

1 

Hidden semi-Markov model formulation for hierarchical manpower system planning
 
Abstract
Although different derivatives of the Markov family of models have been used in manpower system studies, these models do not take into consideration the distribution of duration of stay in the hidden/unobservable-Markov structure of the manpower system. This study develops a hidden semi-Markov framework for manpower system analysis with a view to incorporating the random duration of stay in the hidden structure of the system. An expectation-maximization (EM) algorithm is used for the estimation of model parameters which include the probability of transition of employees between the states of each category, the probability of emission of members from the states, and the duration of stay distribution for each state. The results are applied to an academic manpower data of a Polytechnic system in Nigeria.
Keywords: Duration of stay distribution, Hidden semi-Markov model, manpower system, EM-algorithm, latent heterogeneity.

1. INTRODUCTION
In large organizations, modern Human Resource Management (HRM) relies heavily on manpower planning. In essence, manpower planning (also known as human resource planning) is concerned with the act of hiring the right individuals, identifying and monitoring the needs of employees, and identifying strategies and means to meet those needs in order to carry out the organization's goal. The primary goal of manpower planning is to create plans that address present and future human resource requirements. The organization would be unable to function efficiently without proper manpower planning. Manpower planning is to successfully acquire, utilize, improve, and retain employees in order to achieve the best possible results as well as forecasting problems that may arise as a result of having too much or too little personnel (Bartholomew, 1971). Hence, through an effective manpower planning policy, future staff shortages and excesses can successfully be abated. According to Adekunle and Lucent-Iwhiwhu, (2014) organizations consist of systematic arrangement of individuals brought together for the purpose of achieving a given goal; hence, in order to attain these corporate goals and objectives, it necessitates excellent planning, particularly the manpower aspect of the organization. Selecting missions and objectives, as well as determining how to attain them, is part of the planning process. It necessitates decision making which is to determine a plan of action from a variety of choices. 
For personnel systems (particularly, those in large organizations), due to the diverse behavior of the various individuals that make up the manpower system, the aggregated manpower system of such organization is mostly very complicated and dynamic. According to Ugwuowo and McClean (2000), such systems are said to be influenced by both observable and unobservable elements, as well as their uncertainties, such as continually changing human behavior, the social and economic environment in which they operate, and management strategies. The unobserved (that is hidden) components and associated uncertainties are difficult to define, but they play significant role in the dynamic natures of personnel systems. In order to have knowledge and control over present and future personnel structure in the face of the uncertainties associated with complex manpower systems, organizations have to incorporate appropriate manpower management policies. According to Adekunle & Lucent-Iwhiwhu, (2014), the process of identifying the policies and programs that will produce, distribute, and employ human resources with the objective of achieving a nation's broader socio-economic and political development goals is known as effective manpower planning. 
Manpower planning, therefore, necessitates a combination of statisticians’, economists’, and behavioral scientists’ technical skills, as well as managers’ and planners’ practical understanding. In every organization, manpower planning strives to maximize the organization’s human resources by attempting to forecast and balance demand and supply for workers with a range of skills and qualifications. In recent years, most manpower planning models are based on statistical theories such as time-homogeneous Markov theories, semi-Markov theories, non-time-homogeneous Markov theories and non-time-homogeneous semi-Markov theories. Even though these manpower management models are commonly formulated for purpose of description and forecast of manpower structures, analysis and prediction of personnel structure can only be realistic through classification of the heterogeneous personnel system in homogeneous groups, where the assumption of analogous evolution is made for every member belonging in the same group. As a result, there has been a popular assertion that the validity of manpower planning models is determined in large extend by the degree of homogeneity of the groups (see for instance, Guerry & De Feyter, 2011; Guerry, 2011). It therefore implies that taking into account personnel heterogeneity is very significant for manpower planning analyses, as aggregated manpower stocks in every organization comprise of heterogeneous characterization.
To take into account personnel heterogeneity into a manpower modeling, most statistical manpower planning models (such as Markov chain models) are based on homogeneous groups. Many studies such as (Guerry & De Feyter, 2011) and (Li & Li, 2009), proposed tackling the problem of heterogeneity by dividing the aggregated manpower into more homogeneous categories, where each member of the category is assumed to evolve in a similar way. In fact, the suitability of Markov chain theory for modelling manpower system can be justified if the personnel categories of the system under consideration are really homogeneous. This is because every state of the Markov chain represents a personnel group for which the assumption of homogeneity in transition behavior is made for every member. Therefore, when analyzing the problem of heterogeneity in a manpower system, the analysis is not limited to observable variables, but involves both observable and latent sources of heterogeneity. For time-homogeneous discrete-time models, a method is given for determining homogeneous personnel subgroups that deals with both types of heterogeneity. The time-homogeneity approach allows one to choose a collection of predictor variables (and thus a division into subgroups) that does not include a time variable or time-dependent characteristic. In terms of steady state distribution, the effect of heterogeneity has to be examined. In fact, its effect can be felt not only in the long run but even in the short run of a process. Whenever there is reason to believe that a population is comparable in terms of a classification criterion, it is preferable to break it down into more homogeneous sub-populations. These sub-populations can be viewed as separate entities, with each undergoing a full Markovian analysis.
