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SPECTRAL INTEGRAL VARIATION OF GRAPH THEORY

ABSTRACT

The topic of spectral integral variation in Laplacian eigenvalues is one of the fundamental topics
in graph theory and spectral integral variation. In this paper, we introduced the basic notions and
theorems about majorization, threshold graphs, and Laplacian eigenvalues, and we surveyed some

of the recent results in this area.
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1.INTRODUCTION

In this paper, we will provide an overview of parts of the theory of spectral graphs that are useful
and have many important applications in computer science. Spectral graph theory is a
mathematical theory where linear algebra and graph theory meet. The construction of spectral
graph theory using the eigenvalues of a matrix M has been studied for about the past ten years.[8]
Let M matrix and dimension m X n is an arrangement of mn entries in m rows and n columns.
If M is an m X n matrix, the entry in the intersection of the k th row and [ th column is donated by
my;, and we write M = [my,;]. An m x 1 matrix is called a column vector or, 1 X n matrix is

called a row vector), An nxn matrix is called a square matrix (of order n).

Let M, »,, = [mij] be a square matrix. If m,; = 0 for k # [, then M is called a diagonal matrix A
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diagonal matrix with (main) diagonal entries my; = py, My, = Uy, ..., My, = Uy, denoted by
diag(uy, g, ..., 1y); and if y; = 1 for each i, M is called the identity matrix (of order n), and it is
denoted by I, or (if its order is obvious) by I. If m;; = 0 for each i > j (respectively, i < j), then
M is called an upper triangular matrix or, lower triangular matrix. It is obvious that M is upper

triangular iff MT is lower triangular.

The Laplacian matrix is defined as follows Given a graph I , where I' = (V ,E ) , V is the set of
nodes/vertices and E is the set of edges that is mean if I' be agraph with V(I") = [n] and E(I") =
{e1,&2, .., & ). Let L(I") = [1;;] be the square matrix of order n defined as follows: If i #j ,
l
deg(i). Then L(I") is called the “Laplacian matrix (LM)” of I".[4]

And if T be a graph with (I') = [n], and j € V(I'). Then j is called dominating if jl € E(I") for

ij = —1if the vertices i and j are adjacent and [;; = 0 otherwise; if i = j,l; = p;, where p; =

every | € [n]\{j} m addition to 1f assume the eigenvalues of L(I") are p; =ty = =+ = pp_q =
U, = 0.Then for anyx € R, L +xJ has eigenvalues: u; = pu, =+ > u,_, andnx we can
explain that since L is symmetric , it is orthogonally diagonalizable. That is, there is an orthogonal
matrix Q s.t. each of the columns of Q is an eigenvector of L.

T —
assume that the last column of Q is [\/iZ \/iﬁ\/iﬁ] . (By the definition of L, L1=0=

0 1. Therefore, 1 is an eigenvector of L belonging to the eigenvalue 0. And since ||1|| = Vn, in 1 a unit

eigenvector of L corresponding to the eigenvalue 0.) Then:
Q"LQ = diag (U1, Ha - » Hn—1, Hn = 0).

Now, let Q = [cy, ¢y, ..., €], Where ¢; is the j th column of Q. Then, by definition of an orthogonal
matrix, ||c;|]| =1 forany i =1, 2,..,n,and c;.c; =0 forany i # j € {1,2,...,n}. In particular
the vector 1 is orthogonal to each column of Q except for the last column ,then :
=~ QTLQ =diag (0,0,...,0,n) by the usual matrix product.

~ QML+ xDQ = Q"LQ + x QTJQ
=diag (uq, Uz, v, Un-1,0) + x diag (0,0, ...0,n)
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= dlag (,Lll, Kz -y Hn—1 ,TlX).
~ The eigenvaluesof L + xJ :puy = pu, = -+ = p,—, and nx.

2 SPECTRAL INTEGRAL VARIATION IN LAPLACIAN EIGENVALUES

One of the well-known conjectures about the Laplacian spectrum of a graph was asserted by Grone
and Merris (1994), and this conjecture claimed that the conjugate of a degree sequence of a graph
mayjorizes the Laplacian characteristic values of this graph. That conjecture is solved by Bai (2011).
the spectral integral variation of the Laplacian matrix in a graph encodes valuable information
about its connectivity and structure. Its eigenvalues, known as Laplacian eigenvalues, play a

crucial role in various applications, including network analysis, computer science, and physics.

