/ﬂu Uy AT

satisfies, forany 0 < § < 1,

[
X (8) <~ 234 1 Vetl? = SIV 4 oG5 © Vi) 1),

p+1 l

where [ is the constant given in (H2).
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Proof. Multiplying the equation (2.2) by 7;,,,(t), and then summing for i = 1, --- ,m, we obtain

t
(|ttme|P e, wm) + (Vttr, V) + (0 Unie, Vidg,) — (/ g(t — $)Vun,(s)ds, Vum) =0.
0

Then,

1
Xfml(t) :(]umt‘pumtt,um) -+ P T 1(‘U,mt|pumt,umt> + ,LLHVU,thQ —+ /.L/ VumVumttdaj
)
t
— (Vtm, Vug) — (uV Ui, Vg,) + (/ g(t — s)Vu,,(s)ds, Vum(t))
0

+

p+2 2
23+ T 1 [ T Tt

= 9+ ([ ot = )P (515, Van0)) +

~~

I

2
HuthIQ + /LHvumt@)HQ'

By using the Young’s inequality, for any ¢ > 0, we have

2

I, = (/0 g(t — 8)(Vun,(s) — Vum(t))ds,Vum(t)) —i—/o g(t = s)ds (Vup(t), Vun(t))
2

wunl+ o [ ([ gt — )| V() Vi (0)]ds)

-~

1P

t
dx +/ g(8)ds|| V|
0

Using the Cauchy-Schwarz’ inequality, we have

/ (/ \/59(t_2_5) t_s \/59(25—3) —g/(t—S)|VUm(s) _Vum(t)|d8) dx

<(/ e 3>, )// Bt — 5) — g'(t — 8)][Vttmn(5) — Vg (£) 2 dsdlz

< Gs(Jso VUm)(t)~

Since 1 — [} g(s)ds > 1 — [ g(s)ds = [, we choose ¢ = [, then

G(;(J(; o Vuy,)(t)

, l
X1 () < lume )15 + il Vitme (I = U Vum O + 5[ Vum O + 5

l
G(;(J(; o Vum)( )

p+1

1 +2 2 ! 2
=p+1Humt(t)l|ﬁ+2+uHVumt(t)H = 5IVum(®)ll +2

l

as we desired.

Lemma 3.2. Forany 0 < § <1, 41, 92,83 > 0, the functional
t
a(®) = = 1 [ 9(t = ) (Tuu®). Vi (8) = Vit (5))ds
0
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) / [ttt ()|t (2 /0 9t — 8) (tm () — tn(s))dsdz

satisfies
t

1
Xma(t) € = —— [ g(s)dsllum(t)]17 72 £ ||Vum( )|?
p+1Jo

t
T (u53 besby—n [ g<s>ds) OTE
0

1
! [(2_51 Hlt g 52> Got 5+ 52} Ve Vim0

where c, is the optimal embedding constant of the embedding H}(Q) — L*P+1(Q), and B is the constant

of the Poincaré’s inequality
I8l < BIVell, ¢ € Hy(),

and

C::max{g u(9(0)+1—l)}’

2’ 2
02(p+1) <2(E0+1))5
e g (3.6)
2 - p + 1 )

. __max{ B? B2(g(0)—|—1—l)}
B 20+1) 2(p+1) '

Here Ey is the constant given in (3.3).

Proof. Multiplying the equation (2.2) by i, (t) — Yim(s), and then summing fori =1,--- ,m, we

obtain

(e Pttt () = t(5)) + (T, ¥ tn(t) — tn(5))) + (¥ ity ¥t (8) — (5))
([ ot = V(51 D an(t) — ) ) 0.

Then,

/0 Gt — 8) (Vg (t), Vi (t) — Vaty(s))ds

[ 0= )T 1) T4 Vo))

| ott = 3) (Tua0), T
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pil / [ttt ()] tht (2) /0 g (t = 8) (U (t) = tp(s))dsdz

