UNDER PEER REVI EW

DATA DEPENDENCE OF RATIONAL-TYPE CONTRACTIVE
CONDITIONS IN S-METRIC SPACE

Abstract

In this research work, we investigate the data dependence of the fixed point in S-metric space for some
general rational type contractive conditions. To ascertain this, the existence and uniqueness of the fixed
point were first determined. Our results will extend some know results in the literature.
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1. Introduction

Among the primary instruments used in the study of fixed point theory are contractive mappings and
iteration processes. In the literature of this very active field of study, numerous writers have created and
developed iteration systems and contractive mappings for a variety of uses. It is crucial to determine whether
an iteration technique utilized in any study converges to a fixed point of a contractive type mapping that
corresponds to a specific iteration process. As a result, it makes sense that there are a lot of works about
the convergence of iteration techniques. Investigating a wide range of topics, including the existence and
uniqueness of fixed points, their construction, etc., is the focus of fixed point theory.

[1] addressed the challenge of examining the continuous dependence of the fixed points in normed linear
space for both Schaefer and Mann iteration processes using a (¢, ¥)-contractive condition in order to provide
some answers to the question posed by [2] that, aside from the Picard iteration process, the continuous
dependence of the fixed points has not been studied thus far for other fixed point iteration procedures.
There results are new extensions of some of the results of [2].

[3] established conditions for a continuous dependence of fixed points and an application to non-linear
functional differential equation of neutral type. [4] investigated the continuous dependence of the fixed
points in uniformly convex Banach space for nonexpansive and quasi-nonexpansive mappings. Their results

extended some recently announced ones in the current literature.
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[5]Several findings on continuous dependence for implicit Kirk-Mann and implicit Kirk-Ishikawa iterations
have been thoroughly examined. They created a general hyperbolic space, which is undoubtedly a free
associate of several existing hyperbolic spaces, in order to equipoise the development of these algorithms.
The discoveries that were presented were extensions of previous findings and have a wide range of potential
uses. For more work on data dependence (see [6], [7], []], [9]).

In this work, we study the data dependence of a fixed point using some general rational type contractive

condition defined in the setting of S-metric space.

2. Preliminary

Definition 2.1 [I0]: Let X be a set. A function S : X3 — [0,00) is said to be a S-metric spaces on a
nonempty set X, for all x,y, z,a € X, and the following conditions hold:

1. S(z,y,2) >0

2. S(xz,y,z)=0ifand only if x =y =z

3. S(z,y,2) < S(z,x,a) + S(y,y,a) + S(z,z2,a) for all z,y,z,a € X (rectangle inequality)

Hence, the function S is called an S-metric on X and the pair (X, .S) is called an S- metric space.

Example 2.1 [I0]: Let X = R"™ and ||.|| a norm on X, then

S(x,y,2) = lly + 2 — 2| + |ly — 2|

is an S-metric on X.
Let X be a nonempty set, d is ordinary metric on X, then S(x,y,z) = d(z, z) + d(y, ) is an S-metric on X.

This S-metric is called the usual S-metric on X.

Definition 2.2 [I0]: Let (X, S) be an S-metric space.

1. A sequence {z,} € X converges to x € X if S(z,,z,,x) — 0 as n — +oo. That is, for each ¢ > 0,
there exists ng € N such that for all n > ny we have S(z,, Zn, ;) < e. We write x,, — x for brevity;
2. A sequence{z,} € X is a Cauchy sequence if S(z,, zpzm) — 0 as n — +oo.
That is, for each € > 0, there exists ng € N such that for all n > ng we have S(x,, p, 2m) < € and

3. The S-metric space (X, S) is complete if every Cauchy sequence is a convergent sequence.

Lemma 2.1 [I0]: In an S-metric space, we have S(z,z,y) = S(y,y, z) for all z,y € X.
Lemma 2.2 [I0] Let (X, S) be an S-metric space. If z,, — = and y,, — y then S(zn, zn, yn) — S(z, z,y).

Example 2.2 [I0] Let R be the real line. Then

S(a,y,2) = |z — 2+ |y — 2|
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for all z,y,z € R is an S-metric on R. This S-metric on R is called the usual S-metric on R.

