
  

 

 

ABOUT THEORY OF PRIMARY DECOMPOSITION 
OF MONOMIAL IDEAL 

 

Abstract 

In this paper, we have to R is a commutative Noetherian ring, and we 
have the R-module  ,GI  where I(G) is the edge ideal of a simple and 

finite graph G, with no isolated vertices, which is a finitely generated 
R-module. We consider also a  an ideal of R and N a submodule of 

 GI  such that   ,NGI a  an inclusion of modules together with 

the edge ideal. Here in the article, the edge primary decomposition and 
irreducible decomposition of Na  are given. 
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1. Introduction 

Throughout this paper, R is a commutative ring with non-zero identity. 

We consider  ,GI  which is an R-module, which is the edge ideal of a 

graph. In the Cartesian product  ,GIR   define addition and multiplication 

as follows: 
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     .,,, 1221212211 mrmrrrmrmr   

This is called the edge idealization of  .GI  

In this note, we give an edge primary decomposition of Na  via edge 
primary decompositions of a  and N. The edge irreducible decomposition of 

Na  is also presented in the end of the paper. 

Associated to the graph G is a monomial ideal 

   jiji vvvvGI   is an edge of ,G  

with ijji vvvv  , ,ji   in the polynomial ring  svvvKR ...,,, 21  over a 

field K, called the edge ideal of G. 

We mean by a graph G, a finite simple graph with the vertex set  GV  

having no isolated vertex. 

In the Section 2, we presented some prerequisites.  

In the Section 3, we presented some results about the theory in question. 
We can consult the references [1] and [5]. 

We finalize the paper with a conclusion. 

We refer to [3, 6] for basics in commutative algebra and homological 
algebra. 
 

2. Prerequisites 

This section is in accordance with [2] and [7]. 

Let  svvKR ...,,1  be a polynomial ring over a field K, and let 

 qzzZ ...,,1  be a finite set of monomials in R. The monomial subring 

spanned by Z is the K-subalgebra, 
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    ....,,1 RzzKZK q   

In general, it is very difficult to certify whether  ZK  has a given 

algebraic property - e.g., Cohen-Macaulay, normal - or to obtain a measure of 
its numerical invariants - e.g., Hilbert function. This arises because the 
number q of monomials is usually large. 

Thus, consider any graph G, simple and finite without isolated vertices, 
with vertex set    ....,,1 svvGV   

Let Z be the set of all monomials ,ijji vvvv   with ,ji   in R  

 ,...,,1 svvK  such that  jivv  is an edge of G, i.e., the graph finite and 

simple G, with no isolated vertices, is such that the squarefree monomials of 
degree two are defining the edges of the graph G. 

If G is a graph without isolated vertices, simple and finite, then let R be 
denote the polynomial ring on the vertices of G over some fixed field K. 

We presented now, the definition of the edge ideal of a graph G, which is 
finite and simple. 

Definition 2.1 [2]. According to the previous context, the edge ideal of a 
finite simple graph G, with no isolated vertices, is defined by: 

   jiji vvvvGI   is an edge of ,G  

with ,ijji vvvv   and also with ,ji   

3. Main Results about Primary Decomposition 

Here, we take K a fixed field and we consider  ,...,,, 21 svvvK  which is 

the ring polynomial over the field K. 

Since K is a field, we have that K is a Noetherian ring and then we have 
that  svvK ...,,1  is also a Noetherian ring (by the Theorem of the Hilbert 



 

 

4

Basis). 

Remark 3.1. By the previous context,  svvvKR ...,,, 21  is a 

Noetherian ring. Therefore, the edge ideal  GI  is a finitely generated ideal. 

Thus, the edge ideal  GI  is a finitely generated R-module, and therefore is a 

Noetherian R-module. 

The terminology and notations of primary decomposition of ideal or 
submodule, are found in [4]. We put then, the following definition. 

Definition 3.2. Let  ....,,1 svvKR   Let N be an R-submodule of  .GI  

We define the edge primary decomposition tNNN 1  of N being 

irredundant or minimal if 

(1) the prime ideals      tRR NGIAnnNGIAnn ...,,1  are 

distinct, and 

(2) for any ,...,,1 tj   we have  ji iNN  .  