However, in many cases, finding appropriate basis for classification of the heterogeneous manpower system into homogeneous groups may be challenging due to unclear composition of homogeneous groups. The unclear composition of the homogeneous groups can pose an issue for future employees, who should be assigned to one of the homogeneous clusters at the time of recruitment. It is therefore imperative that  the planner must understand how homogeneous groups are defined in order to use the manpower model for control or optimization (see Li & Li, 2009). In this regard, the earlier work on manpower models (Ugwuowo & McClean, 2000) emphasizes the necessity of distinguishing between two types of sources of heterogeneity: observable sources and latent sources. These sub-classifications are discussed in (Bartholomew, 1971) under two sources of heterogeneity, which are: observable source of heterogeneity and latent source of heterogeneity. Different authors including (Ugwuowo & McClean, 2000), (Uche, 1990) and (Udom & Uche, 2009) have agreed and recommended that heterogeneous populations be disaggregated so that the effects of individual sources or factors of heterogeneity can be studied separately.
In term of classification on the basis of observable factors of personnel differences, information available in the personnel dataset for each of the employees (such as gender, grade, age, salary level, jobs, location, full-time equivalent, and seniority) are easily utilized by the planners. For such disaggregation, classical Markov chain frameworks are more directly relevant for analysis of the manpower data. The state in a classical Markov manpower system model is a homogenous group of personnel, with transition probabilities considered to be equal for each individual within the group (Guerry & De Feyter, 2011) and (Udom & Ebedoro, 2019). These homogeneous personnel categories are achieved by partitioning the aggregated heterogeneous personnel system into exclusive homogeneous groups based strictly on observable sources of heterogeneity, with each employee belonging to just one of the groupings, and the assumption of population homogeneity with respect to transition behavior is made for every individual belonging in each homogeneous personnel group. 
On the other hand, unlike personnel classification based observable factors, disaggregation of a personnel system based on latent factors could be more complicated, since it takes into account latent sources of heterogeneity which are known to be difficult to quantify. For instance, any attempt to analyze wastage patterns must take into account the fact that an individual’s desire to leave a job is influenced by a variety of personal and environmental factors. It therefore becomes very significant that manpower systems analyses on the basis of latent factors takes into account the composition of the personnel system with respect to the differential impact of economic, environmental, and social forces. For this way of disaggregation, classical Markov chain frameworks are not relevant for analysis of the manpower data.
However, recent studies (such as Guerry, 2011; Udom & Ebedoro, 2019) on manpower planning have shown that hidden Markov modelling frameworks are more effective in analyzing manpower systems with latent sources of personnel differences. In fact, it has been shown (see Guerry, 2011; Udom & Ebedoro, 2019) that during disaggregation of a manpower system into heterogeneous groups, the personnel groups which are homogeneous with respect to observable sources, could still be heterogeneous with respect to latent; hence, analysis of manpower system based on the hidden Markov theory makes it possible for obtaining manpower systems classification that result to personnel categories that are homogeneous with respect to observable as well as latent factors that influence personnel heterogeneity. 
Weighing in on the above, this study proposes a method for implementing hidden semi-Markov model for manpower planning analyses. Manpower modelling based on this approach will bring about personnel system analysis in such a way that homogeneous personnel groups are obtained with respect to observable and latent sources of heterogeneity, and at the same time, make it possible for estimation of expected duration of stay of the personnel in the system, which is always of interest to manpower planners.
A discrete hidden semi-Markov made is made up of a discrete observable process and a non-observable or hidden process that is a “finite semi-Markov chain.” Both the flexibility of hidden Markov chains for approximating complex probability distributions and the flexibility of semi-Markov chains for describing temporal structures are combined in hidden semi-Markov chains. The hidden semi-Markov chain analysis, which takes into account “intra-state” heterogeneity (due to latent source) of personnel in a hierarchical organization’s aggregated personnel system, which has already been partitioned into homogeneous categories based on observable variable, to develop an appropriate manpower model for predicting and describing personnel’s future behaviour. The semi-Markov chain framework is a generalization of the Markov chain framework for duration of state occupancy distributions. A semi-Markov chain with geometric state occupancy distributions, for instance, can be seen as a Markov chain. Some of the most important Markovian properties are lost when a Markov chain is replaced with a semi-Markov chain. The conditional independence between the process's past and future is only true in the semi Markovian case when the process moves from one distinct state to another; in the classical Markovian example, this property applies at all times (Guédon & Cocozza-Thivent, 1990).
