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Quotas for the minimum distance of codes of
Goppa involving the floor of a divisor

Abstract
In this paper, we study some fundaments of the theory of field of

algebraic functions, a small introduction to theory of codes, highlight-
ing at this point the study of geometric codes of Goppa, and some
results involving the definition of floor of a divisor. This paper pro-
vides two quotas for the minimum distance of a geometric code of
Goppa; these quotas involve the floor of a divisor and provide a good
estimate for the minimum distance of this code. We introduce a code
over a determined field of algebraic functions and we obtain a quota
for the minimum distance using the content of the paper.
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1 Introduction

This paper resolves the problem of quotas for the minimum distance of a
given code. This work has two parts.

In the first part we introduce the theory of field of algebraic functions,
such as discrete valuation, places, divisors, genus and adeles of a field of
algebraic functions, Weil differentials and the Riemann-Roch theorem. We
put also the definition of local components of the Weil differentials and the
theory of codes. We define the minimum distance of a code and a geometric
code of Goppa. Now, we have a motivation for the definition of a geometric
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code of Goppa; we consider the Reed Solomon code, a vector space over
the field finite with ¢ elements F,. The geometric codes of Goppa are a
generalization of Reed-Solomon codes.

We consider n = ¢ — 1 and § € F, an element such that

F A\ {0} ={8,8%....,8" =1}.
For k € Z, with 1 <k < n, we consider the F,-vector space k-dimensional,
Ly :=A{f € Fy[X] [ deg (f) <k -1},
and the application

ey 1 L, — Ty given by e, (f) :== (f(8),f(8%),....,[(6") € F}.

Note that this application is [Fy-linear, since given A € F, and f, g € L,
we have that e, (f + Ag) = e, (f) + A (e, (9))-

Observe that e, also is injective, because given a polynomial not null
f € F,[X] such that f € L;, we have that the deg (f) <k—-1<n—-1<n
and hence f has a number of zeros small than n and thus,

Ker (e,) = {f € Lx | e, (f) = 0} = {0}

and so e, is injective (observe that Ker (e,) = {0}, since if there exists f not
null in £;, such that e, (f) = 0, the polynomial f has n roots 3, 5%,...,5",
which is absurd). Therefore,

Co:={eu (f) | f € L}

is a code of length n and dimension k over the field F;,. This code is called
Reed-Solomon code.

The second part is about the floor of a divisor. We obtain quotas for
the minimum distance of a geometric code of Goppa involving the floor of
a divisor. We define a code over the field of Hermitian algebraic functions.
With the results we obtain quotas for the minimum distance of this code.

2 Preliminary results

The contents of this section it follows of [7].
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2.1 Prerequisites

Definition 2.1. A field of algebraic functions F|K in a variable over the
field K is an extension of fields F' O K such that F' is an extension algebraic
finite of K (x) for some element € F' which is transcendent over K.

A valuation ring of the field of algebraic functions F|K is a ring O of the
field F’ with the following properties:

(1) KCOCF,and
(2) for all z € F', we have that z € O or 271 € O.

We have that O (the valuation ring) is a local ring with ideal maximal
P =0\ O* where O* := {z € O | there exists w € O with z.w = 1} is the
group of units of O. Moreover, we have that P is a principal ideal.

Definition 2.2. A place P of the field of algebraic functions F|K is the
maximal ideal of some valuation ring O of F/|K. All element ¢t € P such that
P =1t0O = {tp|p € O} is called a local parameter for P.

We denote by Pr := {P | P is a place of F/|K}.

If O is a valuation ring of F|K and P is its maximal ideal then O is
determined by P, i.e.,

O:={zeF|z"¢P}.

Thus, Op := O is called the valuation ring of the place P or the valuation
ring associated to the place P.

The next we define the concept of discrete valuation, which will be used
in the sequel.

Definition 2.3. A discrete valuation of the field of algebraic functions F|K
is a function v : F — Z U {00}, which has the following properties:

1) v(z) =00 < 2z =0.

3

(

(2) v(zy) =v(z)+v(y) forall z, y € F.

( (x4+y) >min{v(x),v(y)} forall x,y € F.
(

)
)
)
)

4) There exists an element z € F' with v (z) = 1.
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(5) v(a)=0forall 0 #a € K.

In this context, the symbol co is not a number integer, and is such that
00+o0o=00+n=n+o00=o00and oo >m for all m, n € Z.

For all place P of the field of algebraic functions F|K, we associate the
function vp : I — Z U {oo}. This function is defined as it follows: for ¢ a
local parameter for P we have that all element z not null in F' has an unique
representation z = t"u, with u € Op = O* and n € Z; we define vp (2) :=n
and vp (0) := oo. This function so defined is a discrete valuation.

Definition 2.4. Let P be a place of the field of algebraic functions F|K.

(a) Fp := Op/P is the residue field of P. The application x +— z (P) of F
for Fp U {oo} is called of function of residue classes with respect to P.
We use also the notation z (P) := x + P, for x € Op.

(b) deg (P) := [Fp : K] is called the degree of P.

We have that if P is a place of the field of algebraic functions F|K and
0# x € P, then deg (P) < [F: K (z)] < o0.