/ e ()Pt / — ) (tm(t) =t (s))dsdz

/ / ) [ ( t)dsdx
p +1

:/0 9(t = 8)(Vtm(t), Vit (t) = Vit (s))ds

-~

Ji

- /Otg(t —s) (/Otg(t — 8) Vit (5)ds, Vi (1) — Vum(s)) ds

-~

Ja

p+1/‘ / — 8) (U (t) — U (s))dsdx

-~

J3

1

- [ stz

—u/o g (t = 5)(Vtm(t), Vm(t) = Vm(s))ds —u/ 9(3)ds|| Ve ()|

0

-

Ja

Next, we will estimateJy, Jy, Js, J;. For the Jy, J,, we have
Dot = [ gt = ) (T8, Vi) = T (5
_ /Otg(t — ) (/Otg(t )V (s)ds, V() — Vum(s)) ds
= (Vunt). [ 9t = )T (t) = V()5
_ (/Otg@ _ s)Vum(s)ds,/Otg(t ) (Vum(t) — Vum(s))ds)
— [ 5t2ts (Vo). [ ot = )(Ft) ~ Vun(5)as)
- /0 t g(s)ds (Vum(t), /0 t g(t = $)(Vum(t) — Vum(s)>d8)

_ (1 - /0 tg(s)ds) (Vum(t), /0 tg(t — ) (Vi (t) — Vum(s))ds>

/Og(t—s)(wm(t)—vum(s))ds .

_|_
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Since g(t) > 0, s)ds < 1 (see the assumption (H2)), for any §; > 0, using Young's inequalit
0 p y & & q y

and Cauchy-Schwarz inequality, similar to the estimate of I, in the proof of Lemma 3.1, we have

(-] tg(s)ds) (Tunt, [ g(t— ) (V1) — Vi (s))is
<L Tun(OI + 5 ( / gt — 9 Vu(s) — wm<t>|ds)2da:

)
<DITun(OIF + 55-GolJs 0 Tun) (1)

and

2

:/Q (/Otg(t = 5)[Vum(s) - Vum(t)lclS)2 dx

/0 g(t — 8)(Vup,(t) — Vun(s))ds

SG(;(J(; o V’me)(t)
The above estimates imply
0 5 1
|J1 + J2| < §||Vum(t)|| + ﬁ +1 G(;(J(g o Vum)(t) (37)

Since ¢'(t — s) = dg(t — s) — Js(t — s), we have

p+1
Lo (|umt|p+1,/0tJ5(t—s)|um(t)—um(s)|ds) .

| <— <|umt|”+1,/ 5g(t—s)|um(t)—um(s)|ds)‘
0 (3.8)

p+1

Since ¢, is the optimal embedding constant of the embedding H}(2) — L**+D(Q), by (3.2) and

(3.4), we deduce

2 1 +1 2(p+1
lumell5Er) < A [V 74

_ C?(PJrl) (/Q(VUmt)2d~T) (/Q(Vumt)Zdai) (3.9)
< 20 (@) T (0|2

Then by using the Young’s inequality, it follows from (3.8) that, for any d, > 0,

5 < | 0 + g [ ([ = lamte) - um<s>\ds)2dx]
“p+1 (+1) T 25, 0
b 21+ g [ ([ e = 9t - um<s>\ds)2dx]
p+1 (D) T 95, 0

15



502(p+1 (
p+1

W2+ —

IV O + 502755,

G(s(J(s o um)(t)

o)

VIs(t — 8)\/Ts(t — 8)|um(t) — upm(s)|ds | dx
e () )
)

)

Syc p+1 ( (Eo+1) 52 ftJ(t )d
< 2 o Jo\l — s)as
5yc 2(p+1 ( (Eo+1) 5o o (i
B% B? [ Js(t — s)ds
< 2, 0 .
< ) |V e (2)]| 2(p+1)52G5(J50Vum)(t)+ 200+ 1), (J5 0 Vuy,)(t)
Noticing (H2) and 0 < § < 1, we have
/ Js(t — s)d :/ Js(s ds—/ (0g(s) — ¢'(s))ds
0
/ g(s)ds +g(0) — g(t) < g(0) +1 -1
0
Then it follows
J
1] < el D O + (526 + 2 ) (0 Tun) 1) @10

where ¢, and c¢3 are the two constants defined in (3.6).

Since (¢ — 5) = 3g(t — 5) — Js(t — 5) , we have
Ji=—p /O g(t — 8) (Vi (£), Vit (1) — Ve (5))ds
p /O st — ) (Ve (), Vitm(t) — Vit (s))ds
N <Vumt(t), /0 Sa(t — 8)(Vann(t) — Vum(s))ds)
+u <Vumt(t), /0 Tt — ) (Y (£) — Vum(s))ds) ,

Applying Young’s inequality, for any d; > 0, we obtain

|Ja] < %%!\Vumt( Ol* + 22 </0 g(t = )| Vun(t) — Vum(5)|d8) dx]
M53‘|Vumt( 12 —|— </ VIs(t — 8)\/Js5(t — 8)| Vi (t) — Vum(5)|ds) dm]
<3|Vt (1)]|* + %Gg(Jg o Vu,)(t) 263 / Js(t — s)ds(Js o Vu,)(t),

16



which implies,
ch?

i < el T 17+ (5

s+ 1) Uso Vin)(0), (3.11)
Where c is the constant defined in (3.6).

