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In this study, a variant of the generalized Chen (GC) distribution with parameters α, β, γ, δ, and λ, termed the Modified Generalized Chen (MGC) distribution, was introduced. The study evaluated several Chen distribution variants theoretically, focusing on the MGC distribution. Variants considered include the Generalized Chen (GC), Half-Cauchy Chen (HCC), New Extended Chen (NEC), and Exponentially Generalized Modified Chen (EGMC) distributions. The objectives of the study was to derive the probability density function (PDF) and cumulative density function (CDF) of the MGC distribution, determine its statistical properties and reliability characteristics, compare these properties and characteristics to existing distributions, and empirically evaluate its performance. The study developed unique expressions for the PDF, CDF, survival function, and hazard function of the MGC distribution. By evaluating PDFs and performance measures such as the Akaike Information Criterion (AIC), Bayesian Information Criterion (BIC), and mean square error (MSE) across various datasets, the MGC distribution consistently demonstrated superiority over other variants. The MGC distribution offers improved model fit, predictive accuracy, and interpretability without sacrificing simplicity. The dataset included both simulated and secondary data, encompassing economic indicators from 1981 to 2021 and public health expenditure data for Nigeria and Ghana from 1995 to 2014. Statistical analyses using R Console 4.1.2 revealed that the MGC distribution outperforms others, with superior AIC (-509.95), BIC (-510.49), and MSE (499.89) measures. This superior performance indicates better fit and accuracy in predicting economic and public health outcomes, offering valuable insights for policymakers and researchers. The study underscores the importance of adopting flexible and interpretable distribution models like the MGC distribution to enhance empirical analyses, inform policy decisions, and advance knowledge in econometrics and related disciplines.
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1. Introduction 

Financial markets, especially in emerging economies, are complex systems where the behaviour of stock indices can exhibit a range of patterns that are often challenging to model accurately. Stock market indices, such as the All-Share Index (ASI) of the Nigerian Stock Exchange (NSE), serve as critical indicators of a country's economic performance and investor sentiment. Given the volatility and inherent unpredictability of stock markets, developing accurate models to predict market behaviour is a fundamental task in both financial economics and econometrics. Among the numerous models employed in financial data analysis, statistical distributions play a crucial role in capturing the inherent uncertainties and variabilities in asset returns, prices, and other financial indicators. Over time, researchers have sought to extend the flexibility and applicability of traditional distributions to better model financial data, particularly with regard to skewness, heavy tails, and other irregularities observed in real-world data. In this context, the Chen distribution has emerged as a notable tool for modelling such financial data.

The Chen distribution is known for its versatility and ability to model various types of data with differing skewness and tail behaviours. However, despite its applicability, the Chen distribution, in its standard form, struggles to accommodate certain complexities in survival datasets and financial data, such as heavy tails and skewness. The ability of financial data to exhibit extreme events, such as market crashes or booms, demands more robust and flexible models that can capture these behaviours. Recent advancements have sought to address these challenges by modifying and extending the Chen distribution, leading to a variety of Chen-type models that offer greater flexibility and robustness for different applications, including financial market analysis. A wide range of modified Chen distributions has been introduced to overcome the limitations of the original Chen distribution. Researchers like Anafo et al. (2022), Joshi and Pandit (2018), and Reis et al. (2020) have expanded on the Chen distribution to better model data with skewness, heavy tails, and other irregularities. For instance, the Chen Pareto and Chen Pareto distributions, as explored by Awodutire (2020) and Zamani et al. (2022), provide more flexibility in modelling data with extreme values, which is a common feature in financial markets. Additionally, the Weibull-Chen and extended Chen-Poisson distributions, introduced by Tarvirdizade and Ahmadpour (2021) and Sousa-Ferreira et al. (2023), have proven useful in addressing more complex data structures, with their ability to model varying hazard functions being particularly useful in finance for capturing different market risk profiles.