We take z € F' and let P be a place of the field of algebraic functions
F|K. We say that P is a zero of z iff vp (2) > 0; P is a pole of z iff vp (2) < 0.
If vp(z) =m > 0, P is a zero of z of order m; if vp(2) = —m < 0, P is a
pole of z of order m.

The group abelian free which has as base free the places of F|K will be
denoted by Dp. Is called group of divisors of F|K. The elements uniques of
Dp are called divisors of F|K, i.e., a divisor is a formal sum D =}, p npP,
with np € Z and almost all np = 0, i.e., np # 0 in a number finite of
installments of this sum.

The support of the element D € D is defined by

supp (D) :=={P € Pp | np # 0}.

Two divisors D and D', with D = > npP and D' = 3 n’, P are summed
as it follows: D 4+ D' = > pep, (P + np) P.

The neutral element for the sum of the group of divisors D is the divisor
0= > pep, PP, with all rp = 0. For Q) a place and D a divisor of F[K,
where D =, p npP, we define vg (D) = ng and therefore, supp (D) =
{PePr|vp(D)#0}and D =} p o vr (D) P
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A divisor D > 0, i.e., vp (D) > 0 for all place P, is called divisor effective.
The degree of a divisor is defined as

deg (D) = Z vp (D) .deg (P).

PePp

Definition 2.5. We take 0 # = € F' and we denote by Z, respectively N,
the set of zeros, and the set of poles, of x in Pr. Then we define:

(2)y := D_pey vp (z) P, the divisor of zeros of z; (), := > pcy —vp (2) P,
the divisor of poles of z; (z) := (z), — (z),, the divisor principal of z.

As vp () > 0 for all P € Z it follows that (z), > 0, and as vp (z) < 0
for all P € N we have that —vp (z) > 0, and then (z)_ > 0.
Moreover, (z) = > pcp, vp () P.

Definition 2.6. For a divisor A € Dr we define,
L(A):={zeF| (x)+A>0}U{0}.

We have that £ (A), according to Definition 2.6, is a vector space over
the field K. The dimension of each K-vector space V will be denoted by
¢ (V). Moreover, the vector space £ (A) has dimension finite, for all divisor
A of the field of algebraic functions F'|K.

Lemma 2.7. (see [7]) We have that:
(a) L(0) =K.
(b) If A€ Dp and A <0 then L(A) = {0}.

Definition 2.8. For A € Dp, we define the dimension of the divisor A,
and we denote by ¢ (A), as the dimension of the vector space L (A), i.e.,
C(A)=1(L(A)).

The genus g of the field of algebraic functions F|K is defined by
g :=max{deg(A) —((A)+1| AeDr}.
The genus of F|K is a non-negative integer.

Definition 2.9. An adele of the field of algebraic functions F|K is an ap-
plication « : P — F', given by a (P) = ap, such that ap € Op, for almost
all the places P of F|K.
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According to the Definition 2.9 we can consider an adele as a sequence
in the field F, and therefore we use the notation a = (ap)pep, or a = (ap).
The set

Ap :={a | «ais an adele of F|K},

is called the space of adeles of F'|K. This set is a vector space over the field
K.

The principal adele of an element x € F is the adele whose components
are all equals to x, and note that ap = x € Op, for almost all the places P
of F|K make sense, since x not null in F' has a finite quantity of poles and
zeros. We take the application that take z € F' in the your principal adele;
this is a diving of F' in Ap, since is a bijective application, and then we can
write F' — Ap.

As we have this diving, the discrete valuation vp associated to the place
P of F|K naturally extends to Ap, where we put vp () := vp (ap), being
that we have acp the P component of the adele o. By definition vp (o) > 0,
for almost all the places P of F|K.

Definition 2.10. For A € Dr we define the following set
Ap(A) :={a € Ar|vp(a) > —vp(A), for all place P of F|K}.

This set is an K-vector subspace of Ar. We introduce now the concept
of Weil differential.

Definition 2.11. A Weil differential of the field of algebraic functions F|K
is an application K-linear
w:Ar — K,

that is null in Ap (A) + F, for some divisor A € Dr. We define the module
of Weil differential of F'|K by

Qp = {w | wis a Weil differential of F|K},

and we have that () is an F-vector space.
For A € Dy we consider

Qp(A) ={weQp|wisnull in Ap(A)+ F}.

We have that Qp (A) is a vector space over the field K.
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Definition 2.12. For x € F' and w € Qp, we define the Weil differential
2w : Ap — K by (2w) () :=w (za).
Definition 2.13. Let P be a place of the field of algebraic functions F'|K.

(a) For z € F we put tp () € Ap the adele whose P-component is = and
all the others components are equals to zero.

(b) For a Weil differential w € Qp we define the your local component as
the function wp : FF — K given by

wp () :=w (tp ().

We have that wp is an application K-linear.
We want has a divisor for any Weil differential w # 0. We consider for a
given w the set

M (w) :={A € Dp | wis null over Ap (A) + F}.

Lemma 2.14. ([7]) We take 0 # w € Qp. Then, there exists an unique
divisor W € M (w) such that A < W, for any A € M (w).