Then it follows from (3.7), (3.10) and (3.11) that

t

. 1 ) K
Guolt) < = =t [ oSl O + FIVan 1 + (18-t 2t = [ a(5)ds) Va0
0 0

1 cd? c 36
—+1 - t).
t [(251 + )G” ( 5 ot 53> + ( 5, 0ot 52)} (Js 0 Vum (1)

As (0 < 0 < 1, we have

t

, 1 ) ¢
Cuolt) <= 1 [ olelasllum (0135 + 51||Vum<t>||2 - (wa cxta = [ 9661 ) IV
0

1
—+1
+ [(251 +1+ = 63 + 52) Gs + 53 52} (Js 0 Vuy,)(t),

as we desired. m
For any constants My, My > 0, we let
D (t) := MEn,(t) + Mixmi(t) + Maxma(2). (3.12)
Then we have the following lemma:

Lemma 3.3. Let M > k + 1, where

B 1-1)B?
n;:<1+9+3+ )Ml+(1+@+u(1—1)+g)M2a (3.13)
" p p ptl

Herel € (0, 1) is the constant given in (H2), co and B are the two positive constants given in Lemma 3.2.

Proof. Applying Young’s inequality, Lemmas 3.1 and 3.2, and the inequality (3.9), we get (note

the definitions of the constants ¢; and B in Lemma 3.2)

[P () = M Ep ()] <Mi|xm1 (£)] + Ma|xma(1))]

M, M M
p+1) 1 9, MV v 2, M

17



+“fﬂv%m2Hﬂﬁé(lbﬁ—@amaw—v%@»@fdv

2
2

M 2(p+1) My !
+ m““mtﬂz(pﬂ) + 20p+ 1) /Q (/0 g(t = s)(um(t) — um(S))ds> dzx

Mico 2 ]\4132 o ulMy o M 2
<
M. M, [* Mse
+ PRIVl + 52 [ g(5)ds (9.0 V) (6 + 22 [V
0
M, /t
+ g(s)ds (g o uy,) (t
S [, 9(es (o) ()
Micy s, MB? o, kM o, HM; 2
< L
< IV |* + 2(/)Jrl)IIVumH o IV + == V|
M. Msy(1 —1 Mse
+ E2 Vel + %(go V) (8) + | Vet
M,B2(1 —1)
—_— t
e (A0
My + M- My + M-
< <( 1 +2 2)ca n p( 12—1‘ 2)) e
,LLMl .2\41.82 2 ,LLMQ(l — l) MQBQ<1 — l)
m m t
b (550 s ) 1T+ (220 PLD) (go Vunte
My + M-
< (% + M+ M2) Ep(t)
,uM1 M1B2 ) ( M232(1 - l))
+ Ent) + (pM(1 =)+ 22—\ B, (¢
(12 + ) Bt + (st -0+ 222 0
=k B, (1)
with x been defined in (3.13). Then the desired results follows. O

Lemma 3.4. The functional

Xm3(t) = /ﬂ/o h(t — s)|Vun,(s)|*dsdx,
satisfies
Xist) < 30— D[ Tunll? — 5(90 Vi) (1),

and, for any t; > 0,

Xm3 (tl) S

2<1l_ ) (Eo + 1)t4,

where h(t) = [

. 9(s)ds and Ej is the constant given in (3.3).

18



Proof. Applying Young's inequality and /'(t) = —g(t), we get

Xoms (t /|Vum |d$C—// (t — 8)|Vum(s)|*dsdzx

:h(O)/ |Vt (1) Pdz — / /0 g(t — 8)|(Vtm(8) = V(1)) + Vi, (t)|*dsdz

// (t = )|Vt (5) — V(1) 2dsdz

—(9oVum) (1)