A statistical model known as a hidden semi-Markov model (HSMM) is a type of hidden semi-Markov model. The observation sequence of the model is assumed to be governed by a semi-Markov process with unobserved (hidden) states in this model. Each hidden state has a duration that is generally distributed and is dependent on the number of observations produced while in the state, as well as a probability distribution over all possible observations (Yu, 2015) and (Yu, 2010). The model parameters may be estimated/updated using this model, as well as the predicted, filtered, and smoothed probability of partial observation sequences, the goodness of observation sequence fitting to the model, and the optimum state sequence of the underlying semi-Markov process. 
Among the Markov theory-based manpower planning models, hidden Markov based manpower models have been considered more effective (see Guerry, 2011, Udom & Ebedoro, 2019) for manpower systems modelling and classification, in terms of attaining more homogeneous groups as well as in terms of reliability of parameter estimates. However, even though the hidden Markov manpower model gives a more reliable estimates as well as homogeneous groups classification of manpower systems, it has an inherent limitation: a hidden Markov model takes into account classical Markov assumption concerning sojourn time distribution, which makes it not useful for modelling duration of stay in a particular state of the Markov chain.
The problem is therefore that, hidden Markov manpower models, even though proven to be very effective for personnel structure forecast and description, is inappropriate for estimating duration of time an employee spent in a particular grade of the manpower system. Meanwhile, understanding future personnel structure as well as the employees’ average length of stay in a manpower system has always been a major interest to manpower managers. This study is therefore sought to overcome the limitation of the hidden Markov manpower model, by proposing a hidden semi Markov theory-based modelling approach which takes into account generalized/flexible sojourn distribution. It is believed that the hidden semi Markov modelling approach will improve manpower system analysis since it would allow for prediction of future personnel structure on the basis of homogeneous groups as well as estimation of length of time personnel spend in different grades of the system.
The main objective of this study is to develop a theoretical framework based on the use of HSMM in manpower system analysis and apply developed HSMM for the analysis of an academic manpower configuration of a Polytechnic system in Nigeria. 
This study will contribute to the ever-growing literature of the use of Markov model derivatives in manpower planning. It lays the groundwork for future researchers to continue investigating the process for improving manpower systems analyses, which can be built on for the benefit of manpower systems managers. It will be a good template that stimulates future readers and manpower planners to appreciate hidden semi Markov model as an effective tool for modelling manpower system as well as formulating appropriate manpower policies for control of the dynamics of the system.
2.1	Model Formulation
Let the aggregated manpower system of an organization under consideration be partitioned into categories based on a certain attribute of interest, say grade. Let  denote the crisp states (or the grades of the system), where  is the highest grade in the hierarchy. Certainly, the’s are the observable categories of the aggregated manpower system, whereby, an individual of the system at any time, t, must belong to one and only one of the categories. Define  to be a hypothetical state (wastage category), which represents external environment to which any member that leaves the system enters. 
For a hierarchical personnel system at time t+1, a member can either continue his/her career in the system or leave the system (i.e. move to  for whatever reason such as retirement, retrenchment, resignation, etc.). Considering that the employee continues, either of the following is possible: the employee is promoted to the next higher grade  (if, he/she has fulfilled all the promotion criteria peculiar to the initial grade), or remained in the initial grade  (if otherwise). Let  denote the number of promotion criteria associated with category,, all of which a member must satisfy for him/her to qualify for promotion. On the basis of the number of promotion conditions already satisfied by different members of a particular grade at time t, it is possible that different members of the grade have different chances of being promoted to the next higher grade at time t+1.For progress state of members of grade,, at any particular time,  different members must have already completed , , , or even zero promotion condition(s). 
For manpower planning model proposed in this study, the different levels of careers progress (or promotion chances) as a result of differences in the levels of promotion conditions,  already satisfied by different members of grade  at a particular time, t, is modelled as state space of discrete time Semi Markov system consisting of a large number of states in which transitions between them are associated with unobservable (hidden) variables. This is because, it is more appropriate to perceive the states of such manpower system as having imprecise boundaries, and to model the system based on the assumption that it consists of hidden or non-observable subcategories, where transition of members across the system categories are not associated with the observable states, .
2.2 The Hidden Semi-Markov Manpower Model (HSMMM)
The state process, , of the hidden semi-Markov chain proposed in this study is a finite-state semi-Markov chain, while the conditional independence assumptions concerning the output process, , is assumed to be similar to that of a simple hierarchical  manpower system’s hidden Markov process. At this point, it is important to reemphasize that hidden semi-Markov model (HSMM) is an extension of hidden Markov model (HMM) by allowing the underlying process to be a semi-Markov chain with a variable duration or sojourn time for each state. Therefore, in addition to the notations defined for the hidden Markov manpower model in the aforementioned study (that is Udom and Ebedoro, 2019), the state duration (or sojourn time) considering the amount of time that a member of the system spent in a given category,  will be incorporated and explicitly defined in this present study. It is assumed that the state duration or sojourn time is a random variable. Thus, the number of observations produced while in personnel category, is determined by the length of time spent in state ; that is, the duration d. The subsection below presents a unified description of the proposed HSMMM parameters.

