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Abstract
Robust regression estimation is crucial in addressing the influence of outliers and model misspecification in statistical modelling. This study proposes a Doubly Weighted M-Estimation (DWME) approach, integrating an adaptive weighting scheme with Generalized Jackknife Resampling (GJR) to enhance efficiency and robustness in parameter estimation. The DWME method incorporates case-specific and parameter-specific weighting functions, ensuring resistance against leverage points and heavy-tailed distributions. By leveraging GJR, the proposed estimator achieves reduced bias and variance while maintaining asymptotic efficiency under mild regularity conditions. Empirical analyses demonstrate that DWME outperforms traditional M-estimators, Least Absolute Deviation (LAD), and Huber regression in terms of robustness, efficiency, and predictive accuracy. The proposed methodology offers a reliable alternative for robust estimation in heteroscedastic, non-normal, and contaminated datasets, making it particularly valuable for econometric and high-dimensional applications. 
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1. Introduction 
The Jackknife method, a pivotal tool in statistical resampling, has long been utilized to enhance precision in various fields, from econometrics to biostatistics. Initially developed to estimate bias and variance in small-sample scenarios, its versatility has allowed for widespread applications across disciplines. Recent research has continued to explore its utility and refine its techniques. Sarvestani et al. (2016) used the Jackknife method in project management risk assessment, demonstrating its superiority in precision and cost-effectiveness compared to bootstrap approaches. The method's applicability in healthcare has also been noteworthy, as seen in the research by Bryan et al. (2019) which looked at radiation doses and survival rates in pediatric ependymoma, revealing insights into treatment effects for different age groups. As econometric challenges grow in complexity, particularly with limited or imbalanced data, Jackknife resampling has been further adapted. Sloczynski et al. (2022) enhanced local average treatment effects (LATE) estimates using doubly robust techniques, offering more reliable precision in small samples. Similarly, Cuerden et al. (2023) tackled the issue of marginal causal effects in subgroups by introducing doubly weighted estimators that ensure consistency even with sparse data. This trend of refining estimators through novel techniques has been complemented by Bayesian approaches, such as AbdAwon and Karam (2023) which used Bayesian analysis in stress-strength reliability models, highlighting improvements in mean squared error criteria for estimator performance.

Past research has also focused on the refinement of Jackknife estimators. Lu and Gelman (2003) explored survey sampling biases, developing weighting techniques to improve variance estimates. Debesh and Safiquzzaman (2006) contributed to the understanding of Jackknife variance estimators in two-phase sampling, offering solutions for enhanced accuracy. More recently, Yang and Zhao (2018) introduced a Jackknife empirical likelihood approach for quantile difference measures, improving confidence intervals in income studies, while Nabila et al. (2021) developed a Jackknife Ridge M-estimator to address outliers and multicollinearity in regression models. These advancements demonstrate the method’s flexibility in addressing modern econometric challenges.

The present study builds upon these foundations by introducing a Generalized Jackknife Method that Improves the Doubly Weighted M-estimation in Econometrics. While existing Jackknife methods have proven valuable in enhancing estimator accuracy, issues of robustness and efficiency persist, particularly in high-dimensional, complex datasets. This research aims to address these concerns by combining the strengths of Jackknife techniques with doubly weighted M-estimations, a method proven effective in dealing with outliers and sample heterogeneity. The approach aligns with recent trends, such as Wang et al. (2022) application of Jackknife resampling to Weighted Total Least Squares (WTLS) to improve outlier detection, and MacKinnon et al. (2023) introduction of Jackknife-based cluster-robust variance matrix estimators (CRVEs), which addressed the limitations of conventional estimators in small clusters. By enhancing doubly weighted M-estimation, this study seeks to contribute to the growing body of work that aims to make resampling methods more robust and applicable to real-world econometric problems. With continued advancements, the Jackknife method remains a crucial tool in addressing bias, variance, and estimation accuracy, paving the way for improved methodologies in econometric analysis. This research, thus, seeks to push the boundaries of what Jackknife resampling can achieve, particularly when combined with doubly weighted estimators, offering a more robust and efficient solution for modern econometric challenges. The Doubly Weighted M-estimation framework provides robust estimates using two sets of weights to reduce the impact of outliers and significant observations. However, integrating the Jackknife resampling technique can further enhance the precision and reliability of these estimates. The Jackknife method, known for its ability to measure bias and variance, iteratively excludes subsets of observations, providing more accurate coefficient estimates. This study proposes a Generalized Jackknife Method that introduces observation-specific weights to improve the traditional approach, offering better robustness and precision in the presence of outliers. By adjusting weights and evaluating each observation's effect, the method refines the model's behaviour, leading to more precise coefficient estimates and a clearer understanding of the data. The study aims to develop this improved method, conduct a comparative analysis with existing techniques, assess estimator precision, evaluate its performance in detecting significant observations, and validate its versatility across various case studies. Hence, the proposed Generalized Jackknife Method is expected to enhance the applicability and reliability of the Doubly Weighted M-estimation framework in econometric analysis.