Definition 2.3 [II] : There exist some nonnegative real number «, 8 and - such that

S(z,z,Tx)S(y, y, Ty)
S(z,z,y)

+ L min[S(x,x,Ty), S(y,y, Tx)]

S(Tz, Tz, Ty) < « + B[S(x, 2, Tx) + S(y,y, Ty)] + vS(z, x,y)

for all  # y € X with <y where L > 0 and o, 3,7 € [0,1) with 0 < a+ 26+ < 1.

Definition 2.4 [11] : There exist some nonnegative real number «, 8 such that

S(y,y, Ty)(1 + S(y,y,Ty))
L+ S(x,2,y)

S(Tx, Tz, Ty) <« + BS(z,z,y)

where T is continuous and a + 5 < 1
Definition 2.5 [12]: A self mapping 7' : X — X is said to be (a, ¥) rational type-I contraction if there
exists a function ¢ € WU, such that for all z,y € X the following conditions holds.

a(z,z,y)S(Tx, Tz, Ty) < Y(M(x,z,y))
where

M(z,z,y) = max[S(x,x,y), S(x,z,Tx), S(y,y, Ty),

S(x, 2, Tx)S(y,y,Ty) S(z,z,Tx)S(y,y,Ty)
14+ S(z,2z,y) 14+ 8(Tx, Tz, y)

]

Definition 2.6 [II] : Let (X, S) be an S-metric space. A self-mapping T on X is called an almost Jaggi

contraction if it satisfies the following condition.

S(z,z,Tx).S(y,y, Ty)
S(z,y, 2)

+ Lmin{S(z,z,Ty), S(y,y, Tx)}

S(Tz, Ty, Tz) <« + B8S(z,y, 2)

Definition 2.7 [11]: Let us consider S # ¢, and the map. o : X x X X X — [0,00). An operator T : X — X
is a-admissible if a(z,y, z) > 1 imply that o(Tz, Ty, Tz) > 1, for all z,y,z € S

Definition 2.8 [1I]: Let (X,S) be a Jleli-Samet space anda : X x X is called JS a-regular if for {z,}
convergent to x and «(x,, xp+1) > 1, there is a subsequence of the initial sequence such that a(x,, z,,z) > 1,
foralln e N

Let ¥ be the family of functions 1 : [0,00) — [0, 00) such that the following properties are accomplished:
i 7 is upper semi continuous and strictly increase;

ii {¢"} converges to 0, for all t > 0
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3. Main Result

Theorem 3.1. Let (X,S) be a complete S-metric space, T : X — X be an operator and o : X* — [0,00) be

a given mapping. Suppose that the following conditions are satisfied:
(a) T is an a-admissible mapping;
(b) there is xo € X with 6(S,T,x0) < 0o such that a(xg, Txo, Txg) > 1;

(¢c) there is a function ¥ € U such that a(x,y,2)S(Tx, Ty, Tz) < p(M(x,y, z))

where,

S(l’,x,T‘T)S(yvyaTy)
1+ S(z,y,2)
S(z, z, Tm)S(y,y,Ty)] (1)
1+ S(Txz, Tz, Ty)

M(x,y, z) = maz[S(z,y,2),S(x,z,Tx),

forall x,y,z € X
Then the sequence T'x, has a unique fized point and it is also a data dependence.

Proof. Let g € X and denote x,, = T"z( the Picard sequence where n € N. If we have x,, = x,,41 for some
n € N, the z,, is the fixed point of T

Let consider the case where x,, # x,1, for all n € N.

Then, we will show that nl;rr;o S(xn, Tn, Tn+1) = 0 by taking the advantage of the properties of the mapping
«, 1 and that of S-metric space. Knowing that 7" is an a-admissible mapping i.e

a(xo, o, Txo) > 1 implies a(Txo, Txo, Tx1) = (a1, 21, 22) > 1

From the contraction relation we have

S(xn—i-la Tn+1, xn+2) = S(T-rna Ty, Txn+1)

IN

oz(xn, Tn, J;71-5—1)5(Tvxn7 T.%‘n, Txn+l)

IN

¢(M($n>xmxn+l)) (2)
Given that,

M (2, T, Tpg1) = Max[S(Tn, Tn, Tni1), S(Tn, Tn, T ),

S(Q}n, LTy T$n)S(ZEn+1, Tn+1, Txn-i—l)
1+ S(zn, Tn, Tnt1)