Assume, now, that a  is an ideal of R. In the special case for ideals, an 
edge primary decomposition sQQ 1a  of a  is irredundant or 

minimal if we have sQQ ...,,1  all distinct, and  ji iQ ,a  for any 

index  ....,,1 sj   

Remark 3.3. We have that  svvKR ...,,1  is a Noetherian ring, and 

that  GI  is finitely generated. Then there exists a minimal decomposition of 

a  and of N. 

And by [5, page 24], we remark that if N is an p -primary submodule of 

 ,GI  

    ,GINGIAnnR   
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is  GIp -primary. 

Definition 3.4. Let  ....,,1 svvKR   In the context of the Remark 3.3, if 

N is an p -primary submodule of  GI  we said to be N an edge p -primary 

submodule of  ,GI  and then we have that 

    ,GINGIAnnR   

is an edge  GIp -primary module. 

We have now the following result, which we put in the form of a lemma. 

Lemma 3.5. Let  ....,,1 svvKR   Let a  be an ideal of R and let N be 

an R-submodule of  .GI  Then, Na  is edge primary module if and only 

if either 

(1)  GIN   and a  is an edge primary ideal of R or 

(2)  GIN   and  ,GIN     ,NGI a  and a  and N are edge p -

primary where .ap   

In either cases, Na  is an edge  GIa -primary module. 

Let a  such that   .NGI a  We presented now more a result. It is useful 

to get the edge primary decomposition of the ideal ,Na  which is an R-
module. 

Proposition 3.6. Let  ....,,1 svvKR   Let a  such that   .NGI a  

Suppose that    ,...,,1 sR RAss ppa       ,...,,1 tR NGIAss qq  and 

     ,NGIAssRAss RR a  

with ,ii qp   for  .,min1,...,,1 tsrri   Then there exists the 

following minimal edge primary decompositions of a  and N, 
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 
s

i

t

i
ii NNQ

1 1

;
 

a  

such that   ,ii NGIQ   for all ....,,1 ri   

Proof. Suppose that 

 
s

i

t

i
ii NNQ

1 1

,;
 

a  

are minimal edge primary decompositions of a  and N. Since 

  ,11 NGIAnnR p  we have that   ,11 NGIN n  p  

for n large enough. 

Set     GIGINN n 
111 pp  for n large enough. We have 

,11 NNN   

and 1N  is edge 1p -primary submodule of  .GI  Since 

 
t

i

t

i
ii NNNNN

1 2
1 ,

 















  

we have that 



















t

i
iNNN

2
1  

is minimal edge primary decomposition of N. Set   .111 RRQ n ppa   

It is similar as above, we have that 
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.
1

1 

















t

i
iQQa  

Note that   .11 NGIQ   

Moreover, after r steps, set ,ii NN   for ,...,,1 tri   ,ii QQ   for 

....,,1 sri   Thus, we have the requirement. This finishes the proof.  

Theorem 3.7. Let  ....,,1 svvKR   Let a  be such that   .NGI a  Set 

     ,1 NGIAssRAssi RRi ap   

     ,\2 NGIAssRAssi RRi ap   

     .\3 aq RAssNGIAssi RRi   

Assume that 

 
s

i

t

i
ii NNQ

1 1

,,
 

a  

are minimal edge primary decomposition of a  and N such that   GIQi  

,iN  for all .1i  Then 

          
1 2 3  


i i i

iiRiii NNGIAnnGIQNQNa  

is minimal edge primary decomposition of .Na  

Proof. By Lemma 3.5, ii NQ   is edge  GIi p -primary module, if 

,1i   GIQ j   is edge  GIj p -primary module, if ,2j . Also, 

   kkR NNGIAnn   is edge  GIk p -primary module, if .3k  Note 

that iQa  for all .21  i  By the hypothesis, it follows that 

  ,ii NGIQ   for all .3i  Then, we have   ,iR NGIAnna  for all 
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.3i  On the other hand, we have iNN   for all 31  i  and 

 .GIN   Thus 

          
1 2 3

.
  


i i i

iiRiii NNGIAnnGIQNQNa  

Conversely, assume that 

            
1 2 3

.,
  


i i i

iiRiii NNGIAnnGIQNQxa  

Then, we have  

    
 21 3 1

.
  


i i

s

i
iiRi QNGIAnnQa a  

On the other hand,  

  




31 1
.