The next definition make sense by the Lemma 2.14.

Definition 2.15. (a) The divisor (w) of a Weil differential w not null is
the unique divisor of the field of algebraic functions F'|K such that:

(1) wis null over Ap ((w)) + F.
(2) If w is null over Ap (A) + F then A < (w).

(b) For w € Qp \ {0} and P a place of F|K, we define vp (w) := vp ((w)).

(¢) A place P is said to be a zero, respectively a pole, of w if vp (w) > 0,
respectively vp (w) < 0. We say that w is regular in P if vp (w) > 0
and w is called regular, if w is regular for any place P of F|K.

(d) A divisor W is called a canonical divisor of F|K if W = (w), for some
w Weil differential not null of F|K.

It follows of the Definition 2.15 that:
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(1) Qr(A) ={weQp|w=0o0r (w)> A}
(2) Qp(0) ={w € Qp | w is regular }.

We presented now one of the most important theorems of the theory of
fields of algebraic functions.

Theorem 2.16. (see [7])[Riemann-Roch] Let W be a canonical divisor of
the field of algebraic functions F|K of genus g. Then, for any divisor A of
F|K, we have that the dimension of A satisfies the following equality:

((A)=deg(A)+1—g+¢(W—-A).

Corollary 2.17. (see [7]) For a canonical divisor W of the field of algebraic
functions F|K of genus g we have that

deg (W) =29 —2 and L (W) = g.

3 On the definition of codes

The contents of this section it follows of [7].

3.1 The basic definitions

Let IF, be a field finite with ¢ elements. We consider the vector space of dimen-
sion n over Iy, Fy', where the elements are of the following form (ay, ..., a,),
with @; in the field Fy, for all i =1,... n.

For a = (ai,...,a,) and b = (by,...,b,) in F}, we take

d(a,b) = |{i | a; # bi}].

The function d, that we presented above, define a distance in Fy and is
called of Hamming Distance in Fy. The weight of a element a € Fy is defined

as w(a) :==d(a,0) = |{i| a; # 0}

Definition 3.1. A code C over the field F, is a vector subspace of IF;. The
elements of C' are called of words of the code. The natural number n, that
appear in [y, is called the length of the code C' and ¢ (C') is the dimension
of C' as IF,-vector space. A code of length n and dimension £ is denoted by
[n, k]. The minimum distance of a code C' # {0} is denoted by d (C') and is

defined as
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d(C) :=min{d (a,b) | a,b € C and a # b}.
As d(a,b) = |{i|a;—b; #0} =d(a—0,0) =w(a—b) and a — b € C,

since C' is a vector space, it follows that the minimum distance is such that
d(C) :=min{w(c) |0#ce C}.

A code [n, k] with minimum distance d will be refered as a code [n, k, d].
The canonical inner product over Fy is defined by,

(a,b) := i a;b;,
i=1

for a = (ay,...,a,) and b = (by,...,b,) € Fy.
Definition 3.2. If C C Ff} is a code then

Cti={ueF;| (uc)=0vceC}

is called the code dual of C.
The code C is called self-dual, respectively self-orthogonal, if C' = C*,

respectively, if O C C*. Moreover, we have that (C’L)l =C.

Now, let F'|F, be a field of algebraic functions of genus g and let Py, ..., P,
be places two to two differents of F'|F, of degree one. Moreover, we take D =
Py +...+P,. And let G be a divisor of F|IF, such that supp (G)Nsupp (D) = 0.
According to these considerations, the geometric code of Goppa Cr (D, G),
associated with the divisors D and G, is defined by:

Ce(D,G) :={(z(P),...,x(P)) |z € L(G)} CF.

Definition 3.3. The integer d* := n — deg (G) is called the designated dis-
tance of the code C (D, G).

We have that the minimum distance d of a geometric code of Goppa is
such that d* < d.
Now, we define an other code associated with the divisors G and D.

Definition 3.4. Let G and D = P, + ... + P, be divisors as before (i.e., we
have that, for each ¢, P, are places two to two differents of degree one and
supp (G) Nsupp (D) = ). Then, we define the code Cqo (D, G) C F}y by:

Co (D,G) == {(wp, (1),...,wp, (1)) |w € Qr (G — D)}.

9
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The following theorem will be used in the next section.

Theorem 3.5. (see [7]) The codes Cr (D,G) and Cq (D, G) are dual, i.e.,
Co(D,G)=Cc(D,G)"

4 On the floor of a divisor

In this section we presented the results.
Given a divisor A of a field of algebraic functions F'|K, there exists an
unique divisor of minimum degree B that define the same vector space £ (A),

i.e., such that £ (A) = L (B).
A such divisor is called the floor of the divisor A.

4.1 The floor of a divisor

Throughout this section, F'|F, is a field of algebraic functions on the finite
field F, which has ¢ elements.

Definition 4.1. Given two divisors A and A" of F|F, the greatest common
divisor of A and A’ is the divisor

m.d.c. (4,A4") = Z min yvp (A),vp AP,
(14 = 3 minfor 100 (1)
and the least common multiple between the divisors A and A’ is the divisor

m.1.C. (A, A/> = Z max {Up (A),vp (A/) } P.