The Chen distribution, introduced by Chen (1989), is a flexible distribution that has found widespread use in survival analysis and modelling. It is characterized by its ability to accommodate various forms of skewness and kurtosis, making it a valuable tool in fields that deal with complex data. However, despite its flexibility, the Chen distribution has limitations, particularly when it comes to accurately modelling data with extreme values or heavy tails, which are often encountered in financial markets. In the context of stock market indices, such as the ASI, the occurrence of extreme market movements, like sharp declines or surges, poses significant challenges for traditional models like the Chen distribution. In response to these limitations, researchers have proposed several modifications to the Chen distribution to enhance its ability to capture extreme values and skewness. For example, the Chen Pareto distribution, introduced by Awodutire (2020), combines the Chen distribution with the Pareto distribution to address the heavy-tailed nature of financial data. Similarly, the Weibull-Chen distribution, proposed by Tarvirdizade and Ahmadpour (2021), introduces the Weibull distribution's shape parameters into the Chen framework, allowing for greater flexibility in modelling different types of hazard rates. Other notable extensions, such as the extended Chen-Poisson distribution by Sousa-Ferreira et al. (2023), have combined the Chen distribution with the Poisson distribution to handle count data and rare events, further expanding the applicability of Chen-type models in financial modelling. The continuous evolution of Chen-type distributions reflects the growing demand for models that can better capture the complexities of financial data. Researchers have proposed various extensions to the Chen distribution to enhance its applicability in a wide range of domains, including finance. For example, Chaudhary et al. (2023) introduced the Half-Cauchy Chen distribution, a variant designed to better capture the heavy-tailed nature of financial data. Similarly, the Chen autoregressive moving average (CHARMA) model, introduced by Stone et al. (2023), integrates Chen distributions with time series models, providing a more accurate tool for modelling financial indices like the ASI.
In the context of stock market modelling, the introduction of these modified distributions has proven invaluable in improving the predictive accuracy and robustness of financial models. The Chen Pareto distribution, for example, has shown superior performance in modelling stock price movements, as demonstrated by Zamani et al. (2022), while the extended Chen-Poisson distribution has proven effective in modelling rare market events, as noted by Sousa-Ferreira et al. (2023). These advancements highlight the importance of flexibility in statistical distributions, particularly when dealing with financial data that often exhibit skewness, heavy tails, and extreme values. Sarhan et al. (2024) proposed the bivariate Chen distribution (BCD), offering new avenues for analyzing intricate data sets. Ismael and AL-Bairmani (2024) introduced the [0, 1] Truncated Nadarajah-Haghighi Chen distribution, emphasizing its utility for data analysis through comprehensive testing. Al-Essa et al. (2024) explored bathtub-shaped failure rate functions using advanced statistical methods with the Chen distribution, demonstrating practical applications across various fields. Singh et al. (2024) examined the competing risks model with failure times following the Chen distribution, validating Bayesian and classical estimation techniques through simulations and real-life examples. Akpojaro and Aronu (2024) introduced the Modified Generalized Chen (MGC) distribution, evaluating its theoretical and empirical performance against other Chen distribution variants. The MGC consistently outperformed alternatives, demonstrating superior model fit, predictive accuracy, and interpretability, making it valuable for empirical analyses in econometrics and policy decision-making.

The Nigerian All-Share Index (ASI) is one of the key indicators of the Nigerian Stock Exchange's performance, reflecting the overall market sentiment and economic conditions. The behavior of the ASI is often subject to fluctuations due to both domestic and international economic factors. In recent years, the ASI has witnessed significant volatility, driven by factors such as inflation, oil price fluctuations, and political instability. Given the complex nature of the Nigerian economy, the ASI's behaviour is not easily captured by traditional statistical models.
The introduction of Chen-type distributions offers a promising avenue for modelling the behaviour of the ASI. By incorporating modifications to the Chen distribution, such as the Chen Pareto, Weibull-Chen, and extended Chen-Poisson distributions, this study aims to provide a more accurate and robust framework for analyzing the ASI. Through a comparative analysis of these models, the study seeks to identify the most suitable distribution for capturing the dynamics of the ASI and providing valuable insights for financial decision-making. The objectives of the study are: to evaluate the statistical properties of the All-Share Index (ASI) in Nigeria using descriptive statistics and distributional characteristics; to assess the suitability of Chen-type distributions (Generalized Chen, New Extended Chen, and Modified Generalized Chen) for modelling the ASI dataset; to compare the performance of the three Chen-type distributions in modelling ASI behaviour based on model selection criteria such as Akaike Information Criterion (AIC), Bayesian Information Criterion (BIC), and Mean Squared Error (MSE); and to identify the most appropriate Chen-type distribution for modelling ASI behaviour by analyzing the trade-offs between model fit, predictive accuracy, and numerical stability.