2.3 System Description
Career evolution or promotion mechanisms of many manpower systems usually involved several progress states with respect to time and promotion requirements. For personnel in a hierarchical system, his promotion from category,  usually evolve through several distinct progress-status called steps or levels prior to reaching the next higher category,  Depending on the number of promotion conditions he has already fulfilled, let an employee in a manpower system be classified, at a particular time, as being in levels  of grade  Thus, for each grade of a personnel system in general, we can identified L distinct sequential sub-states for promotion mechanism. Given a personnel system with  promotion conditions for state, , the promotion status of an individual in  at any particular time could be classified as follows:  (i.e. just promoted to , or just fulfilled  condition at grade), level-1 denoted by  (i.e. completed  condition in ), level-2 denoted by  (i.e. completed  conditions in ), …, level-(L-1) denoted by  (completed  condition in ). Here, the level (L-1) is considered the highest in state , beyond which the individual will move to state .  Letting  to denote the duration of time an individual spends in level , and T to denote his total service time in state , then . 

3.1 The HSMMM
Denote for state 			(3.1)
to represent probability of transition between these hierarchicallevels,  This describes the probability of being in step at time, giving that the individual was in state  of the unobserved variable  at time t-1. Letting P denotes state transition probability matrix associated with the states of the system; then for each ,   is a  x  matrix within. 
Also, following from conditional independent property of hidden Markov models,
denote 							(3.2)
to represent the probability of observation flows(i.e. movement of members of  the system) from level of into state. That is, given that the system was in the unobservable state  at time ,  is the probability of members moving into grade , at time +1.Such that, if B denotes matrix of a collection of level-to-grade transition probabilities, thenis a time-invariant x emission matrix within grade  The emission matrix  reflects the transfer rule within the system between each category and (unobservable) state of the initial grade,, by the state-to-grade transition probabilities . The output process,  is related to the underlying semi-Markov chain, by the state-dependent (or observation probability), . For example, the rate of promotion of an individual across the personnel categories,  of a system depends on the value of probability of his change of level (i.e. the underlying state probability) within the personnel categories.
Now, consider the internal (movement between the grades) and external (attrition) flows of members of the system. It has been shown (see Udom and Ebedoro, 2019) that for any given grade, observations entail the number of employees, , of that grade that have transited (observed flow) during  period. That is, the observations concerning the members of grade  who either remained in, promoted to the next grade,  or moved to wastage  in time period. An arrangement of these observed flows,  at each time point  in what can be called the flow vector,  gives an observed (assumed to be mutually independent)  random vectors each of length +1, , for each , such that to be the probability mass function of observing a particular in at time point . That is,  constitute the probability that the outcome of the observed process  equals the flow vector, given that the system is in state of the unobserved Markov chain, where the state-dependent multinomial probability distribution is given as;