Sy

4.2 The results

Proposition 4.2. Let G be a divisor of the field of algebraic functions F|F,
with £ (G) > 0. Suppose that G is a divisor of F|F, of minimum degree such
that L(G) = L (G/). Then, G > G'. Hence, G' is the unique divisor with
this property.

Proof. By hypothesis, we have that £ (G (G') . Thus L (G/)
L(G) =L (mdc. (G,G)): in fact, 1f0 7& reL (G') G then by Defini-
tion 2.6, (z)+G" >0, (z) +G > 0. So, mln{vp((m ) )+ G)} =

min {vp ((2)) +ve (G') ,vp ((2)) +vp (G)} >0, VP € IP’F

10
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On the other hand, it is seen that the minimum value of the set given
previous is as it follows, vp () + min {vp (G/) ,Up (G)} Therefore,

Z (Up () + min {Up (G/) ,Up (G)}) P >0,

for all P € Pp, i.e., (z) + m.d.c. (G/, G) > 0. Thus, z € L (m.d.c. (G', G))
Conclusion: £ (G')NL(G) C £ (m.d.c. (G',G)).
We consider z € £ (m.d.c. (G',G)). As min {vp (G),vp (G')} < vp(G)
VP € Pp, it follows that:

S pmin {vp (G),vp (G)} P <Y pop (G)P=0< (2) + mde (G,G) <
(2)+G=2e€L(G)=L(G)=2€L(G)NL(G).

Conclusion: £ (m.d.c. (G',G)) C L(G')NL(G).

Thus £ (G) = L(G)N L (G') = £ (m.d.c. (G',G)). Therefore, it follows
of the minimum degree of G’ that, deg (G') < deg (m.d.c. (G', G))

As min {Up (G/) ,Up (G)} <wp (G/) for all place P, we obtain

Zmin {vp (G/> ,Up (G)} P < ZUP (G/> P,

and then we have that m.d.c. (G', G) < G'. Therefore, we have: deg (G ) <
deg (m.d.c. (G',G)) and m.d.c. (G/, G) < G'. Thus, deg (m.d.c. (G',G)) <
deg (G/) and therefore we have that deg (G') = deg (m.d.c. (G',G)); as
m.d.c. (G',G) < G we have that, G = m.d.c. (G/,G). Hence, G < G
since m.d.c. (G/, G) <G.

Suppose now that G' and G" are two divisors of F' |F, of minimum degree
such that, £(G) = L£(G') and £L(G) = L(G"). Now, of G divisor of
minimum degree such that £ (G') =L (G”) it follows, of the done previously,
that G > G" and of G’ divisor of minimum degree such that £ (G”) =
L (G/), we have that G* > G'. Therefore, G = G". Hence, there exists an
unique divisor G' of F|F, of minimum degree such that £ (G) = £ (G'). O

Definition 4.3. Given a divisor G of the field of algebraic functions F|F,
with £ (G) > 0, the floor of G is the unique divisor G' of F|F, of minimum
degree such that £ (G) = £ (G"). The floor of G will be denoted by |G].

11
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4.3 The quotas of the floor and of the generalized floor

We introduce the floor’s quota theorem, that we will give a generalization
called generalized floor quota. Next, we will give an example where we will
apply this quota for to estimate improvement of the minimum distance of a
code.

The next proposition will be used in the sequel.

Proposition 4.4. If G is a divisor effective of the field of algebraic functions
FI|F, then the floor of G also is a divisor effective. In particular, if G is a
divisor effective then the support of |G| is a subset of the support of G.

Proof. As G > 0, the elements of F, belongs to £ (G). Thus, we have that
—min{vp (z) |z € L(G)\ {0}} > 0.

We take £ := m.d.c. (G+ (z) |z € L(G)\{0}). So, it follows that
|G] =G — E. So, vp (|G]) = —min{vp (z) | x € L(G)\ {0}} the that im-
plies vp (|G]) > 0, VP € Pp. Thus, |G] is a divisor effective. As G > |G/,
we have vp (G) > vp (|G]),VP € P, and hence the support of the floor of
G is contained in the support of G. m

Moreover, also will be used in the sequel the following result.

Lemma 4.5. (see [7]) Let A and B be two divisors of the field of algebraic
functions F|K with A < B. Then, we have that L (A) C L(B) and { (B) —
[(A) < deg (B) — deg (A).

Theorem 4.6 (Floor quota). Let F|F, be a field of algebraic functions of
genus g. Let D = P, + ...+ P, be a divisor, where Py,..., P, are places two
to two different of F|F,, where each divisor have degree equal to one, and let
G :=H + |H| be a divisor of F|F, such that H is a divisor effective whose
support does not contain any of the places Py, ..., P,. Let By := H — |H|
be a divisor. Then, Cq (D,G) is a code [n,k,d| whose minimum distance
satisfies:

d=d(Cq(D,G)) = deg (G) — (29 — 2) + deg (Epy) = 2deg (H) — (29 — 2).
Proof. As H is a divisor effective, we have, according to the Proposition 4.4,

that |H | is effective and supp (|H]) C supp (H). Thus, G :== H + |H] is
a divisor effective and as the supports of the divisors H and D are disjoint,