Definition 2.6 Let I" be a graph and let py, py, ..., 1y be the eigenvalues of I'. If u; € Z for each j =
1,2,...,n,then I is called a Laplacian integral (LI) graph.[7]

From the last theorem of the previous section, a TG is LI. But there are more, that is, the set of LI
graphs properly contains the set of TGs. Now, we define a new type of graph, which is LI, and TG
belongs to the set of this type of graphs.

Definition 2.7 Let I' be a graph. I" is said to be a "cograph” if it is obtained recursively by obeying
the following principles:

a) K, i.e., a single vertex is a cograph.

b) If 2 is a cograph, then {2 is a cograph.

¢) If 2 and A are two cographs s.t. V(2) NV (A) = @, then 2 + A is a graph.

Proposition 2.8 If I is a cograph, then it is LI.

Proof. We use the recursive definition of cographs and the following two facts:
1) NandAareLl= Q2 +AisLl:
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L) 0
0 L(ﬂ)]’

eigenvalues of L(£2) and L(A), counting with multiply .

Since L(2+A) = [ the set the of eigenvalues L(2 + A) is the union of the set of

Now, since 2 and A are LI their eigenvalues are all integers.
= The eigenvalues of L(2 + A) are integers.
~ L2+ AN)isLl.

2) CisLI=TisLl:
We know from Step 3 of the proof of the last theorem of the previous section that for any graph
£, we have:
Un_i(2°)=n—u; () foreach1 <i < n,wheren = |V(2)].
And, for any graph 2, u,,(2) =0:

Step 1. Let L(2) =[n] and E(R) = {ey, ey, ..., e;n ). Assume that each edge of 2 is given a
direction. Let B(2) =B = [bij] be the n X m matrix, whose rows (respectively, columns) are

indexed by V() (respectively, E(2)) s.t.

0, if i¢e={vw}h
bij = 1, if i € ¢ = {v,w}is theinitial vertex of e;;
—1, if i € e; = {v,w}isthe final vertex of e;;

Then, B(2) = B is called the "incidence matrix (IM)” of 0.

Step 2. Let 2 be a connected graph. Thenrank B(2) =n -1:

Let v = [vy,V;,...,7,]7 € R™ bes.t. vTB = 0. Thus, by definition of B, if i~j (i.j € V(2)),
then v; — v; = 0, (respectively, v;— v; = 0) if i (respectively, j) is the initial vertex of the edge e =
{i.J}.

Therefore, if there is an v, v, - path between the vertexes v, and v,,, then v, = v,:

Let P =i, =v,, 0y, .. i1, iIm=Vp DE@VaVy —p ath. Then iy ~ iy, 05 ~ i3, ... ,ime1 ~ im.
Therefore, v, =v;, = v;,, v,= v, ..., U, = Vi =V, ThUS, v, = 1p,.

=~ Since there is an ij — path in 2 for any two vertices i,j € V() (because 2 is connected), all

the components of v must be equal to each other.
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~dim (V(B)) < 1. (dim(left V")) = dim (right V') = dim (V').)
~rank (B) =2n—1.

On the other hand, by definition of B, the sum of entries in each column (in fact, there are only
two non-zero entries, one of them is 1 and the other is —1) is zero. Therefore, the sum of all the
rows of B is [0, 0, ...,0]. Thus, the rows of B are linearly independent.

~rank (B) <n-—1.

~rank (B) =n-—1.

Step 3. If 2 has k components, then rank (B (2)) =n — k:
Let 24, 02,, ..., 2, be the components of £2. Then, after relabeling the elements of V' (2) and E ()

if necessary, IM, of 2 is the following block diagonal matrix:

[ B() 0 . 0
I 0 B2, .. 0 |
B(2) = 0 I
| : : ;o
l o o . B@l

Now, foreachi = 1,2,..., k, since £2; is connected, rank B(£2;) = |V (22;)|—1 by the previous step.
=~ rank(B(£2)) = rank(B(£2,)) + rank (B(£2,)) + ... + rank (B(£2y))

=(V(@2)l =1) + (V(2)] =1) + ... + (IV(2)] -1)

= (V@) + V()] + o+ V(82)]) =K

=n-—k.

Step 4. For any matrix M, (rank (MMT)) = rank (MT M) = rank M:

N(MTM) = N (M):

©):xeE NM™™M)=>M"™Mx=0 = x" MTM,=0 => (M,)"(M,,) =0
= [IMx||=0 = Mx=0 = x € N(M).