+1.
For the personnel category, let  denote the probability that the Markov process (=1) starts from some state .And let  be a vector representing the collection of such process such that, a 1x vector represents the initial distribution of the chain.
As stressed above, given   to be the hidden state of the system at time, t, and  the sequence of observation associated with transition of employees of the manpower system from one personnel category to another; the HSMM for the manpower system (denoted by ) is characterized by the above stressed parameters; the initial state distribution (denoted by ), the state to state transition model (denoted by ), the observation matrix (denoted by ) and the state duration or sojourn-time distribution (denoted by ). Hence, the HSMM, , and defined as follows:
 (3.3)  

3.2 HSMMM Parameter Estimation    
HSMM is a variant of HMM. Thus, similar to HMM, HSMM also has three basic problems to deal with. They are; evaluation, recognition, and training problems. However, methods of computation are different; unlike for HMM, sojourn time distribution has to be incorporated in the estimation of HSMM parameters. The three basic problems of the HSMM are briefly stressed below;
a) Evaluation (also called classification): given the observation sequence 𝑂 = 𝑜1𝑜2⋅⋅⋅𝑜𝑇and a HSMM, 𝜆, what is the probability of the observation sequence given the model, that is, 𝑃(𝑂 | 𝜆);
b) Decoding (also called recognition): given the observation sequence 𝑂 = 𝑜1𝑜2⋅⋅⋅𝑜𝑇 and a HSMM, 𝜆, whatsequence of hidden states h = h1, h2,…,hL-1most probably generates the given sequence of observations;
c) Learning (also called training): how do we adjust the model parameters 𝜆 = (𝜋, 𝐴, 𝐷, 𝐵) to maximize 𝑃(𝑂/𝜆).
Different algorithms have been developed for the above three problems. According to Wang et al. (2014), the most straightforward way of solving the evaluation problem is enumerating every possible state sequence of length 𝑇(the number of observations). However, the computation burden for this exhaustive enumeration is prohibitively high. Fortunately, there is a more efficient algorithm that is based on dynamic programming, called forward-backward procedure. The goal for decoding problem is to find the optimal state sequence associated with the given observation sequence. The most widely used optimality criterion is to find the single best state sequence (path), that is, to maximize 𝑃(𝑆|𝑂, 𝜆) that is equivalent to maximizing 𝑃(𝑆,𝑂 | 𝜆). Viterbi algorithm is used to find this single best state sequence, which is based on dynamic programming methods (see Wang et al., 2014). For learning problem, there is no known way to obtain analytical solution. However, we can adjust the model parameter 𝜆 = (𝜋, 𝐴, 𝐷, 𝐵) such that 𝑃(𝑂|𝜆) is locally maximized using an iterative procedure, such as the Baum-Welch method (or equivalently the Expectation-Maximization algorithm).

Since we are considering a finitely many states semi-Markov manpower system of a non-absorbing state, the sojourn time, D, in these latent states is assumed to be a non-negative random variable with an arbitrary distribution. Thus, the state duration distribution, D, is given by  And,
	(3.4)
Thus, for a none- absorbing state,  of a semi Markov chain, 

	(3.5)
where  is the probability of staying d time steps in state  and  is the probability of an employee transiting from grade level,  to  with 

Given the above model, in equation (3), the sequence of observed vectors  and the general HSMM structure (number of latent, visible states and duration of stay distribution) as defined above, the Baum–Welch  iterative process of the estimation process can begin by defining the forward and backward variables (see Udom & Ebedoro, 2019). However, taking into account duration of stay distribution associated with the semi-Markov framework, dynamic programming scheme is employed for the inference procedure of this present study. Dynamic programming scheme is almost similar to the Baum-Welch (Expectation Maximization) algorithm; it has been useful in many studies for inference purposes of SHMM frameworks (see for example; Wang et al, 2014).  

To begin the estimation process, the partial forward and backward probabilities are defined as follow:
Let 						(3.6)
denote the joint distribution of observation sequence  and grade level  at time,  when given the model. That is, for personnel category  is the probability of the partial observation sequence up to time, where the underlying Markov process is in state  at time.