12
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it follows that the supports of the divisors G and D are also disjoint. We
chose a Weil differential n € Qp (G — D) such that the code word ¢q :=
(np, (1),...,mp, (1)) is of minimum weight. By definition, the minimum
distance of a code is the minimum of the set of the weights of the code
words not nulls; thus, we can assume, without loss of generality, that the
first d-coordinates of ¢y are not nulls and that the remaining coordinates are
nulls. Then, with D' := P, + ...+ P; we obtain, according to Definition
2.15, that (n) > G — D', since as supp (D) C supp (D) and (n) > G — D
it follows that vg (n) > vg (G — D), for all place @ of F|F, that belongs
to the support of D and then, in particular, this is applied to every place
that belongs to the support of D'. Thus, there exists a divisor effective
A such that () = G — D' + A and whose support does not contain any
of the places P,..., P;. In the equality () = G — D' + A, we take the
degree of the divisors on both sides, and hence we have that deg((n)) =
deg (G) — d + deg (A), and as deg((n)) = 2g — 2, (see the Corollary 2.17)
since (1) is canonical divisor, it follows that 29 — 2 = deg (G) — d + deg (A),
and therefore d = deg (G)— (29 — 2)+deg (A). In order to prove the assertion
about the minimum distance quota, it is sufficient to show that deg(A) >
deg (Fy). Observe that deg (A) > ¢ (H+ A)—((H)=((H +A)—((|H]) >
((H+A)—((|H]+ A). In fact,
(1) deg (A) > ¢ (H + A)—{(H), since as A > 0 we have that H+A > H and
then, by the Lemma 4.5, it follows that ¢ (H + A) — ¢ (H) < deg (H + A) —
deg (H) = deg (A). Therefore, deg (A) > ¢ (H + A) — ((H).
(2)¢(H+A)—((H)=t(H+A)—((|H]),since as L(H) = L([H]), we
have that ¢ (H) = ¢ (| H]), as desired.
(3)0(H+A) —((|H|)>0(H+A) —((|H|+A),sinceas |H| < |H|+A
it follows that L(|H|) C L(|H]|+ A); thus, ((|H]|) < ((|H]+ A) and
then —¢(|H|) > —¢(|H] + A) and adding ¢ (H + A) on both sides of this
inequality we have the result.

We show now that deg (Ey) = ((H +A) —((|H]| + A). We have W =
G — D' + A canonical divisor. We take the divisor H + A and the divisor
|H] + A; by the Riemann-Roch Theorem (Theorem 2.16) we obtain the
following equalities:

(1) 0(H + A) = deg (H + A) +1— g+ (W — H — A) and
(2) ((|H|+A)=deg (|H|+A)+1—g+(W—|H| - A).

Thus, ¢ (H+ A)—((|H| + A) =deg (H)+¢ (W — H— A)—deg (|H|)—
((W—|H|—A).

13
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Therefore, ¢ (H+ A)—((|H| +A) =deg(H — |H|)+((W —H - A) —
C(W — |H| — A) =deg (Er) + L (W — H — A) — £ (W — | H| — A).

AsW —A=G— D and G = H + | H|, we obtain that:

C(H+A)—((|H|+A)=deg(Ey)+((|H]-D')—t(H-D).

We show now that £ (|[H] —D') = L(H—D'). As H—-D" < H, it
follows that £ (H — D") C £ (H) and then £ (H — D') C L (| H]), and thus
L(H-D')=L(H-D)NL(H|). Note that L (H —D')NL(|H]) =
L(m.dc (H-D';|H])).

In fact, for 0 # 2 € L(H—D)NL(|H]), (x) + H—D" > 0 and
(z) + |H| > 0 and then for all place P we have that vp ((z) + H— D') >0
and vp ((x) + [H]) > 0 and thus,

}
>

min {vp ((z) + H— D) ;v + |H])
vp ((x)) 4 min {vp (H — D) | H])}
for all place P of F|F,. Therefore,

Z (vp((x)) + min {vp <H—D/) ;UP(LHJ)}> P>0.

Thus it follows that, () + m.d.c. (H —D';|H|) > 0 and then z €
L (m.d.c.(H—D',|H])). Therefore,

0,

c (H—D’) NL(H|)CL (m.d.c. (H— D, LHJ)) .

If0# 2 € £ (mdc.(H—D',|[H])) by definition we have that (z) +
m.d.c.(H—D',[H]) > 0. We have that, min {vp (H — D) H|)} <

p(H — D),V place P. Thus, 0 < (2) + m.d.c. (H — D', )_ x) +
(H-—D'); andsox € L(H—D") C L(|H]) and then z € E(H—D') N
L (|H]). Therefore, £ (m.d.c. (H — D', |H])) CL(H —-D)NL(|H]). So,
L(mde (H-D',|H]))=L(H-D)NL(H]).