)

S(fEn,.’En,T.’En)S(fEn+1,"En+1,T.’En+1)} (3)
14+ S(Txpn, Tan, Tepi1)
S(mn,xn,Txn)S(a?nH,an,Tan)
= S nydnydn ) 4
max | S(Zp, Tn, Tni1) T+ STz, Ty, Tmsy) 4)
= S(Tn, Tn, Tny1) (5)



UNDER PEER REVI EW

therefore,

S(Tnt1, Tnt1, Tnga) < PS(Tn, Ty Tt1)
=vS(Txp—1,Txn_1,Tx,)
< (@1, Tn—1,Tn)
= *(Twp—2, TTp_o,TTy 1)

< 1&3(!1%72, Tp—2,Tp_1)

<" (g, 20, 71) (6)

which shows the sequence {1} converges.

Next is to show the sequence is also a Cauchy sequence

S(Tny Ty Tm) < S(Tny Ty Tn1) + S(Tnt1s Tot1s Tntz) + S(Tnt2, Tnt2, Tnis)
+..5(Tm—1, Tm—1,Tm) (7)
< Y"S(wo, wo, x1) + " S (20, 20, 1) + V"S5 (w0, 20, 1)
+ .. ™S (20, 20, 1)
= [" + " T 4 ™S (w0, 20, 1)
<1

S(Io,xo,ﬂjl) (8)

S(Tn, Tn, Tm) < S(xo,x0,21)

which prove the sequence {z,1} is an S Cauchy sequence and is S-complete.
If the limit of the sequence is k then, Tk = k

Therefore,
S(Tpt1,Tnt1, k) = STy, T, Tk)
< a(xy, n, k)S(Txpn, Txy, Tk)

< (M (2p, 2, k) (9)
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Given that,

M(zp, xp, k) =max([S(zn, Tn, k), S(@n, Tn, k),

S(Tn, xn, Tx)S(k, k, Tk)
14 S(zp,zn, k) ’
S(Tny Tn, Txn)S(k, k, Tk)
1+ STy, Txy, Tk)

= S(zn, Tn, k)

]

(10)

Combining the properties of the sequence, if the exists N € N such that S(z,,2n, k) < €, S(Zn, Tn, Tni1) < €

for all n > N where ¢ > 0 is arbitrary chosen. It follows that lim S(z,41,%n+1,Tk) =0
n—roo

hence, z,41 =Tk = k.

Suppose, ¢ is another fixed point of 7' endowed with the above mentioned properties.

Then,

where,

which is a contradiction.

Hence,

S(k,k,q) =S(Tk,Tk,Tq)
< alk, k,q)S(Tk,Tk,Tq)

<YMk, k,q))

M(k, k,q) =max[S(k, k,q),S(k,k,Tk),
S(k,k,Tk)S(q, 9, Tq)
1+ S(k,k,q)
S(k, kka)S(q,%TQ)]

14 S(Txzk, Tk, Tq)

= S(k,k,q)

S(kjakv(I) = ws(lﬁk,Q) < S(kjakv(I)

k=gq

From the above equation, we realized that the sequence {z, } has a unique fixed point.

Next, is to show that it also a data dependence.

Suppose U : X — X also satisfying condition (a)-(c) which is an approximate operator of T, then U will

have a fixed point say z*, if there exists n > 0 such that

S(Tz, Tz, Ux) <n

(16)
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then
Sk, k,x*) <t, (17)

where
Fr = {k}

the fixed point of T"and U are k and z* respectively.

Therefore,
Sk, k,x*) =S(Tk, Tk, Uz™)
S(Tk, Tk, Tx*) 4+ S(Ta™, Ta*,Uz™) (18)
< S(Tk,Tk,Tz") +
< a(k,k,x*)S(Tk, Tk, Tz*) +n
<YM (k,k,x7)) +n (19)
where
S(k, k,x*)S(x*, z*, Tx*)
M * — * *
(k, k,x*) =max[S(k, k,z*), S(k, k, z*), D ,
S(k, k,Tk:)S(x*,x*,T:c*)]
14+ S(Tk, Tk, Tx*)
= S(k,k,z%) (20)
S(k,k,x*) <wS(k,k,z*) +1n
S(k,k,a*) =Sk, k,z%) <7 (21)
(1—4)S(k, k,z%) <n
* n
< -
Sk, k,z*) < -
Sk, k,x*) <t, (22)
since U is an approximate operator of T, then ¥ S(k,k,z*) - 0asn— 0 O