 ,  	(3.7)
where, for personnel category the emission observation of state,  is   and that of state  is ,  represent the state from  to , while D denote the maximum duration time.
Similar to the above forward variable, we define backward probability, , as follow;
					(3.8)
Moreover, just like HMM, the parameter estimation process of HSMM has to do with re-estimation of the HSMM parameters in order to maximize the observation sequence probability  when the parameters are unknown or inaccurate. Under such re-estimation, it is necessary to formulate two more important probabilities (variables) in accordance with the HSMM concept proposed in this present study. For information concerning these re-estimation probabilities with regards to HMM. The re-estimation, posterior probability,  and variable,  are defined as follow:



						(3.9)
 above expresses the probability of being in level  of the latent variable at time  given the observation sequence and the model, .
which is the probability of being in state  at time  and transiting to state  at time +1 given the observations and the model.

The variable, , represents the probability of a member of system being in state  at time  and transiting to state  at time +1 given the observations and the model. It given by





					(3.10)

Given the model stressed in equation (3), the joint or complete likelihood of the observation concerning movement of members of the system from category  can be expressed as

 being the joint (complete data) likelihood  of the observations  given the model,, such that its log–likelihood; 


Then the parameters of the model (in equation 3) can be obtained by Baum-Welch algorithm-based re-estimation formulas until the observation probability converges to a pre-determined interval:

								(3.11)

									(3.12)	
+1		(3.13)
	+1	      (3.14)
Adopting a single Gaussian distribution for modelling the state duration density,  the state durations which maximize , under the constraint  can be estimated by the EM algorithm. The mean, , and variance,  of duration probability of state,  can be estimated in the HSMM training stage using the relation
								(3.15)
							(3.16)
where  represent the probability that in state,  at time,  the duration  equals . Based on the forward and backward probability defined above, the variable  can be expressed as 
			(3.17)

3.6 Duration of Stay in the System
As already illustrated in the Section 2.4 of this study, based on semi-hidden Markov modelling principle, estimation of individual’s duration of stay in the manpower system can be easily done using the principle of prognostic estimation of machine health status using hazard rate (HR) function (see Wang et al., 2014). Applying the above knowledge, let T denotes service time of an employee to a particular personnel category, with lifetime distribution function, , and survivor function, , where , and  Considering that , and that  exist, then the HR function can be given (see Wang et al., 2014) by;
				(3.18)
where  is the total number of individual in the category, m is the number of individual that has left the category before time, and  denote the number of employer that have left the category during the interval  Let  denote a function representing the expected time remaining for an individual to exit grade,  given that the system has survived to time,  then  for  such that 
Suppose that an employee belonging to category,  will go through states,  before leaving for category  Let  denote expected duration of an employee staying at state, . Based on the estimated parameters in equation (3.15 &3.16), we can obtain the function,  as follow (see example, Wang et al., 2014);
			(3.19)
where  can be determined by 
Then, once an employee has entered the system through category, , his expected duration of stay in the system equals the summation of the expected duration of the individual staying in category,  and the total remaining duration staying in the future categories, . Let  denotes the expected duration of an individual staying in category,  for  period. Supposed the employee enters category, , at time , then the conditional probability of leaving the system during the interval ( can be defined as the probability that the individual will not transit to any other category except  during the coming and the probability that he will not still stay at . Then, from the re-estimation posterior probabilities in equations (9) and (10),  can be computed as follows:
			(3.20)
and
			(3.21)