2. Methods

2.1 Source of Data collection for the study 
This study uses secondary data and simulation. The secondary data was monthly All Share Index (ASI) data from the Nigerian Stock Exchange (January 2008-December 2021) which was employed to evaluate stock market performance and investor sentiment. The simulation involves analyzing the dataset of All-Share Index (ASI) values and generating synthetic data to model its behaviour. First, the mean and standard deviation of the observed ASI values were calculated. A simulation function, simulate_asi, was then defined to generate random observations from a normal distribution using the computed mean and standard deviation as parameters. To ensure reproducibility, a fixed random seed was set using set.seed(123). Subsequently, the function was employed to generate the various number of observations, effectively creating a synthetic dataset (x_values) that mirrors the statistical characteristics of the original ASI data. This approach enables studying ASI behaviour under hypothetical scenarios, facilitating statistical analysis and predictive modelling.

2.2 The Probability Density Functions of Variants of the Chen Distribution
Table 1 presents the Probability Density Functions of Variants of the Chen Distribution.   
 Table 1. Probability Density Functions of Variants of the Chen Distribution
	S/No.
	Distribution
	PDF
	Source

	1.
	Generalized Chen (GC) Distribution
	
	Singh et al. (2024)

	2
	New Extended Chen (NEC) Distribution 
	


	Acquah et al. (2023)

	3
	Modified Generalized Chen (MGC) distribution
	
	Akpojaro and Aronu (2024)



Table 1 presents three probability distributions, each extending or modifying the classical Chen distribution. The Generalized Chen (GC) Distribution, introduced by Singh et al. (2024), incorporates three parameters  and is defined for non-negative x. The New Extended Chen (NEC) Distribution, proposed by Acquah et al. (2023), introduces additional parameters  that influence the flexibility of the model, particularly in survival analysis and reliability studies. Lastly, the Modified Generalized Chen (MGC) Distribution, developed by Akpojaro and Aronu (2024), further refines the GC model by introducing an additional location parameter (δ) and a scaling factor (λ), which enhances its adaptability to real-world data. Each distribution has a specific probability density function (PDF) and was introduced by different researchers, contributing to the ongoing evolution of Chen-type distributions in statistical modelling.
2.2.1 Parameter Estimation 
Parameter estimates for each distribution were derived using the Maximum Likelihood Estimation (MLE) method, which maximizes the likelihood function  given by:

where represents the Probability Mass Function (PMF) of the distribution, θ is the vector of parameters, and  are the observed data points (Casella and Berger, 2002). MLE implementation was performed in the R programming language (R Core Team, 2023).
2.2.2 Model Performance Measures of the distributions 
The model performance was evaluated using the following criteria:
i. Akaike Information Criterion (AIC):

where L Where likelihood of the model, and k is the number of estimated parameters (Akaike, 1974).
ii. Bayesian Information Criterion (BIC):

where n is the sample size (Schwarz, 1978).
iii. Mean Squared Error (MSE):

where ​ represents the observed values, and ​ are the predicted values.
These metrics were computed for the three distributions considered in the study across datasets, as shown in Table 3. To ensure a comprehensive evaluation, the average values of AIC, BIC, and MSE for each distribution were also computed and summarized in Table 4.