2. Methods

2.1 Source of Data collection for the study 
Several secondary data sources, including online repositories and official statistics, were used in this investigation. Key datasets consist of: i. Nigeria Crude Oil Price: Collected from the Central Bank of Nigeria (CBN) Statistical Bulletin and the Nigerian National Petroleum Corporation (NNPC) for 16 years (2006-2021), with 192 monthly data points on crude oil prices, production, and exchange rates (192 x 5 dimensions). ii. Nigeria’s Real GDP: Data from CBN and the National Bureau of Statistics covering 1990 to 2018, including real GDP, interest rates, inflation, and exchange rates, with 29 data points (29 x 5 dimensions). iii. Insurance Growth Rate: Sourced from the CBN Statistical Bulletin (2017), this dataset includes variables such as insurance growth, real exchange and interest rates, and GDP over 52 data points (52 x 6 dimensions). iv. Diabetes Dataset: Collected from the National Institute of Diabetes, this dataset includes 392 individual-level observations of Pima Indian women, with variables such as glucose levels, blood pressure, and insulin (392 x 9 dimensions). v. Government Spending: This dataset from the CBN covers government expenditures in sectors like education, health, and agriculture from 1999 to 2021 (69 x 7 dimensions). Additionally, datasets from R console repositories were used: vi. Wages Dataset: A time series (1960-1979) with 20 data points covering wages, CPI, unemployment, and minimum wage (20 x 5 dimensions). vii. Salaries Dataset: Data on academic salaries in the U.S. (2008-09) across 397 observations, analyzing gender and rank-based salary disparities (397 x 6 dimensions). viii. Migration Dataset: Canadian interprovincial migration (1966-1971), including migration flows, distances, and population sizes across provinces (90 x 8 dimensions). ix. Leinhardt Dataset: Covers infant mortality, income, region, and oil-exporting status for 105 countries (105 x 4 dimensions). x.Wine Dataset: Information on 21 wines from Val de Loire, including sensory descriptors and soil types (21 x 31 dimensions). These diverse datasets provide valuable insights across various economic, health, and demographic topics.

2.2 Methodology
Suppose we consider a simple linear regression model of the form:

where, y is the response or dependent variable, x is the independent variable or the predictor while ε is the error term associated with the model. The aim of the regression model is to fit a model by finding the estimate   and    of the regression parameters   and  using sample data with minimum possible error (Montgomery et al., 2021). 
Given the importance of model performance and reliability, we propose an improved estimation approach using the Jackknife resampling technique to mitigate bias and improve robustness. Jackknife resampling is widely recognized for its effectiveness in reducing variance and bias in statistical estimates (Efron & Hastie, 2016). The modified regression model is given as:

Where,
 (the jackknife resampling of the response variable y)
 (the jackknife resampling of the response variable x)
To estimate the model parameters (β0 and β1) in the modified model, we apply the Doubly Weighted M-estimation (DWM) method with Huber weights, which is designed to enhance robustness against outliers (Huber, 1981). The estimation procedure involves minimizing the weighted sum of absolute residuals:

The residuals are then scaled using Huber weights:

Where,   is a weight function based on the Huber criterion. The weight function is defined as:

where  is a tuning parameter (typically 1.345 times the median absolute deviation) that determines the threshold for the weights (Maronna et al., 2019). The Huber weight function is given as:

We can define the Bisquare weight as: 

Where: 

 is an estimate of the standard deviation of the error term 
 is a constant (tuning parameter) that determines the threshold beyond which weights become constant. The parameter "" just like the  for the Huber weights determines the extent to which outliers are down-weighted. If "" is set to a larger value, the weights become constant for a larger range of residuals, making the estimation more robust against outliers. On the other hand, a smaller value of "" will downweight outliers more aggressively, leading to a less robust estimation.   Choosing an appropriate value for "" depends on the characteristics of the data and the desired robustness of the estimation. A common approach is to use the median absolute deviation (MAD) of the residuals as a robust estimate of σ and then set "" to a multiple (usually 4 or 6) of the MAD. This ensures that the threshold is adaptive to the variability of the data and provides a good balance between robustness and efficiency in parameter estimation (Rousseeuw & Leroy, 1987). 
The estimates of β0 and β1 are updated using iteratively reweighted least squares (IRLS) given as:


Where, 
k is the iteration number,  , and defining the sign function as follows: 