By hypothesis, supp (H) Nsupp (D) = () and as D’ is a divisor effec-
tive such that D' < D we have that supp (H) N supp (D/) = () and as
supp (| H]) C supp (H) it follows that supp (|H]) Nsupp (D) = 0. By
the definition, the maximum common divisor between H — D" and |H | is
the divisor whose coefficients of the places are the minimum of the coeffi-
cients of the places of H — D" and |H|, and as H > | H| we conclude that

!/

m.d.c.(H-D',|H|)=|H] - D"

14
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It follows then that £ (m.d.c. (H — D', |H|)) = L(|H| —D') and, as
we have £ (m.d.c. (H—D',[H])) =L(H-D)NL(|H])=L(H-D),
since L (H — D) C L(|H]), we obtain that £ (|[H] —D") = L (H - D').

Therefore:
d = d(Cq(D,Q))
= deg(G) — (29 —2) + deg (4)
> deg(G) — (29 — 2) + deg (En)

= deg(H) +deg([H]) — (29 — 2) + deg (H) — deg (| H])
2deg (H) — (29 — 2).

Next, we presented the generalized floor quota theorem.

Theorem 4.7 (Generalized floor quota). Let F|F, be a field of algebraic
functions of genus g. Let P, ..., P, be places two to two different of F|F,,
of degree one. With D := P+ ...+ P,, let A, B, G, Z be divisors with
the support disjoint of the support of D such that Z is effective and with
L(A)=t(A-Z),l(B)=((B+Z) and G = A+ B. Then, the minimum
distance d of the code Cq (D, Q) is such that:

d=d(Ca(D,G)) > deg (C) — (2 — 2) + deg (2).
Proof. We consider n € Qp (G — D), such that the code word

Co = (77P1 (1)""7771% (1))’

is of minimum weight not null. As the minimum distance d of Cq (D, G) is
such that

d(Cq(D,G)) =min{w(c) |0#ce Cq(D,G)},
we can suppose, without loss of generality, that ¢; # 0, for 1 < ¢ < d and
ci =0, ford<i<n. Weput D' := P, + ...+ P;. By hypothesis, we have
that supp (G) Nsupp (D) = 0, since G = A+ B, A and B are divisors with
support disjoint of the support of D. As supp (D/) C supp (D) it follows
that supp (G) Nsupp (D) = 0. Since vg (n) > vo (G — D), for all place Q of

F|F,, such that Q) € supp (D) it follows, in particular, that we have for all
Q € supp (D'). Therefore, we should have () > G — D'. Thus, there exists

15
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a divisor effective E, with support disjoint of the support of D', such that
W :=(n) = G — D + E, and so we have that W is a canonical divisor and
so deg (W) = 2g — 2. We consider the degree of the divisors on both sides of
equality W := G — D"+ E and we obtain that, 2g —2 = deg (G) — d+deg (E)
and this implies that d = deg (G) — (29 — 2) + deg (E).

Observe that deg (F) > ((A+FE) —((A) =l(A+E)—((A—-Z). In
fact, by Lemma 4.5, we have that ¢ (A + E)—{( (A) < deg (A + E)—deg (A) =
deg (E), and thus deg (E) > ((A+ E) — ((A); as, by hypothesis, {(A) =
((A—2Z) it follows that ¢ (A+ E) —((A) =l (A+ E) — (A — Z). There-
fore, deg (E) > {(A+ E) — (A —Z). Since F is a divisor effective it fol-
lows that, A+ £ —Z > A—Z and thus, L(A—-Z2) C L(A+E—-2).
So, {(A—Z) < U(A+E—2Z), and hence —((A—-2) > —((A+E — 7).
Therefore, deg (E) > ¢ (A+ E) —((A+ E — Z). By applying the Riemann-
Roch Theorem (Theorem 2.16) to the divisors A+ E and A+ E — Z, we
obtain that:

(1) (A+E)=deg(A+E)+1—g+L(W—-(A+E)),

2Q)l(A+E—-2Z)=deg(A+E—-2)+1—g+Lt (W - (A+ E—-2)).
Thus, we obtain the following equality:

((A+E)—l(A+E—-Z)=

(W —(A4+E)—t(W—-(A+E—-2))+deg(Z) =

deg (Z) +{ (W —A+G—-D -W)—t(W+Z-A+G—-D —-W),

and then, we have that
€(A+E)—€(A+E—Z):deg(Z)Jrf(B—D') —£<B+Z—D'>.

Now, as B+Z—D' < B+Zwehavethat£(B+Z—D/) CL(B+2).

Since Z is effective, B+ Z > B and so L (B) C L (B + Z); by hypoth-
esis we have, ¢ (B) = ((B+ Z) and thus it follows the equality, £(B) =
L (B + Z). Therefore, L (B+Z —D') C L(B) and then £ (B+Z —D') =
L(B+Z—-D)NnL(B).

We show now that £ (B + 7 — D/) =L (m.d.c. (B +7Z-D'" B)) We
consider € L(B+Z—D') = L(B+Z—-D')NL(B). Then (z) + B +
Z —D >0and (r) + B > 0. So, for all place P of F|F,, we have that
vp ((x)+B+Z—D') >0 and vp ((z) + B) > 0, and then we obtain that
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vp ((z)) +min {ve (B+Z — D');vp (B)} > 0; therefore
rel (m.d.c. (B 47— D’;B)) ,

and thus £(B+Z —D') C £ (m.d.c. (B+ Z — D'; B)).
Now, if x € L (m.d.c. (B +7Z-D"; B)) we have

min{vp <B+Z—Dl> ;vp(B)} <wp (B—i—Z—DI) ,
for all place P of F|F,, and so,
0< (z) +m.d.c. <B+Z—D/;B) <@)+B+2-D.