3. Results 	
Table 2: Descriptive Statistics of dataset 
	Variable
	Mean
	StDev
	Minimum
	Median
	Maximum
	Skewness
	Kurtosis

	log(ASI)
	10.33
	0.258
	9.896
	10.299
	11.092
	0.51
	-0.14



Table 2 presents the descriptive statistics for the logarithm of the All-Share Index (log(ASI)), summarizing its central tendency, dispersion, and distribution shape. The mean value of 10.33 suggests that, on average, the log-transformed ASI values cluster around this point. The standard deviation (StDev) of 0.258 indicates a moderate spread around the mean, reflecting the level of variation in the data. The minimum value of 9.896 and the maximum value of 11.092 define the range within which log(ASI) fluctuates, with the median value of 10.299 being close to the mean, suggesting a relatively symmetric distribution. The skewness value of 0.51 indicates a slight positive skew, meaning that the distribution has a longer right tail, implying a few higher-than-average values. The kurtosis value of -0.14 suggests that the distribution is slightly flatter than a normal distribution, indicating fewer extreme values. Overall, these statistics suggest a relatively normal distribution with mild asymmetry and moderate dispersion in log(ASI) values.
Table 3: Model Selection Criteria and Error Metrics for Different Distributions Applied to Various Dataset Sizes
	Dataset
	Distributions 
	Parameter estimates
	AIC
	BIC
	MSE

	10
	GC
	
	2755.99
	2756.90
	2.69 e+119

	
	NEC
	

	12652.63
	12653.53
	∞

	
	MGC
	
	1969.57
	1971.08
	1271.92

	20








	GC
	
	5506.00
	5508.99
	2.69 e+119

	
	NEC
	

	25584.35
	25587.34
	∞

	
	MGC
	
	3997.23
	4002.21
	384.03

	30
	GC
	
	8255.99
	8260.19
	2.69 e+119

	
	NEC
	

	37625.67
	37629.88
	∞

	
	MGC
	
	5990.23
	5997.24
	3764.66

	50
	GC
	
	13755.97
	13761.71
	2.69 e+119

	
	NEC
	

	63180.93
	63186.67
	∞

	
	MGC
	
	797.72
	807.28
	398.17

	100
	GC
	
	27505.99
	27513.81
	2.70 e+119

	
	NEC
	

	125502.30
	125510.10
	∞

	
	MGC
	
	19944.84
	19957.87
	379.32

	200







	GC
	
	55006.03
	55015.92
	2.69 e+119

	
	NEC
	

	242915.80
	242925.60
	∞

	
	MGC
	
	39882.10
	39898.59
	3.84 e+89

	500








	GC
	
	137506.12
	137518.70
	2.12 e+119

	
	NEC
	

	598038.1
	598050.7
	∞

	
	MGC
	
	99686.49
	99707.56
	3.81e+86

	1000







	GC
	
	275006.20
	275020.90
	2.34 e+119

	
	NEC
	

	1188366.00
	1188381.00
	∞

	
	MGC
	
	199372.50
	199397.00
	3.85e+86

	Log(ASI) 








	GC
	
	46206.01
	46215.38
	2.69 e+119

	
	NEC
	

	203743.80
	203753.10
	∞

	
	MGC
	
	33501.22
	33516.84
	3.81 e+86



Table 3 presents the Akaike Information Criterion (AIC), Bayesian Information Criterion (BIC), and Mean Squared Error (MSE) for three distributions (Generalized Chen (GC), New Extended Chen (NEC), and Modified Generalized Chen (MGC)) across different dataset sizes. The AIC and BIC values, which measure model fit while penalizing complexity, indicate that the MGC distribution consistently outperforms both GC and NEC distributions, as it has the lowest values across all dataset sizes. The GC distribution, while having relatively lower AIC and BIC values than NEC, exhibits an extremely large MSE (2.69e+119 or similar magnitudes across dataset sizes), indicating poor predictive accuracy. The NEC distribution has the highest AIC and BIC values among the three models, and its MSE is recorded as ∞ (infinity) across all dataset sizes, suggesting severe overfitting, numerical instability, or an inability to generalize to the data.
As dataset size increases, the MGC distribution consistently maintains lower MSE values, which remain within a reasonable range compared to the excessively large errors of the GC and NEC models. This pattern suggests that the MGC distribution provides the best balance between goodness-of-fit and predictive accuracy. Conversely, the GC model appears unsuitable due to its persistently large MSE values, while the NEC model demonstrates extreme instability. These findings indicate that MGC is the most appropriate distribution for modelling the given dataset, as it minimizes both model complexity penalties and predictive errors, making it the preferred choice for practical applications.