4.1	Numerical Application
This section presents a numerical example of how the manpower system of a hierarchical organization can be modelled on the basis of a Hidden semi-Markov Model described in this study. The formulated hidden semi-Markov framework is applied in analyzing the manpower data for academic staff of a Polytechnic in Nigeria. Concerning academic staff’s transitions/movements, the institution under study is hierarchical. Each personnel category of the system under investigation consists of several steps/levels through which promotion/movement of the members between the constituent categories are made. The existence of the intra-category steps through which promotion of employees between the successive grades are practically assessed makes the system suitable for this application. Such grade levels transition makes the system a good match with the hidden semi-Markov framework as described in this study.
Concerning academic staff system of the Polytechnic, in ascending order, the personnel categories are: Assistant Lecturer , Lecturer III , Lecturer II , Lecturer I Senior Lecturer , Principal Lecturer , and Chief Lecturer , making a total of seven personnel categories. These categories are assumed to be homogeneous with respect to transition behaviour in the classical Markov settings. It is, however, necessary to create the eighth category  which represent wastage as described in section 3.1. Moreover, each of the above personnel categories consist of nine (9) steps (termed grade levels);  one of which every personnel of a certain personnel category belongs. In this institution, promotion is done every year and each staff is promoted every three years after meeting the requirements for promotion otherwise no promotion for that particular staff at that time, and vacancies are filled by promotion from the serving staff or by recruitment from the external environment. Several interactions with personnel department of the institution revealed that once an employee is promoted to another level, he/she is expected to stay at that level/grade and work even more, as the higher an individual goes in the hierarchical grades, the more the conditions for an individual to be promoted. If an employee has bad assessment (that is, employee not having the necessary prerequisite requirement for promotion to the next personnel category) during promotion periods, the individual keeps moving a step/level within same grade every year until he/she gets to the bar of the steps (which is ). The distribution of duration of stay is assumed to be Guassian.
The data for staff recruitment, internal flow, as well as wastage used in this study were collected for the period between 2017/2018 and 2020/2021 academic sessions. Therefore, with respect to the organization under study, the integer index  (time) which has been used in this work refer to the academic sessions  of the Polytechnic on which the data were collected, where, for example  corresponds to 2017/2018 academic session. This implies that the forecast concerning the organization’s future manpower structure will begin at (that is , which corresponds to 2021/2022 academic session. 
The dataset in the tables 1 – 4 of the appendix contains information concerning the observed number  of staff within grade levels  of each category =1,2,…,7) that has transited to category =1,2,…,8) for each time point =1,2,3,4), number,  of newly recruited staff , for each time point , allocated to different categories . Analysis of the stated data was done with the help of R-statistical software using a dedicated hidden semi- Markov model package, (hsmm), which is designed for analysis of data related to hidden semi Markov models (see Bulla et al, 2010). Hence, the historical manpower data collected for the study was analyzed with the aid of the hsmm package in - statistical package based on the  algorithm estimation procedures 1 through 3 presented in Section 3.7. For each grade, =1,2,…,7), of the manpower system, the matrix, , of the probabilities of transition of members from grade level  to  has been estimated; however, for discussion purpose, only  and estimates are presented below, while the estimates for the rest (that is,  are presented in the appendix of this paper. The matrices,  which are the grade-level to grade transition probabilities associated with categories,  and  , respectively, are estimated as 

and

Moreover, the pooled data in Table V of the appendix is a summary data for the transition flows obtained by summing, appropriately, the data entries for corresponding grades,   and grade-levels,  across the entire data collection periods, . The pooled data is analyzed using the EM algorithm procedure of the hsmm package using equation (3.12) to obtain estimates for average probabilities,  of transition between the grades, . Presenting the result of the analysis in the form of matrix in equation (3.23), the matrix of probabilities,  is estimated as 

Using the same estimation process for analysis of pooled data concerning the number of recruitment and allocation of new entrants into the personnel categories,  the vector,  consisting of the probabilities of recruiting the new members into the personnel categories  is estimated as;
[image: ]
By using the matrix splitting concepts, the stochastic matrix,  above is fragmented into two sub-stochastic matrices, W, (a 7-by-1 matrix of wastage or external transition probabilities), and  (a 7-by-7 of internal transition probabilities), as presented below;



Thus, the stochastic matrix, , is obtained as
                         

The forecast for the academic staff structure of the organization under study, as presented in the Table 1 below;
Table 1: Forecast concerning academic staff structure of the Polytechnic
	SESSION							
	2021/2022	83	83	78	64	48	45	27
	2022/2023	81	85	78	66	47	41	30
	2023/2024	79	87	78	67	47	38	32
	2025/2026	77	88	78	68	47	36	33
	2026/2027	76	89	79	69	47	34	33

Moreover, based on the information presented in equations (3.21) using the posterior probabilities obtained through the EM algorithm re-estimation procedure (see Section 3.7), the diagonal matrix,  concerning the expected length of stay  of an employee in grade, is estimated as;
Expected duration of staying in  grade