Theorem 3.2. Let (X,S) be a complete S-metric space. Suppose that a self-mapping defined as

S(I, x, Tm)s(ya Y, Ty)
S(z,y,2)
+ Lmin{S(z,z,Ty), S(y,y,Tx)} (23)

S(Tz,Ty,Tz) <

+ BS(x,y, 2)

for any distinct x,y,z € X with © <y, where L >0 and o, 8 € [0,1) with a+ 5 < 1
is an almost Jaggi contraction, continuous and non-decreasing. Suppose there exists xqg € X with xg < Txg.

Then T has a unique fized point and also a data dependence.
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Proof. Let g € X and set x,,4+1 = Tx,. Let z, # x,41 for all n € N since zg < Txg, then 2y < z1 <

T<o STy S Tpyr <

Now,
S(Tny Tny Tng1) =S (Txp—1,Txp_1,TTy) (24)
S($n71,$n,1,T.]?n,l)»s’(.’l,‘n,l'n,Tl‘n)
S(In—laxn—lxn)
+ ﬁS(xn—lyxn—17xn)+
Lmin[S(mn,l,xn,l,Txn),S(wn,xn,Txn,l)]
(25)
S(-rruxnvxn—l) - aS(l‘nvxnaxn—l) S (ﬁ + L)S(xn—lawn—la xn)
(1 - a)S(:En; xnaanrl) < ﬁ + L)S(.In,l,xn,l, an)
L
S(xna xnwrnJrl) S (ﬁ + )S(l'nflwrnfla xn)
11—«
S((En, LT,y anrl) S kS(.Tn,h Tn—1, (En) (26)
where
1l—a
S(xn; Tn, xnfl) :k/’S(Txnf% Txn72; Tmnfl)
S k2s(mn727xn727$n71)
= sz(Txn—BaTxn—&Txn—Q)
S kSS(In—:van—?n'rn—Q)
< k"S(zo, 0, 71) (27)

which prove the sequence converges.
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Next, is to show the sequence is a Cauchy sequence.

S(Zn, Ty Tm) <S(Tny Ty Trg1) + S (Tnt1s Trg1, Tnta) (28)
+ S(znt2, Tna2, Tnts) + oo + S(@Tm—1, Tm—1, Tm)
< k"S(xo,z0, 1) + k" TS (20, 20, 1)
+ k" 28 (20, 20, 1) + ... + k™S (20, 20, 1)

< [/{3”+1 + Ent? + ...+ k‘m_l}S(SL‘(),.’L'ml‘l)
kn

—1-k

< S(wo, z0,71) (29)

A

S(xo, o, 1)

This clearly show the sequence is a S-Cauchy sequence and since the S-Cauchy sequence converges then the
sequence is also S- complete.
Since the sequence converges then it has a limit, if the limit of the sequence is z* then Tz* = z*

Next, we show the limit is the fixed point of the sequence.

S(Tpt1,Tni1,x) =STxp, Tz, Tx¥) (30)
S(xn, xp, Tey)S(x*, x*, Ta*)
o
S(./L'n, xnv .’L'*)

+ BS(Tp, T, )+
Lmin[S(zy, xp, Tx*), S(x*, 2%, Tx,)]
< BS(xpn, xn,x*) + LS(xy, 2y, Tx™) (31)

=(B+ L)S(zn,xn,x¥)

S(xn—i-l,xn—&-lam*) < S(l‘n,l‘n,ﬂf*) (32)

since f+ L <1
limit at n — oo

S($n+1a Tn+1, .’E*) =0
hence z,,41 — z*

Suppose y* is another fixed point of T then,
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S(z*, z*,y*) =S(Tz*, Tx*, Ty")
o
S(x*, z*,y*)

+BS(@", 2",y )+

Lmin[S(z*, 2", Ty"), S(y*, y", Tx")]
<BS(z*,z",y*) + LS(z", 2", Ty")

< [B+LIS(", 2", y") < S(@™, 2", y")

which is a contradiction, hence z* = y*. Hence the fixed is unique.