—2 /Q Vum(t)/o g(t — 8)(Vup(s) — Vu,(t))dsdx

t
- / / ot — )|V () Pdsda + h(0) / V(1) Pl
QJo Q
Noticing that

// (t — )|V () Pdsdz + h(0 )/Q|Vum(t)|2dx
/ ds/ |Vt ( )]2dm+/ g(s )ds/Q\Vum(t)\zdx:h(t)/Q]Vum(t)]de,

and for any ¢ > 0,
t
) / Vi (1) / Gt — 8)(Vitm(s) — Vi (£))dsd
<2¢e|| Vi, (t)]|* + / ds// (t — 8)|Vum(s) — Vun,(t)|*dsdz,

it follows (note the assumption (H2) and A(t fo s)ds =1—1)

xmwz(iﬂg@%—chv%mwu%+mmmmmmv

< (2%(1 ) - 1> (g0 V) (t) + (26 + 1 — 1) ||V (1) ||

By choosing ¢ = 1 — [ in the above inequality, we obtain

Xat) < 3(1 = DIV (D] = 5 (970 Tum) 1)

Meanwhile, using (H2), (3.1), (3.2), and (3.4), we obtain

o) = / / " h(ts — )|V (s) Pdsdz
< (/ ds)// |V, (s)|?dsdzx

<=0 [ 19umtsiiPas < =D+ o,

As we desired.
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Now we are ready to study the asymptotical behavior of the solution. Let ®,,(t) be the
functional defined in (3.12), where M, M, are two positive constant be determined later, and

M > k + 1, where k = (M, M>) is the positive constant given in (3.13).

t1
g1 = / g(S)dS,
0

which is positive. Then it follows from (3.2), Lemma 3.1, and Lemma 3.2 that (note that by (3.5),
g'(t) = dg(t) — Js(1)), for t > ¢y,

For any ¢t; > 0, we let

0, (0) <M (36 0 Tun) = a0Vl

1 2 !
+ M, (p — ||umt||Zi2 4 ]|Vt || — §||Vum||2 + QZG(S(J(S o Viu,)(t )>
wa (- f " g)dsum 25 + LT (o)

o1/, e T

w0t (s cxsa = [ ot ||Vumt<t>||2}

o [ g @) s £42) ro Tun)

oM M
<=5 (90 Vun)(t) = S-(Js 0 Vu)(0)
M, [ M- M
ol (D3 4 Va0 = IV ()] + GG © V) 1)
M. ) M
- i:_ i (| e (T )HZI% — [V, (t )H2 + (pd3 M 4 c205 My — M91M2)Hvumt(t)“2

c 1
— M. —+1 M. t
+[(53+52) 2+(251+ +53+52> 2G5:| (Js o Vu,)(t)

M2g1 - Ml +2 lMl - 51M2 9
< - (P ol - (PSR IVunol

— (pg1 My — pMy — pdz My — 0252M2) ”VUmt(i)H2

M _(c M, My | csMy | My
{ 2 (53 52) ‘o (251 AR 3 - 2 2l ) Gé] (Js 0 V(1)

+ 5TM(g o Vuy,)(1).

Now, taking 6; = 0, = 3 = 2M , we get
Mg, — My +2 M, — L 9
0,0 < (L) hun 013 - (52 ) Vo]
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l [
(1% M%—&—2>WMAW (3.14)

2
M 2 2 M? 2cM3  2c3 M2 M
M _C 03 M2 — (52 My+ =2 1 252 4 2 G (g 0 V) (1)
2 l l l 2l
2(9owa<>
Let
6(1—1)+1<
M1 = ( l ) 2 1,
1+ M+ 4§+ &
M2 = —f- ]_
g1
We have
l
IM; — 5> 16(1 —1),
Msg1 — My > 1, (3.15)
[ ol
M91M2—MM1—%—% >
Since (lslr%(m(s)—(;)(s) = 0 for a.e. s € (0,00) and W(;)(s) < g(s) € L'(0,00), we can apply the
—

Lebesegue’s Dominated Convergence Theorem to get

0o 2
hm 0Gs = hrn/ (Sg—@)ds = 0.
0g !

6—0
Therefore, there exist 0 < §y < 1so thatif 0 < § < 4,

1
2(:]\42

5G5 <

16 (4 + My 4 298 4 2o 0y

By choosing M large enough such that A/ > « + 1 (so that Lemma 3.3 is satisfied), and

M 2c  2c3 9

- = — <

1 ( ] + ; ) M3 > Oand do-
Hence, by taking § = -, we get

Mo (2 2 M2 2 M 20MF M
_<Tc+%)M§_(l My = S 251)G5

M 2c¢  2c3 9 M M3 2cM3  2c3MZ M,
= (== ) M = _ M. -1

[4 (z+z)2}+4 (z+2+z+ T )

M (2 2 M1 (3.16)
> |5 o () M2 = -
—[4 (z+ z) 2%4 165G,

=0

>0,
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So, we get from (3.14)-(3.16) that

(1) < —

1
[t (D155 — 1l Vs () |* = 8(1 = 1) | Ve (8)]* + 590 Vun)(t) (3.17)
fort > t;.