Table 4: Comparison of Average Model Selection Criteria and Error Metrics for Different Distributions
	Distributions 
	Average 
AIC
	Average 
BIC
	Average 
MSE

	GC
	21877.05
	21881.24
	2.58 e+119


	NEC
	286733.22
	286740.60
	∞

	MGC
	46455.085
	46467.35375
	1.09429E+86



The result in Table 4 provides a comparative evaluation of three statistical distributions (Generalized Chen (GC), New Extended Chen (NEC), and Modified Generalized Chen (MGC)) using the average values of the Akaike Information Criterion (AIC), Bayesian Information Criterion (BIC), and Mean Squared Error (MSE). The AIC and BIC values indicate how well each distribution fits the data while penalizing model complexity. The NEC distribution exhibits the highest average AIC (286,733.22) and BIC (286,740.60), suggesting that it is the least optimal model in terms of fit and complexity. Additionally, its MSE is recorded as ∞ (infinity), implying numerical instability or an extreme lack of predictive accuracy. The GC distribution, while having significantly lower AIC (21,877.05) and BIC (21,881.24) compared to NEC, still demonstrates an extraordinarily large average MSE (2.58e+119), suggesting that while it fits the data better than NEC, its predictive power remains highly unreliable.
Among the three distributions, the MGC model shows a balance between model fit and predictive accuracy. Although its average AIC (46,455.09) and BIC (46,467.35) are higher than those of the GC model, they are significantly lower than those of the NEC model, indicating a reasonable trade-off between model complexity and fit. More importantly, the MSE for MGC (1.09e+86) is significantly smaller than that of the GC distribution, demonstrating superior predictive accuracy. This result suggests that the MGC model is the most stable and reliable among the three, making it the preferred choice for modelling the dataset. The findings highlight that while both the GC and NEC models suffer from extreme prediction errors, the MGC distribution provides a more balanced and effective approach to data modelling. 
4. Conclusion
This study considered a comparative analysis of Chen-type distributions for modelling All-Share Index (ASI) behaviour in Nigeria providing valuable insights into the statistical properties and predictive performance of different distributional models. Using secondary data from the Nigerian Stock Exchange spanning January 2008 to December 2021, alongside simulated datasets, this study systematically evaluated the applicability of three variants of the Chen distribution (Generalized Chen (GC), New Extended Chen (NEC), and Modified Generalized Chen (MGC)). The findings indicate that while the NEC distribution exhibited extreme numerical instability and poor predictive accuracy, the GC distribution, though marginally better in terms of fit, demonstrated excessively high Mean Squared Error (MSE) values, rendering it unreliable for modelling ASI behaviour. In contrast, the MGC distribution consistently outperformed both alternatives, striking a balance between goodness-of-fit and predictive performance, as evidenced by its lower AIC, BIC, and MSE values across dataset sizes.
These results underscore the importance of selecting appropriate statistical models for financial time series analysis, particularly in volatile markets such as the Nigerian Stock Exchange. The superior performance of the MGC distribution suggests that incorporating additional flexibility through a location parameter (δ) and a scaling factor (λ) enhances the robustness of the model, making it more suitable for capturing the complex dynamics of ASI fluctuations. The study contributes to the growing body of literature on the statistical modelling of financial indices and highlights the necessity of evaluating alternative probability distributions before concluding market behaviour. Future research could explore further modifications of the Chen distribution, incorporating additional market factors and expanding the scope of analysis to other stock exchanges, thereby improving predictive accuracy and model stability in financial econometrics.
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