Suppose U : X — T is an approximate operator of T', then U will also have fixed point say ¢*, if there exists

1 > 0 such that

then

where,Fir = {z*}

S(Tx,Tx,Ux) <n

S(z™,z",q") < t,

Fy ={q"}

S(z*, z*,q*) =S(Tx*, Tx*,Uq")

< S(Tz*,Tz*,Tq") + S(Tq*, Tq", Uq")

<S(Tx*,Tx*,Tq") +n
aS(x*,x*7Tm*)S(q*, q*,Tq")

- S(x*,a*,q%)
+BS(a", 2%, ¢ )+

Lmin[S(x", 2%, Tq"), S(q",¢", Tx")] +n

< BS(x%, %, q7) + LS(2", 2%, Tq") + 1

<[B+ LIS, 2%, q7) + 1

[1—8—L]S("2%,q") <n
* k% n
<
S(x ’“””’Q)*1_/3—L
S(x*,x*,q*) St”]

(34)

(35)

The convergence of the fixed points Fr and Fy depends on how fast  — 0. Hence, T and U are data

dependence on 7).

10

O



UNDER PEER REVI EW

Theorem 3.3. Let (X,S) be a complete S-metric space, suppose a self-mapping T on X is continuous,

non-decreasing and satisfies the contraction condition

S(x, 2, Tx)S(y, y, Ty)
S(z,z,y)

+ Lmin[S(x,z,Ty), S(y,y, Tx)] (37)

S(Tz, Ty, Tz) <« + B[S(x, 2, Tx) + S(y,y, Ty) + vS(x,x,y)]

for allz £Y € with x <y wherel >0 and o, 8,7 € [0,1) with 0 < a+ 28+~ < 1 then T has a fized point

and also a data dependence.

Proof. Let g € X and set x,41 = Tx,. Let x, # 41 for all n € N since z¢ < Tz,

Now,

S(@n, Tn, Tnt1) =S(Txp—1,Txp_1,Txy,) (37)
S(In—h Tn—1, Txn—l)S(xnv Ty Tl'n)

S(-Tnfly Tn—1, (En)

+ B[S (xn-1,2n-1,Txpn_1) + S(xn, zn, Tx,)

<«

+ ’YS(xn—la Tn—1, xn)]

+L min[s(xn—ly Tn—1, Txn)v S(xn; T, Txn—l)]

_ as(xn—hxn—laxn)s(xn;xnaT-Tn) (38)
S(xn—la Tp—1, xn)

+ B[S(Tn-1,Tn-1,2n) + S(Tn, Tn,Tni1)

+ S(Tny Tny Tng1) + ¥YS(@n—1,Tn—1, Tn)]

+ Lmin[S(p—1, Tn-1,Tn+1), S(@n, Tn, Tn)]

< aS(xn, Tny Tny1) + B1S(@n—1,Tn_1,2n) + S(@n, Tn, Trni1)
+ S(xn, Tn, Tpy1) + VS (Xn—1, Tn_1,Tn)]

+ L min[(S(zn_l, Tn—1, xn) + S(ITH Ly xn+1))7 S(Ina T, xn)} (39)

S(Tny Ty Tna1) <aS (X, T, Tnt1) + BIS(Xn—1,Tn_1,Tn)
+ 25(@n, Tn,y Tpp1) + S (Tn—1, Tn—1,%n)]
< aS(@n, Tny Tnt1) + B12S(Tn, Tny Tni1)
+ (1 +)S(S(@n-1,Tn—1,7n))]
< S(@n, Tny Tp1) + 285 (T, Tny Tpi1)

+ 5(1 + V)S(xnfh Tn—1, xn)

11



UNDER PEER REVI EW

S<xn7$nyxn+1) - (Oé + 2B)S(l'n,$n,$n+1) S /8(1 +7)S(5L‘n—lamn—laxn)

(1 - — 25)5({)3»”, mnyanrl) < ﬁ(l + 'V)S(xnflvxnfhxn)

S(.’En,.’ﬁn7l'n+1) S ms(xnhxnhl’n)
_ B +9)

ST, Tn, Tnr1) < kS(Xp_1, Tn_1,Tn)
=kS(Txp—o,Txn_2,Trn_1)
< k2kS(Tp_2,Tp_9,Tn_1)
= k2kS(Txy_3, T3, T2 _2)

§ kSS(xn—Zia Tn—3, xn—Q)

S(Zn, Ty Tog1) < k™S (o, 0, 1)

which prove the sequence is S-convergent

Next, is to prove the sequence is S-Cauchy.