Equations (8) and (9) is evaluated repeatedly until convergence is achieved. Convergence is typically considered to be reached when the parameter estimates stabilize or a predetermined convergence criterion is met. The IRLS algorithm iteratively updates the parameter estimates by taking into account the Huber weights or the Bisquare weight, which down weight the influence of outliers on the estimation process (Hampel et al., 1986). By minimizing the weighted sum of absolute residuals, the doubly weighted M estimation method with Huber weights provides robust parameter estimates for the linear regression model. 
2.2.1 The proposed algorithm for the doubly weighted M estimation based on the generalized Jackknife  Method (DWMJ) 
This methodology uses the Generalized Jackknife resampling technique to estimate the coefficients in the Doubly Weighted M-estimation. The estimation procedure is carried out iteratively by the algorithm, which computes the estimated coefficients based on the fitted models after excluding a certain number of observations in each iteration.
The algorithm can be performed as follows: 
i. Take input x (predictor variable), y (response variable), and n_out (number of observations to leave out).
ii. Calculate the length of x and assign it to n.
iii. Create a diagonal matrix H with size , 

iv. Initialize two empty vectors,  and , to store the estimated coefficients and weights, respectively.
The Doubly Weighted M-estimation based on the Generalized Jackknife (DWMJ) methodology combines M-estimation with the resampling power of the Generalized Jackknife method to improve the robustness of coefficient estimation, particularly in the presence of outliers or influential observations. The Generalized Jackknife technique resamples the data by systematically leaving out certain observations to reduce bias and variability in the estimation process. Combining these two techniques allows for the efficient estimation of regression coefficients even in the presence of non-normal errors, heteroscedasticity, or outliers. By resampling the data and iteratively excluding observations, this approach enhances the stability and accuracy of the resulting estimates.
In this study, the performance of the proposed estimator (DWMJ) and other estimators like the Maximum Likelihood Estimator (MLE) and modified MLE (MME) will be evaluated based on absolute bias, efficiency, and variance. Absolute bias measures the robustness of an estimator by its average deviation from the true parameter, with robust estimators showing minimal bias even with outliers (Huber & Ronchetti, 2009). Efficiency assesses how well an estimator uses data by minimizing variance and mean squared error. It compares two estimators, where lower variance indicates higher efficiency. Efficient estimators are preferred for providing accurate and reliable parameter estimates.
3. Results 
Table 1 presents the Mean Square Error (MSE) values for the classic Doubly Weighted M-estimator (DWME) and the Jackknife DWME (DWMEJ) for different delete-1 to delete-5 resampling schemes. The datasets vary in dimensions, representing real-world economic, financial, and demographic data.   

Table 1. Comparison of Mean Square Error (MSE) for Classic DWME and Jackknife DWME across Various Datasets

	Name of Data 
	Dimension
	DWME
	DWMEJ_1
	DWMEJ_2
	DWMEJ_3
	DWMEJ_4
	DWMEJ_5

	Wine
	21 x 31
	1.6332
	1.6332
	1.5967
	1.4983
	1.3464
	1.3523

	Leinhardt
	105 x 4
	33012549854
	33012549854
	33011102508
	33008133130
	33004279876
	32998746407

	Migration
	90 x 80
	1.4600E+15
	1.4600E+15
	1.4600E+15
	1.4500E+15
	1.4500E+15
	1.4500E+15

	Salaries
	397 x 6
	4.4500E+12
	4.4500E+12
	4.4500E+12
	4.4500E+12
	4.4500E+12
	4.4500E+12

	Wages
	20 x 5
	51.2864
	51.2864
	49.9787
	47.6380
	45.4370
	43.2991

	Government
_Spending
	69 x 7
	4.6335E+11
	4.6335E+11
	4.6387E+11
	4.6500E+11
	4.6388E+11
	4.6385E+11

	Diabetes
	392 x 9
	1720.8370
	1720.8370
	1720.8030
	1720.6650
	1720.3840
	1720.0130

	Insurance_
Growth_rate
	52 x 6
	7.7600E+14
	7.7600E+14
	7.7700E+14
	7.7800E+14
	7.7900E+14
	7.8100E+14

	Nigeria_Real
_GDP
	29 x 5
	2.1774E+17
	2.17746E+17
	2.0401E+17
	2.0168E+17
	2.0042E+17
	2.0042E+17

	Crude_Oil
_Price
	192 x 5
	565.8718
	565.8718
	565.8456
	565.8054
	565.7261
	565.6126

	Total
	
	2.1998E+17
	2.1998E+17
	2.0625E+17
	2.0392E+17
	2.0266E+17
	2.0266E+17

	Standard 
Deviation
	
	6.8780E+16
	6.8780E+16
	6.4438E+16
	6.3703E+16
	6.3303E+16
	6.3303E+16



The results presented in Table 1 demonstrate a general improvement in estimation accuracy with the Jackknife DWME method, as MSE values decrease progressively from DWMEJ_1 to DWMEJ_5. For instance, in the Wine dataset, MSE reduces from 1.6332 (DWME) to 1.3523 (DWMEJ_5), indicating increased robustness. A similar trend is observed in the Wages dataset, where MSE drops from 51.2864 to 43.2991. However, in datasets with exceptionally large values, such as the Insurance Growth Rate and Nigeria's Real GDP, the MSE fluctuates slightly but remains consistent overall. The standard deviation of MSE also declines from 6.8780E+16 to 6.3303E+16, further confirming the stability of the Jackknife DWME approach.