4.2 Discussion of Results
The matrices, and contain information concerning the probabilities of transition of personnel between grades, into which the aggregated personnel system of the organization under study has been classified. However, while the elements of take into account probability of transition between the entire members of and , and ignore the grade-levels sub-classification of into , the elements ofincorporate the grade-levels probabilities of transition between and . , for instance, are the transition matrices associated with  (Assistant Lecturer) and  (Lecturer III) categories, repetitively, hence, their elements represent the probabilities of promotion of the employees from grade-levels  to categories  Specifically, the 0.148 (element of row 2 column 2) of matrix , represents the conditional probability that an employee belonging  grade at time  will be promoted to category  at time , given that he/she was in level  at time, . Similarly, 0.784 (element of row 2 column 1) of represents the conditional probability of being in grade  at time  given that the employee was a member of level  of  at time . 
Concerning matrix , the element 0.055 (row 6 column 3), for instance, gives that conditional probability that an employee with Lecturer III () grade will be promoted to Lecturer II ( category in the next academic year, provided he is in level 6 ( in the current year; while the 0.068 (row 5 column 8 element) of represents the probability that a member of  at time  will leave the system at time , given that he was at grade level 5 () at time . The elements of matrices  to  can also be interpreted in the same manner; however, it may be worthwhile to emphasize that the matrices of the above matrices display information concerning transition of the employees from categories ( associated with the respective matrices.
It can be observed that the values of the diagonal elements of matrix  are much higher compared to values of the upper off diagonal elements. Moreover, it can be observed that the elements of are relatively higher for every  transition (that is, transition from  to .  These indicate that, on average, an insignificant number of employees belonging in each grade and grade-level is being promoted to the next higher grade per session. The insignificant number of yearly promotions in the organization revealed through the above transition probabilities can be confirmed through the estimated average duration of stay of members of grades  presented in duration matrix, above. From the duration matrix, it can be seen that the diagonal elements of the matrix, , which indicates the mean number of years an individual belonging in grade  is expected to stay in same grade before getting promotion to the next grade  are relatively high. For example, the 6.82 (element of row1 column 1) of mean that, on average, a new entrant that has entered the manpower system through (Assistant Lecturer) category is expected to spend approximately seven (7) years before being promoted to  (Lecturer III) category. The reason for the delayed promotion behavior of members of the institution could be that most of the members of the system are not actively involved in activities (such as academic research and further studies for advanced degrees) that could enhance fulfillment of promotion requirements before each promotion period, or that the management of the institution is not conscious of staffs’ promotion.
Moreover, the future manpower forecast for the institution, presented in Table 1 above, reveals a steady decrease in the number of members of categories,  and  and increase in categories,  and , while the number of members in  and  remain unchanged throughout the forecasted period.
5.1	Summary and Conclusion
Diverse transition behaviour exhibited by each individual employee of an organization implies that most organizations’ aggregated manpower systems are heterogeneous in nature – analyses of such systems are therefore, most often, based on partitioning the system into homogeneous personnel groups, based on the factors influencing the system dynamics. Among the Markov chain approaches for modelling manpower systems, recent studies (such as Udom & Ebedoro, 2019, etc.) have stressed hidden Markov models for being a more reliable tool for disaggregating heterogeneous manpower stock into homogeneous groups, as its classification approach allows for incorporation of both observable as well as unobservable factors that influence personnel systems dynamics. However, in addition to classifying the personnel system into homogeneous groups, another significant desire of a manpower planner could be that of ascertaining or having proper knowledge about the length of time an individual member of the manpower system will stay in a particular personnel category before moving to the other – a concept whose attribute is beyond the scope of a classical hidden Markov model. Thus, in order to model a manpower system in such a way that, on one hand, the disaggregation of the heterogeneous manpower stock takes into account observable and latent source of the system’s dynamic, and on the other hand, the duration of stay of an individual member of the system is taken into consideration, this study proposed hidden semi Markov modelling approach for analysis of a manpower system.
This study considered a hierarchical organization of which its aggregated manpower stock has been broken into homogeneous categories known as grades, each of which is split into  subclasses known as grade-levels. A hidden semi Markov model is proposed to estimate probabilities of transitions associated with movement of the employees between the grades and grade-levels of the system, as well as the expected duration of stay of the employee in each grades of the system. To estimate probabilities associated with the employees’ transitions, a hidden semi Markov iterative and re-estimation principle, known as the Expectation Maximization (EM) algorithm is formulated for each of   personnel categories. For this system, the EM algorithm is utilized under normality assumption concerning the run-length (duration) distribution with the help of hsmm package in R statistical programming language. A predictive structure based on the model parameters estimated is constructed for forecast. A numerical illustration is made to demonstrate practical applicability of the hidden semi Markov formulation for manpower system analysis. The hidden semi Markov manpower model is applied in analyzing the manpower data for academic staff system of a Nigerian Polytechnic, which results in description and prediction for the future number of staffs in each of the staff categories under the assumption of time-invariant transition and emission probabilities, as well as estimation of the expected duration of stay in the personnel categories of the system.
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