(2Q)x ENM) > Mx=0=> M'Mx =0 =>x € N(MTM).

A N(MTM) = N (M).

~ nullity (MT M) = nullity (M).

= Since rank + nullity = The number of columns of M, a fixed number, rank (M” M) = rank (M).
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Step 5. L(2) = B(Q)B()T:

Let L(2) = L =[l;;], B(2) = B =[b;; ] and B(2)" = B = [b];]. Then:

i =] lii = p; = deg (l) by definition of L. And(BBT)ii = };l:l bik bl’lgl = Z;{lzl bik bik =
k=1(bix)? = Tpei(bip)? = Lp~i(£1)? = X~y 1 = p; = deg (i)

s by = (BB -

"'l—O’ifiqu;AdBBT—"bbT—"bb— by.b

L#jil; = —1,if i~]. nd (BB" )ij = Xk=1bix bxj = Xk=1bix bjx = Zice,=w, w} birbjk »

jeexp={v, w}

because if i & e, = {v,w}orifj & e, = {v,w}, then by, =0o0r by, =0, respectively. Then, by, bjx

=0.

Therefore, if i + j, i.e., if there is no edge with end vertices i and j, then there is no non-zero term

inthe sum. Thus, (BBT );;=0. And if i~j, i.e., if there is an edge. e = {i, j}, then there is only one

non-zero term in the sum which corresponds to the term, say k = m, that is, e,, = {i, j}. In this

case, "by, = 1 and bj, = —1"or "by, = —1 and by, =1", and thus (BB");; = by bjm = —1.

= (BBT);;.

As aresult, L = BBT.

Step 6. rank (L(2)) = rank(B(2)B(2)T)  (Step 5)
= rank(B(2)) (Step 4)
<n-1 (Step 3).
~ nullity (L(Q2)) = 1.
=~ There is a non-zero vector in the null space of L(0).
=~ 0is the eigenvalue of L(R), that is, u,(2) =0.
(Notethat L(2) = B(2)B(2)T = L(G) is (symmetric) and positive semi-definite matrix = Each
eigenvalue of L(Q2) = 0.)
Finally: I'is LI = y;(I') € Zforeach1 <i < n.
= Since u,_i(r‘c)=n— () foreachl1 <i<n,pu,_;(r'‘yeZforeachl <i<n.
= Since also u,(r'‘)y=0€Z, u,(rc)yez foreach1<i<n.
=I°¢ isLl.

Now, by using these two facts, we can prove the proposition:
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First of all, K; is trivially LI. Let 2 and A be two cographs. Assume that both are LI. Then the
cograph £ is LI by Fact (2) above, and the cograph 2 + A is LI by Fact (1) above.
=~ Recursively obtained each cograph is also LI.

As aresult, if I' is a cograph, then it is LI.

Proposition 2.9 If I" is a TG, then it is a cograph.

Proof. Wlog, we can assume that I" is connected, because if I" is disconnected, then it has only one
nontrivial component, and (if exists) the remaining components are all trivial, i.e., each remaining
component comprises of a single vertex; thus, they are all cographs, and disjoint union cographs
is a cograph.

Now, proof can be done by induction on |V ()| = n:

n=1:I = K; = I' is a cograph.

Assume that the proposition is true for all graphs with the number of vertices < n — 1.

Let I' be a connected TG with |V (IN)| =n > 1.

Since I is a nontrivial TG, it has a dominating vertex, say v € V(I'). Let 2 = I'\{v}.

Then, 2 is a TG with |V ()| = n — 1. Therefore, by the induction hypothesis, £ is a cograph.
Thus, 2 is a cograph.

- 02 + {v}is a cograph.

-~ 0+ (v} = 2 V{v} = QV{v} = I' is a cograph.

As a result, the proposition is proved by induction.

Note 2.10 The converse of the previous proposition does not hold. That is, there are cographs that
are not threshold. For example, C, is a cograph (K;is a cograph, by part (a) of the definition of
cograph. 4K, = K, + K, + K; + K, is a cograph part (c) of the definition of cograph. Thus, 4K; =
C, is a cograph by part (b) of the definition of cograph); but C, is not a TG. (C, is connected, but

does not have a dominating vertex.)
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Now, Let I" be a graph, and e be an edge not in I'. Then, we want to understand the variation in the
eigenvalues of L(I") if we add e to I'. To study this variation, we need a result from Linear Algebra
about the consequence of the rank 1 perturbation process on the eigenvalues of A, where A is a
square matrix of order n and AT = A. (A square matrix B = A + xyT, where x,y € R", is called
a "rank 1 perturbation" of A.)