Next, we let

Lin(t) == @p(t) + xma(t), t >t
with ®,,(¢) and x,,3(t) been defined in (3.12) and Lemma 3.4, respectively, where A, M;, and M,
are the three positive constants choosing above. Then, by (3.17) and Lemma 3.4, we have
Lo (8) =0, (1) + X (1)

<~ 2 ~ HlI Vi (DI = 801 = DI Tum DI + 59 0 Va1

p+1
1
+3(1 = )|V (8)]* - 5(9 o V,)(t)
1 3
=— m” Ut (O)]1055 = 12| Ve (8)[|* = 5(1 = )|V (1)1 — g(g o Vi,)(t)
p+2 1 +2 2 oM s 3 1
=— mm” Ut (1) |57 — 10(1 — l)—HVum(t)H — 2§Hvumt(t)|| —71x 5(9 o V,)(t).
Note (see (3.1))
Enlt) <~ 23+ 31Vl + 2Vt + 55 0 Vi),
m >~ p+2 mt || p+2 9 m m m
by taking
. + 2 3
kl = min {%, 10(1 - l), Z} y
we get

L (1) < =k Ep(t), t>t,

Note xn3(t) > 0 (see Lemma 3.4), we get from Lemma 3.3 and (3.1) that L,,(f) > 0. Then
integrating the above inequality from ¢, to ¢, we get from Lemma 3.3, (3.2), (3.4), and Lemma 3.4
that

= &, (1) + Xm3(t1)
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< (M + K)Ep(ty) + Xms(t1)

< (M + K)En(0) + +xoms(t1)
2(1 - I)

< (M+R)(Ey+1)+ (Eo+ 1)ty = o,

which means
/ B(s)ds < 2. (3.18)
t1 kl
Since for all ¢ > ¢;, we have (note (3.2))

dl(t+ 1) En(t)]
dt

= (t+ DEL () + En(t) < En(t),
it follows from E,,(t) > 0 and (3.18) that

(t+1DEL(t) — (t1+ 1) EL(t) < / En(s)ds < kﬁ
t1 1
Then we get from (3.2) and (3.4) that
C

En(t) < 157 (3.19)
for t > t; with
C = kﬁ 4 (t + 1) (Eo+ 1).
1
Then it follows from (H2), (3.1) and (3.19) that
1 v ! 2 M 2 c
e 2||Umt||ﬁ+2 + §||Vum|| + §||Vumt|| < T t > 1. (3.20)

By (H1), we get Hj(Q) — L*?(Q) compactly and L**?(Q) — L*(Q) continuous. Then it
follows from (2.12), (2.13) and Lemma 2.1 that for any 7" € (1, 00),

Ut — uy strongly in C ([t1, T]; L72(Q))
as m — oo. Then by the arbitrariness of 7', we obtain for any ¢ > t;,

i e (®)llp2 = ue(®) 2

which, together with (3.20), implies

2 Clp+2)

[Juel[prs < 1 L2t (3.21)
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Forany T € (¢;,T) and p € (1,00), by (2.12), (2.13), we get, as m — oo,
Vi, (t) = Vuand Vu,(t) = Vu, weakly in L? (t1, T; L*(2))
which implies
IVull Loy i)y < Hminf |V (8)]| Lo 7020

(3.22)

IVl oy o2y < Hminf [NV (8) ]| Lo, 722 ()) -

Since (3.20), we have

T 20 \?
9Ol oy < [ TP < (7= 1) (255
t1

T 20 2
T R T ==
t1 ,LL

Then, by (3.22), we obtain

1
1 2C 2
IVl oy 2y < (T —t1)7 ( ) ,

=
= o
+1Q
=
N———
[NIES

1
IVt mizzeyy < (T — 1) (

So, we deduce

. 2C \?
IVl sy = lim 1Vl iz < (m i 1>) ’

N|=

2C
Ve gy 2y = lim ||V 12(@) <
IVael oo e ey = 0 [Vl o, 72y < ( o +1))

Since u,u; € C([t;,T); H3 () (see Remark 1.2), it follows from the arbitrariness of 7 and the

above inequality that

20 > ). (3.23)

[Vu(t? < e 12

2 <
STy and ||Vu,(t)|]* <

Then the desired result follows from (3.21) and the above inequality.
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