Therefore,

S(Tny Tny Tm) <S (T, Ty Tig1) + S(Tna1, Tnt1s Tnpz)
+ S(Tnt2, Tnt2 Tnts) + oo + S(Tm—1, Tm—1, Tm)
< k"S(xg,x0,21) + k”HS(xo,mmxl)
+ E"T28 (20, 20, 1) + ... + k™18 (20, 20, 1)

< [k‘nJrl + K24+ k‘mil}S(JZQ,Jio,xl)
kn

1-k

< S(IO,‘TO,Il)

IN

S(xo, o, 1)

S(Tnt1,Tni1,x") < S(xn, T, ")

(40)

(42)

(43)

Then the sequence is S-Cauchy and by the convergence of the Cauchy sequence then the sequence is S-

complete.

Since the sequence converges it implies it has a limit.

Let the limit of the sequence be z* then we Tx* = x* is the fixed point of the sequence

12
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Hence,

S(Tnit1, Tnit, ") =S(Txy, Trp, TT*) (44)

S(xn, xp, Txy)S(x*, o*, Ta*)
o)
S(Tny Ty T*)

+ B[S (zn, xp, Tay) + S(z*, ™, Tx™)
+7vS(xp, T, "))

+ Lmin[S(xy, Ty, Tx*), S(x*, 2", Tx,)]

< B[S(Tny Tny Ty) + 4SS (X, Ty )]

+ Lmin[S(zn, 2, Tz*)]

< BS(xn, Ty Tny1) + [y + LS (20, 2, 27)
< S(xn, T, ") + S(a™, 2", Zpg1)

+ [y + LIS(zpn, Ty, ¥)

S [ﬁ +7+L]S(xn7xn7l‘*) +ﬁS(x*,$*,xn+1)
(8 +~ + L]
1-8
Taking limit at n — oo and for S(z, 41, Tnt1,2") < €, S(XTn, Tn, %) < €, S(z*, 2%, 2,41) < € and for the fact

that 0 <a+28+v<1

IN

S(Tny T,y ™) (45)

Then, x,4+1 — 2%, T, = x*
Hence the sequence converges to z*.

Next, we prove the fixed point is unique, suppose y* is another fixed point of 7' then

S(x*,x*,y") =S(Tz*, Tx*, Ty") (46)
aS(x*w*,T&c*)S(y*,y*aTy*)

S(x*,x*,y*)
+ B[S(x*, x*, Ta™) + Sy, y*, Ty")

+S(", 2", y)]

+ Lmin[S(z*, 2", Ty"), S(y*,y*, Tx")]

< AS(x* 2", y") + LS(z*, 2%, y")

< [y+ LIS(z*, 2", y*) < S(z*, 2", y") (47)
Hence z* = y*
Therefore, the fixed point is unique

To establish the sequence is data dependence, suppose U : X — X is an approximate operator of T', then

U, will have a fixed point say ¢*, if there exists 7 > 0 such that

13
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S(Tz, Tz, Ux) <n

S(z™,z",q") < t,

where, Fr = {a*} Fy=q*
S(z*, 2", ¢") =S(Tz", Tx*,Uq") (48)
<S(Tz*,Tx*,Tq") + S(Tq",Tq",Uq") (49)
S(@*, 2, Ta")S(q¢", ¢, Tq")
e
- S(x*’x*,q*)

+ B[S (a*, %, Tx*) + S(¢*,¢", Tq")

+7S(z", 2%, )]

+ Lmin[S(z*, 2%, Tq"), S(¢*, ¢", Tx*)] + 1

< ByS(z*, 2", q") + LS(z*, 2", Tq¢") + 1 (50)

< [By+ LIS(2", 2%, ¢") +1

S(m*,x*,q*)—[ﬁ'y + L]S($*,$*7q*) < n
[1 =By —LIS(", 2", q") <n

* %% Ui
S(x,I,Q)Sm

S(x*, 2", q") <ty (52)

(51)

The convergence of the fixed points of the two operator depend on n — 0. Hence, T and U are data

dependence on 7. O
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