First, we study two lemmas which are needed to prove the mentioned result.

Lemma 2.11 Let M be a square matrix of order n, and MT = M. Partition M as follows:
M = [mn yT ]
y MQA[D
Let a;, as, ..., a, be the eigenvalues of M. Assume that the set of eigenvalues of M (1]1) is a

subset of the set of eigenvalues of M. Then y is the zero vector.

Proof. First, by the assumption, the eigenvalues of M (1|1) are
Ay, Ay ey Ap_q , Apyq, -, Ay TOr some t € {1,2,...,n}.
Then we have:
tr(M) — tr(M(1]1)) = a,.

And since the trace of the square of a matrix A is equal to the sum of the squares of eigenvalues of
A, we also have:

tr(M?) — tr(M(1]1)?) = a?.
On the other hand, from the statement of the lemma, we have:

tr(M) — tr(M(1]1)) = my;.

mi + yTy myy" +yT M(11)
ymy; + M(1|Dy  yyT +M(1]1)2
tr(M?) = mi; +yTy + tr(yy” + M(1]1)?)

= mi +yTy +tr(yy") + tr(M (1|1)?)

And since M? = ] we have:

miy +y'y +tr(yTy) + tr(M(11)?)
=mi, +2yTy + tr(M(1]1)?).

L tr(M?) —tr(M(1]1)%) =mi, +2yTy.

Lmyy = ap, mi +2y"y = af.

~yTy=0= |[ly|]|*=0.
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Sy =0.

Lemma 2.12 By the same notation of the previous lemma, let 0 # § € R, and let

_[mut+d6 oy

N
y M (1]1)
be a block matrix.
Assume that the eigenvalues of M (respectively, N) are a;, a, ..., a, (respectively, ay, ay, ..., @;_1,

a; + 8,a4q, .., apforsomet € {1,2,...,n}). Theny is the zero vector.

Proof. First of all, we have:
cy(w) =det(ul —M) = (u— ap)u— az) .(u— ay),
cy(w) =det(ul —N) = (u— ay) .. (u— ar_)(u— ar— (W — arpq) ... (U — ay).

ey = ey —d(u—ay) . (=) (U= apgq) (U= ay).
On the other hand, from the statement of the lemma, we have:

—my; — 68 —yT -m —yT -6 0"
CN(M)zﬂ 11 y _|li 11 y |

-y pl=MQADI L =y pl=MAIDL =y ul = M(11)
=det(ul — M) — 6 det(ul — M(1]1))
= cy(u) — 6 det(ul — M(1]1)).
SO — ag) e (U— aemq) (U= @ppq) - (U — ap) = 8 det(ul — M(1]1)).
. Since § # 0 by assumption, we have:
det(ul —M(1]1)) = (u — @) . (0= @r-1) (B — Qpp1) - (1 — ).
.. The eigenvalues of M (1|1) comprises of n — 1 eigenvalues of M.

.. By the previous lemma, y is the zero matrix.

Theorem 2.13 Let M and N be square matrices of order n s.t. M = M and NT = N, rank(N) =
1. Let ay, ay, ..., a, (respectively, 0 # 6,0, ..., 0) be the eigenvalues of M (respectiely, N). Then
matrix M + N has the eigenvalues ay, ..., a;_1, @ 6, @¢4q, ..., @, fOr some t € {1,2,...,n} ifft M

and N commute.

Proof.
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(<) Since M and N are commuting symmetric matrices, there is an orthogonal matrix P s.t.

PMPT = diag(ay, ay, ..., a,), PNPT = diag(0, ...,0,4,0,...0),

where § is the t th diagonal entry of the matrix PNPT for some t € {1, 2, ..., n}.
Then we have:

P(M + N)PT = PMPT + PNPT =diag(ay, ..., Qr_q, @ + 8, Qpyq, -, Uy),
forsomet € {1,2,..,n}.
. The eigenvalues of M + N are a4, ..., a;_1,a: + 8, ®tiq, ..., @y forsomet € {1,2,..,n}.
(=) WIlog, we can suppose that N = diag (6,0, ...,0) (Since N is symmetric, there is an
orthogonal matrix P s.t. PNPT = diag (6,0, ...,0). And since (orthogonally) similar matrices
have the same eigenvalues, both M and PMPT, also both M + N and P(M + N)PT have the same
eigenvalues. Therefore, instead of studying with M and N, we can study with PMPT and PNPT.
And thus we may suppose that N = diag (4,0, ...,0).)