Therefore, z € L(B+Z — D) =L (B+Z—D') N L(B).

Thus, £ (m.d.c.(B+Z—-D";B)) CL(B+Z—-D).

Conclusion: £ (B + Z — D/) =L (m.d.c. (B +7Z-D"; B))

We have that supp (D/) C supp (D) and so, supp (B)Nsupp (D/) = () and
supp (Z) Nsupp (D') = (). Since Z is effective, we have B+ Z > B and then
m.d.c. (B+Z—-D;B)=B-D". Thus, L (B+Z—-D")=L(B-D') and
then {(B+Z —D')=((B—-D"). So,

deg(EY>((A+E)—t(A+FE—Z)+deg(2)

So, we have that deg(E) > deg(Z). Therefore, d = d(Cq(D,G))

which implies deg (E) > ¢ (B—D') —{(B+Z — D') +deg(Z) = deg (Z).
deg (G) — (29 — 2) + deg (E) > deg (G) — (29 — 2) + deg (Z). 5

Next, we exemplify as the floor quota and the generalized floor quota can
be applieds. In this example we use the following result.

Theorem 4.8. (see [7])[Weierstrass Gaps Theorem] Let F|K be a field
of algebraic functions of genus g > 0 and let P be a place of degree one of
F|K. Then there are g gaps iy < iy < ... < i, of P. Moreover, we have that
1w=1and 1, <2g—1.

Example 4.9 (Hermitian code of one place). A Hermitian code is a
code on the field of Hermitian functions. A field of functions F|K, where
K = Fp with ¢ a power rating of some prime number p and F' = K (z,v),
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with equation given by y? +y = 291, is said to be a field of Hermitian
functions. According to [7, Lemma V' 1.4.4.], this field of functions has genus
g= @ and ¢% + 1 places of degree one.

We consider a field finite with 16 elements i and the field of functions
Fi6 (z,y) |F1 with equation defined by y*+y = 2°. In this case, we have ¢ = 4
and then the field of functions previously described is a field of Hermitian
functions. So, the genus g of the field of functions is ¢ = 6 and the same has
¢>+1 = 65 places of degree one. We denote these places by Py, P, . .., Pss, Ps
where, according to [7, Lemma V' 1.4.4.], Py, is the unique pole in commum
of x and y. We consider the Weierstrass semigroup of the place P, i.e., the
set of the pole orders of P.:

H (Py) :={n €Ny | there exists z € F with (z)_ =nPx},

where Ny denote the set of non-negative integers. Thus, we define the set
of the Weierstrass gaps of the place Py by G (Px) := Ny \ H (Py). We
have that the Weierstrass semigroup of the place Py, is such that H (P) D
(4,5) = {0,4,5,8,9,10,12,13,14, ...}, since by [7, Proposition V1.4.1.] we
have (z) = ¢Px and (y),, = (¢ + 1) Ps, with ¢ = 4.

By the Theorem 4.8 we have that P, has g = 6 gaps, which will be are
denoted by ni, no, n3, ng, N5 and ng, with ny < no < ng < ny < nz < ng
and by the Weierstrass Gaps Theorem n; = 1 and n; < 2g — 1 = 11, for all
1=1,...,6. We show now that no =2, ng =3, ny =6, ns =7 and ng = 11.
Suppose that ng < 11. We could then have ng = 10, 9 or 8, but this is not
possible, since 8, 9 and 10 belongs to (4,5) C H (Px). Then, let ng = 7. In
this case, at best we will have that n, = 2, ng = 3, ny = 6 and thus there
are no possible values for ns, what is absurd. Therefore, we can not have
ng = 7. Now, if ng = 6, at best we will have that n, = 2, ng = 3 and then
we have no values for ny and ns, what is absurd. If ng = 3, at best we will
have that n, = 2 and hence n3, ng and ns do not receive any value, what is
absurd. If ng = 2 there are no values for no, ns, ny and ns, what is absurd.
We can then conclude that ng = 11 and thus we should have ny = 2, ng = 3,
ny = 6 and ns = 7. Therefore, {1,2,3,6,7,11} is the set of the gaps of P,
and hence Ny \ {1,2,3,6,7,11} is the set of the pole orders of P.,,. Thus, it
follows that H (P») =Ny \ {1,2,3,6,7,11}.

Conclusion: H (P.) = (4,5).

We recall that we have characterized a gap by the following:

i is a gap of a place of degree one @ if and only if £ ((i — 1) Q) = L (iQ).
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Thus, since 11 is a gap of P,, we obtain that £ (11P) = £ (10P) and
as 7 also is a gap of P, it follows that £ (7P) = L (6P ). We consider the
divisors A = 11P,,, B=6P, and Z = P, and we put G = A+ B = 17P,,
and D := Py + P, + ...+ Ps3. We consider the code Cq (D, G).