 


i

t

i
ii NNGINx  

This prove that   ., Nxa  a  Thus, it follows that the edge primary 

decompositions of Na  is minimal. This finishes the proof.  

From now on, we assume that    .dim tGI    

Definition 3.8. Let  ....,,1 svvKR   For an integer ,0 ti   let 

 iGI  denote the largest submodule of  GI  such that     ,dim iGI iR   and 

   .GIGI t   Since  GI  is a Noetherian R-module, we have that there 

exists  iGI  and also,    .1 GIGI i    

The increasing filtration     tiiGI 0  of submodules of  GI  is called 

edge dimension filtration of  .GI  
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Lemma 3.9. Let  ....,,1 svvKR   Assume that 


t

i
iN

1

0


  

is a minimal edge primary decomposition of 0 in  .GI  Then 

 
 


iR
ji

j

NGI



pdim

.  

The following result give a description of edge dimension filtration of edge 
idealization of  .GI  

Theorem 3.10. Let  ....,,1 svvKR   

Assume that   diiR ...,,0  and     tiiGI ...,,0  are edge dimension 

filtration of R and  ,GI  respectively. Set  ,GIRW     ,iii GIRW   

for ,...,,0 ti   and  ,GIRW ii   for ....,,1 dti   Then, we have 

that   diiW ...,,0  is the edge dimension filtration of W. 

Proof. Set         ,dim kGIGIRi ii
k
i  p  for .3,2,1i  

Thus, we have that 

       iiii NGIQRNQGIR  ~  

and 

          iiii NGIQRNQGIR dimdimdim   

for all .1i  Moreover, we have that 

       GIQRGIQGIR ii  ~  

and 
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        ii QRGIQGIR dimdim   

for all .2i  Also, we have that 

            iiRiiR NGINGIAnnRNNGIAnnGIR  ~  

and 

       iiR NNGIAnnGIR dim  

      iiR NGINGIAnnR dimdim   

for all .3i  So, by Lemma 3.9, 

  
 

    
k ii

k
kR

iik GIRGIQGIQW

2
dim 

















p
 

if dtk ...,,1  and 

          
k k ki i i

iiRiiik NNGIAnnGIQNQW

1 2 3  

  

   
 ii

kR
i

kR
i GIRNQ

ii



































pp dimdim
 

if ....,,0 tk   This completes the proof.  

Lemma 3.11. Let  ....,,1 svvKR   Let a  be such that   .NGI a  

Then Na  is edge irreducible if and only if either 

(1)  GIN   and a  is an irreducible ideal of R, or 

(2)  ,GIN   and  ,GIN     ,NGIAnnRa  and N is 

irreducible. 

Proof. (1) It follows by noting that every ideal of  GIR   which 
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contains  GIa  has the form  ,GIJ   with .Ja  

(2) It follows from [1, Proposition 4.4]. This finishes the proof.  

Theorem 3.12. Let  ....,,1 svvKR   Let a  be such that   .NGI a  

Assume that 

 
t

i

r

i
ii NNQ

1 1

;
 

a  

are edge irreducible decomposition of a  and N. Then 

       
t

i

r

i
iiRi NNGIAnnGIQN

1 1 

a  

is edge irreducible decomposition of .Na  

Proof. By Lemma 3.11, we have that  ,GIQi   is edge irreducible, for 

,...,,1 ti   and also we have that    ,iiR NNGIAnn   for ,...,,1 ri   is 

edge irreducible. Thus, we have the requirement. 

 

Conclusion 

With the results of this paper, we introduce commutative algebra theory 
as a useful tool for application in graph theory. And so we provide a relation 
of the general theory of modules in a particular case, making the necessary 
considerations, to obtain relevant results within the study area in question. 

 

Data Availability 

No applicable. This manuscript does not report data generation or 
analysis. 
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