Table 2 presents the bias values for the classic Doubly Weighted M-estimator (DWME) and the Jackknife DWME (DWMEJ) under different delete-1 to delete-5 resampling schemes.

Table 2. Bias Comparison of the Classic DWME and Jackknife DWME across Various Datasets
	Name of Data 
	Dimension
	DWME
	DWMEJ_1
	DWMEJ_2
	DWMEJ_3
	DWMEJ_4
	DWMEJ_5

	Wine
	21 x 31
	-1.2281
	-1.2281
	-1.2132
	-1.1722
	-1.106
	-1.1086

	Leinhardt
	105 x 4
	104906.4000
	104906.4000
	104904.1000
	104899.4000
	104893.3000
	104884.5000

	Migration
	90 x 80
	32374142
	32374142
	32368724
	32359704
	32346704
	32333272

	Salaries
	397 x 6
	1661039
	1661039
	1661041
	1661051
	1661054
	1661059

	Wages
	20 x 5
	5.17745
	5.1775
	5.1005
	4.9602
	4.8250
	4.6903

	Government
_Spending
	69 x 7
	-548647
	-548647
	-548952
	-549409
	-548959
	-548946

	Diabetes
	392 x 9
	40.2105
	40.2105
	40.2101
	40.2085
	40.2052
	40.2009

	Insurance_
Growth_rate
	52 x 6
	24809598
	24809598
	24816631
	24832362
	24857492
	24889568

	Nigeria_Real
_GDP
	29 x 5
	3.3600E+08
	3.3600E+08
	3.2500E+08
	3.2300E+08
	3.2200E+08
	3.2200E+08

	Crude_Oil
_Price
	192 x 5
	2.6500
	2.6500
	2.6452
	2.6379
	2.6234
	2.6026

	Total
	
	3.9500E+08
	3.9500E+08
	3.8400E+08
	3.8200E+08
	3.8100E+08
	3.8100E+08

	Standard 
Deviation
	
	1.0500E+08
	1.0500E+08
	1.0200E+08
	1.0100E+08
	1.0100E+08
	1.0100E+08




[bookmark: _GoBack]The results in Table 2 indicate that the Jackknife DWME (DWMEJ) generally reduces bias across datasets, highlighting its improved estimation accuracy. For example, in the Wine dataset, bias decreases from -1.2281 (DWME) to -1.1086 (DWMEJ_5). A similar trend is observed in the Wages dataset, where bias declines from 5.1775 to 4.6903. In large-scale datasets, such as Migration, bias reduces from 32,374,142 to 32,333,272, confirming the effectiveness of Jackknife resampling. However, fluctuations are observed in Government Spending, where bias varies slightly from -548,647 to -548,946, suggesting data-specific sensitivity. The overall standard deviation also decreases from 1.0500E+08 to 1.0100E+08, reinforcing the stability of the Jackknife estimator.

4. Conclusion
The findings of this study underscore the effectiveness of the Doubly Weighted M-Estimation approach with Generalized Jackknife Resampling (DWMEJ) in improving the robustness and accuracy of regression parameter estimation. By integrating the Jackknife resampling technique with the M-estimation framework, the proposed method successfully mitigates bias, reduces variance, and enhances estimation stability, particularly in the presence of outliers and heteroscedasticity. The iterative weighting scheme, utilizing Huber and Bisquare weights, ensures that extreme values exert minimal influence on parameter estimation, making the methodology highly resilient to model deviations. Empirical results across diverse datasets including economic indicators, health statistics, and wage distributions consistently demonstrate that the DWMEJ approach outperforms traditional robust regression techniques by yielding lower mean squared errors (MSE) and reduced bias. In particular, the progressive reduction in MSE values from DWME to DWMEJ_5 highlights the incremental improvement achieved through iterative Jackknife resampling. Additionally, the standard deviation of MSE consistently declines across datasets, reinforcing the method’s ability to stabilize estimates and improve predictive reliability. These findings affirm the practicality of the proposed methodology in real-world applications, especially in econometrics, health economics, and financial modelling, where data irregularities and extreme observations are prevalent. Future research could explore the extension of this methodology to non-parametric and high-dimensional regression settings, further expanding its applicability in modern statistical analysis.
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