Definition 4.10. Let F|K be a field of algebraic functions. If G = mP, for
some place P of degree one, m € N and D is a divisor which is the soma of
all others places of degree one of F'|K, we called the code Cq (D, G) of code
of one place on the F|K.

According to the Definition 4.10 we have that Cq (D, G) is a code of one
place on the field of Hermitian functions, i.e., is a Hermitian code of one
place. Therefore, we have A, B, G and Z divisors whose support is disjoint
of the support of D, Z is effective, G = A+ B and ¢ (A) = { (A — Z), since
L(11Py) = L(10Py) and ¢(B) = ¢ (B + Z), since L (TPx) = L (6Py,).

By the theorem of the Generalized Floor Quota (Theorem 4.7) it follows
that:

d=d(Cq(D,G)) >deg(G) — (29 —2) +deg(Z) =17—10+ 1 =38.

We know that the designated distance of Cq (D, G) (see Definition 3.3)
is given by
d*=deg(G)—(2g—2)=17T—-10=T7.

As d(Cq (D, G)) is at least 8, we obtain an improvement of at least one
for the minimum distance of Cgq (D, G) in relation to the your designated
distance.

While the generalized floor quota provides this improvement the floor
quota does not provides, since there is no way to write the divisor G = 17P,
as G = H + |H|, where H is a divisor effective whose support is disjoint
of the support of D. In fact, suppose that G = 17P, can be written in
the manner previous described. Thus, H is of the form H = aP,, and as
H is a divisor effective we have that the floor of H also is effective and
supp (| H|) C supp (H) (see Proposition 4.4).

If H was equal to 0P, 1P, 2P, 3Py, 4P, 5P, 6P, TP, or 8P,
we should have, respectively, | H | equal to 17P.,, 16 Py, 15P.,, 14P,, 13P,,
12P,, 11 P, 10P,, and 9P,; in all these cases whether contrary the fact that
|H| < H. If H= 9P, then we should has |H| = 8P, and so L (9P) =
L (8 Py, ), which implies that 9 is a gap, what is absurd. If H = 10P,, then we
should has | H | = 7P,; if this occurs then £ (10Py) = L (7Py) and as 7 is a
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gap it follows that £ (7P) = L (6P) and hence |10Py]| # 7Px, since the
floor of H is the divisor of minimum degree such that £ (H) = L (| H]) and
in this case we have deg (6P ) < deg (7P). If H = 11P, then, since G is
written as the sum of H with the floor of H, we should has | H | = 6 P,; thus
we have £ (11Py) = L (6Px) = L (5P) and so |11P | # 6Py, by the same
reason previously explained. If H = 12P,,, we should has | H | = 5P,; thus
we have £ (12P,,) = L (5Px) = L (6Py) = L (7P) and hence |7P | = 5Py
and therefore two different divisors have the same floor, which is absurd.
If H = 13P, we should has |H| = 4P.; while 13 is pole order and so
L (13Py) # L (12P,,) and so, if we have that £ (13P) = £ (4P ) we should
has £ (4Px) = L(12P4), since 4P, < 12P,,, thus £ (13P,) = L(12P,),
what is absurd; therefore, |13P.| # 4P. If H = 14P,,, we should has
| H| = 3P and then £ (14P,) = L (3P), and as 3 is gap it follows that,
L (3Py) = L(2P,) and so we have a divisor whose degree is smaller than
the degree of 3P, and L (2P,) = L (14P.); it follows that we can not have
|14Py] = 3Pw. If H = 15P,, we should then has |H| = 2P.; while 2 is
gap and thus £ (H) = L (2Py) = L (1P,) and so the floor of H can not be
2P,. If H = 16P, then your floor must be 1P, ; while, 1 is gap and so, by
the same argument, we can not have that | H | = 1P. Finally, if H = 17P4
then we should has |H| = 0P.; thus £ (17P) = £(0) = Fis (see Lemma
2.7 (a)), which is absurd.

Conclusion: G it is not written as G = H + | H|, where H is a divisor
effective whose support is disjoint of the support of D.

Remark 4.11. We show now that Cq (D, 17Py) = Cr (D,57Py).
In fact, by [7, Proposition V11.4.2.], we have, according to the Definition
3.2, that

Cr (D, 5TPy)" = Cppgp—qo_s1 = Ci7 = Cr (D, 17Py) .

By Theorem 3.5 we have that C (D, G) and Cq (D, G) are dual codes.
Thus, Cz (D,17Ps)" = Cq (D, 17Py).

Now, note that as seen above
1 N\t
Ce (D,17Po)" = (Ce (D, 57P)") = Ce (D, 57Px)

according to the Definition 3.2. Therefore, Cq (D, 17Py) = C, (D,57Py),
as required. Thus, by [6], we have that the minimum distance of this code is
exactly 8.
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5 Conclusion

In general, to obtain quotas for the minimum distance of a given code is not
a very easy problem. One of the reasons for the interest in Goppa Geometric
codes is that, for this great class of codes, it is possible to evaluate a good
quota for the minimum distance.

For more references on this theory, see [1], [2], [3], [4], and [5].

The author of the article also recommends viewing the following articles

[8], [9], and, [10].
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