T
m y
Let M =[ 1 ]
y M(@1[1)
my,+ 6 yT
Then M+N=|1 ]
y M (1]1)

Now, the eigenvalues of M(respectively, M+ N) are a,,,,..,a, (respectively,
Ay, ey Ap_1, 0 + 6, Apyq, -, ay) fOr some t € {1, 2, ..., n} by the hypothesis.

.. By the previous lemma, y is the zero vector.

~ M= [moll M(O1T|1)]'

. Since N = diag (4,0, ...,0), M and N commute.
Now, we apply the previous theorem to Laplacian matrices.

Let I be a graph with V(I") = [n], and suppose that {i, j} & E(I'). Let Q2 = I' + {i, j}. Then:

L(..Q) = L(F) + el‘jeiTj,
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where e;; € R™ is the vector whose i th component is 1, j th component is —1, and all the
remaining components are zero.
.. By the related interlacing result, if a4, a5, ..., a,, = 0 (respectively, B;, B, ..., B, = 0) are the
eigenvalues of L(I") (respectively, L(£2)), then we have:
firza1 = =0, =2 2ap_ 1 = Pn =y,

Also note that:

tr(L(2) = tr(L(I) + e;; ef}) = tr(L(I) + tr(e;j e}) = tr(L(I") + 2. *)
Assume that I' is LI1. Also assume in consideration of (*) above that one of the following holds:
a) Either g; = a; form=1,2,..,n—1,and B; = a; +2;
b)Or g = a; form=12..,n-2and p;  =a;  +1

Then, in consideration of (*) above, 2 is also L1I.

Definition 2.14 If case (a) (respectively, (b)) occurs, then it is said that “spectral integral variation

happens in 1 (respectively, 2) position(s).”
The following theorem characterizes case (a).

Theorem 2.15 Let I" be a graph with V(I') = [n] and {i,j} ¢ E(I"). Let2 =T + {i,j}. Then, n —
1 eigenvalues of L(I") and L(2) concur iff N(i) = N(j).

Proof. First, we showed above that (2) = L(I") + ¢;; el-Tj . By the previous theorem, n—1
eigenvalues of L(I") and L(£2) concur.

e L) ejjel =e;jel; L.

& (By block multiplication) (c; — c;) eiTj = e;; (r; — 1;), where ¢, (respectively, ry) is the k th
column (respectively, k th row) of L(I") for k = i,j.

e (r] -1) e; = e;; (r; — 17) (because L(I) is a symmetric matrix).
T
o (ri-n) ej=e; (- 7).

o (e (;— )T =ey(r; — 17).

< (By block multiplication) since
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T
eij (ri - rj) = [O, o, 0, (ri - rj)T,O,...,O, (‘rj - rl-)T,O, ...,0] ,

rn—nr= [O, ey O, lii - ljl" O, ey 0, l]l - lii' 0, . 0], where L(F) = [l]l]

J
S (ri— 1k =lg—lp=0foreachk #i,jand(r,— 1;); =l — Ly, (ry — 1) =L —
& ly =y foreach k # i,jand ; — l;; = 1; — l;;, l;; —;; = 1; —1; (Note that since {i, j} &
E(), l;j=1;=0.)

© Ly =1y foreach k # i,jand [;; = [;; .

& The ith and j th rows of L(G) are identical.

& N(i) = N(j).

Corollary 2.16 Let I' be a graph with V(I') = [n] and {i, j} € E(I"), also assume that N (i) =
N(j).And let 2 = I + {i,j}. Then I' is LI iff 2 is LI.

Proof. First of all, since N(i) = N(j), (n — 1) eigenvalues of L(I") and L(£) concur by the
previous theorem. Therefore, I" is LI iff these concurrent eigenvalues and the remaining
eigenvalue of L(I") are all integers iff (Since tr(Q) = tr(I") + 2,) these concurrent eigenvalues

and the remaining eigenvalue of L(#2) are all integers iff 2 is LI.
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